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Reachability Analysis of Systems
Problem Statement

System : ẋ = f(x,w) State : x ∈ Rn Uncertainty : w ∈ W ⊆ Rm

Reachability Analysis of Control Systems
Problem Statement

System : ẋ = f(x, w) State : x 2 Rn Disturbance : w 2 W ✓ Rm

Reachable sets of dynamical systems

System: ẋ = f (x,w) State: x 2 Rn Disturbance: w 2 W � Rm

State space

Initial set

x1

x1(T)

x�1(T)x2

x2(T)
State space

Initial set

T Reachable set

Initial set

Unsafe

Target

Overapproximation
T Reachable set

� Reachable sets characterize possible system evolution

� Overapproximations of reachable sets are appropriate for verification and safety

S. Coogan 3/31

reachable sets characterize evolution of the system

Rf (t, X0) = {xw(t) | xw(·) is a traj of the system for some w with x0 2 X0}
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What are the possible states of the system at time T?

T -reachable sets characterize evolution of the system

Rf (T,X0,W) = {xw(T ) | xw(·) is a traj for some w(·) ∈ W with x0 ∈ X0}
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Reachability Analysis of Systems
Why is it important?

A large number of safety specifications can be represented using T -reachable sets

Example: Reach-avoid problem
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Unsafe

Rf (T,X0,W) ∩ Unsafe set = ∅

State space

Initial set

T Reachable set

<latexit sha1_base64="6RUiKkGCnpZiWuQcVrgnFfGf7Lk=">AAAB23icbZA7TwJREIVn8YX4Qi1tNhITK7JL4qMk2lhiwiuBDZm9DHDl7u7NvXeJZENlZyxsLPTX+Df8Ny64DeCpTuY7k8wZXwqujeP8WLmNza3tnfxuYW//4PCoeHzS1FGsGDVYJCLV9lGT4CE1DDeC2lIRBr6glj++n/PWhJTmUVg3U0legMOQDzhDk46adVRDMr1iySk7C9nrxs1MCTLVesXvbj9icUChYQK17riONF6CynAmaFboxpoksjEOqdOfcKlDDEh7yfPi4CWeYKD1NPBn9kWAZqRX2Xz4H+vEZnDrJTyUsaGQpZGUDWJhm8ieF7X7XBEzYpoaZIqnl9lshAqZSd9RSCu7qwXXTbNSdq/LV4+VUvUuK5+HMziHS3DhBqrwADVoAIMneIdP+LI868V6td7+ojkr2zmFJVkfvzEWiJc=</latexit>

Target

Rf (Tfinal,X0,W) ⊆ Target set

Combining different instantiation of Reach-avoid problem =⇒
diverse range of specifications

(complex planning using logics, invariance, stability)
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Reachability Analysis of Systems
Literature review

Reachability of dynamical system is an old problem: ∼ 1980

Different approaches for approximating reachable sets

Linear, and piecewise linear systems (Ellipsoidal methods) (Kurzhanski and Varaiya, 2000)

Optimization-based approaches (Hamilton-Jacobi, Level-set method) (Bansal et al., 2017, Mitchell et al.,
2002, Herbert et al., 2021)

Most of these classical and general approaches are computationally heavy.

In this talk: use control theoretic tools to develop
computationally efficient approaches for reachability
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Outline of this talk

Reachability Analysis

Contraction-based Reachability

Mixed Monotone Reachability
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Contraction Theory
From stability to reachability

ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c if
the dist between every two traj is decreasing/increasing with exp rate c wrt ‖ · ‖

In this talk: contraction theory for reachability analysis

Matrix measure

Given a matrix A ∈ Rn×n and a norm ‖ · ‖:

µ‖·‖(A) := lim
h→0+

‖In + hA‖ − 1

h

Given η ∈ Rn≥0

µ2,η(A) =
1
2λmax(diag(η)A+A>diag(η))

µ1,η(A) = max
j

(
ajj +

∑
i 6=j
|aij |ηjηi

)

µ∞,η(A) = max
i

(
aii +

∑
j 6=i
|aij |ηjηi

)

directional derivative of matrix norm ‖ · ‖ in direction of A at point In,

In the literature: one-sided Lipschitz constant, logarithmic norm
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ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c if
the dist between every two traj is decreasing/increasing with exp rate c wrt ‖ · ‖

In this talk: contraction theory for reachability analysis

Matrix measure

Given a matrix A ∈ Rn×n and a norm ‖ · ‖:

µ‖·‖(A) := lim
h→0+

‖In + hA‖ − 1

h

Given η ∈ Rn≥0

µ2,η(A) =
1
2λmax(diag(η)A+A>diag(η))

µ1,η(A) = max
j

(
ajj +

∑
i 6=j
|aij |ηjηi

)

µ∞,η(A) = max
i

(
aii +

∑
j 6=i
|aij |ηjηi

)

directional derivative of matrix norm ‖ · ‖ in direction of A at point In,

In the literature: one-sided Lipschitz constant, logarithmic norm

S. Jafarpour (CU Boulder) Reachability of Dynamical Systems September 25, 2024 9 / 23



Contraction-based Reachability
Input-to-state bounds

Assume µ‖·‖

(
∂f
∂x (x,w)

)
≤ c and

∥∥∥ ∂f∂w (x,w)
∥∥∥ ≤ `

ISS bound: ‖x(t)− x∗(t)‖ ≤ ect‖x(0)− x∗(0)‖+ `(ect−1)
c ‖w(t)− w∗‖

Theorem (classical)

If X0 = B‖·‖(r1, x
∗(0)) and W = B‖·‖(r2, w

∗), then

Rf (t,X0) ⊆ B‖·‖(ectr1 +
`
c(e

ct − 1)r2, x
∗(t))

where x∗(·) is the solution of ẋ = f(x,w∗) with x(0) = x∗(0).

A starting point: Reachability estimates from contraction theory

For ẋ = f (x,w), x 2 Rn and w 2 W ✓ Rm, define
reachable set as

Rf (t;X0) = {x(t) : x(·) is sol’n for some w(·) with x0 2 X0}.

Suppose

µ
✓

∂ f
∂x

(x,w)

◆
 c and

����
∂ f
∂w

(x,w)

����
w!x

 `.

x⇤(0) x⇤(t)

If X0 = B(r1,x⇤0) and W = B(r2,w⇤) where B(·, ·) is ball with radius and center, then

Rf (t;X0) ✓ B
✓

ectr1 +
`

c
(ect �1)r2,x⇤(t)

◆

where ẋ⇤(t) = f (x⇤(t),w⇤) for all t .

(Pf. Rewriting of Grönwall Comparison Lemma, [Bullo, Corollary 3.17, p. 81].)

S. Coogan 5/31

proof is based on generalized version of Grönwall’s lemma

sharper results using time-varying and locally-defined c and `
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Simulation-based Reachability
Contraction tubes

system’s simulations to improve accuracy of reachability

contraction theory to provide guarantees for reachability

cover the initial set X0 and the disturbance setW with ‖ · ‖-norm balls1

pick a sample point in each covering

1Fan et. al., Simulation-Driven Reachability Using Matrix Measures, 2017
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Simulation-based Reachability
Contraction tubes

system’s simulations to improve accuracy of reachability

contraction theory to provide guarantees for reachability

compute reach tube B‖·‖(e
ctr1 +

`
c(e

ct − 1)r2, x
∗(t))

all trajectories starting in the covering remain in the reach tube

1Fan et. al., Simulation-Driven Reachability Using Matrix Measures, 2017
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over-approximation of the reachable set = union of ‖ · ‖-norm balls
B‖·‖(e

ctr1 +
`
c(e

ct − 1)r2, x
∗(t))

1Fan et. al., Simulation-Driven Reachability Using Matrix Measures, 2017
S. Jafarpour (CU Boulder) Reachability of Dynamical Systems September 25, 2024 11 / 23



Outline of this talk

Reachability Analysis
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Mixed Monotone Reachability

S. Jafarpour (CU Boulder) Reachability of Dynamical Systems September 25, 2024 12 / 23



Monotone Dynamical Systems
Definition and Characterization

A dynamical system ẋ = f(x,w) is monotone2if

xu(0) ≤ yw(0) and u ≤ w =⇒ xu(t) ≤ yw(t) for all time

where ≤ is the component-wise partial order.

Monotonicity test

1
∂f
∂x (x,w) is Metzler (off-diag ≥ 0)

2
∂f
∂w (x,w) ≥ 0

Monotone dynamical systems

The system ẋ = f (x,w), x 2 Rn, w 2 Rm is monotone1 if

x0 �Kx x00 implies that x(t) �Kx x0(t) for all time,

for any w(·) and w0(·) such that w(t) �Kw w0(t) for all t, where �K is some partial
order induced by cone K (Kx ⇢ Rn or Kw ⇢ Rm).

Test for monotonicity (standard order ):

∂ f
∂x

(x,w) is Metzler (� 0 off-diag. entries)

∂ f
∂w

(x,w) � 0

x0

x

f(1;x)

f(1;x0)

Ordered
Trajectories

State Space

1D. Angeli and E. Sontag, “Monotone Control Systems”, IEEE TAC, 2003
S. Coogan 6/31

In this talk: monotone system theory for reachability analysis

2Angeli and Sontag, “Monotone control systems”, IEEE TAC, 2003
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Reachability of Monotone Systems
Hyper-rectangular over-approximations

Theorem (classical result)

For a monotone system with W = [w,w]

Rf (t, [x0, x0]) ⊆ [xw(t), xw(t)]

where xw(·) (resp. xw(·)) is the trajectory with disturbance w (resp. w)
starting at x0 (resp. x0)

Example:

d

dt

[
x1

x2

]
=

[
x3

2 − x1 + w
x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability estimates for monotone systems

Reachability Analysis for Monotone Systems. For a monotone system,

Reachable set ✓ [lower trajectory,upper trajectory].

Reachability estimates from monotonicity are tight.

S. Coogan 7/31

Monotone System:
"

ẋ1

ẋ2

#
=

"
x3

2 � x1 +w
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

w 2 [w,w] = [2.2,2.3]

T = 1
�1 0 1 2 3 4

�1

0

1

2

x

x

with w

with wOverapproximation

x1

x 2
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Reachability Analysis for Monotone Systems. For a monotone system,

Reachable set ✓ [lower trajectory,upper trajectory].

Reachability estimates from monotonicity are tight.

S. Coogan 7/31

Monotone System:
"

ẋ1

ẋ2

#
=

"
x3

2 � x1 +w
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

w 2 [w,w] = [2.2,2.3]

T = 1
�1 0 1 2 3 4

�1

0

1

2

x

x

with w

with wOverapproximation

x1
x 2
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Non-monotone Dynamical Systems
Reachability analysis

For non-monotone dynamical systems the extreme trajectories do not provide any
over-approximation of reachable sets

Example:

d

dt

[
x1

x2

]
=

[
x3

2 − x2 + w
x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability for nonmonotone systems

I Generally, cannot bound the reachable set between two extreme trajectories for
nonmonotone systems

S. Coogan 10/31

Nonmonotone System:
"

ẋ1

ẋ2

#
=

"
x2

2 +2
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

T = 1
�1 0 1 2 3 4 5

�1

0

1

2

3

x

x

Not Overapproximation

x1

x 2
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ẋ1

ẋ2
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Mixed Monotone Theory
Embedding into a higher dimensional system

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t.

1 f(x,w) = d(x, x, w,w) for every x,w

2 cooperative: (x,w) 7→ d(x, x, w,w)

3 competitive: (x,w) 7→ d(x, x, w,w)

4 the same properties for d
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Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t.

1 f(x,w) = d(x, x, w,w) for every x,w

2 cooperative: (x,w) 7→ d(x, x, w,w)

3 competitive: (x,w) 7→ d(x, x, w,w)

4 the same properties for d

The embedding system is a monotone dynamical system on R2n with
respect to the southeast partial order ≤SE:

[
x
x̂

]
≤SE

[
y
ŷ

]
⇐⇒ x ≤ y and ŷ ≤ x̂
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Mixed Monotone Theory
Embedding into a higher dimensional system

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)
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J-L. Gouze and L. P. Hadeler. Monotone flows and order intervals. Nonlinear World, 1994

G. Enciso, H. Smith, and E. Sontag. Nonmonotone systems decomposable into monotone
systems with negative feedback . Journal of Differential Equations, 2006.

H. Smith. Global stability for mixed monotone systems. Journal of Difference Equations
and Applications, 2008
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Mixed Monotone Theory
Embedding into a higher dimensional system

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t.

1 f(x,w) = d(x, x, w,w) for every x,w

2 cooperative: (x,w) 7→ d(x, x, w,w)

3 competitive: (x,w) 7→ d(x, x, w,w)

4 the same properties for d

In this talk: mixed monotone theory for reachability analysis
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Embedding System for Linear Dynamical System
A structure preserving decomposition

Metzler/non-Metzler decomposition: A = dAeMzl + bAcMzl

Example: A =



2 0 −1
1 −3 0
0 0 1


 =⇒ dAeMzl =



2 0 0
1 −3 0
0 0 1


 bAcMzl =



0 0 −1
0 0 0
0 0 0




Linear systems

Original system

ẋ = Ax+Bw

Embedding system

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

x1

x2 x3

x1x1

x2 x2 x3 x3

x1

x2 x3

x1x1

x2 x2 x3 x3
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Reachability using Embedding Systems
Hyper-rectangular over-approximations

Theorem3

Assume W = [w,w] and X0 = [x0, x0] and

ẋ = d(x, x, w,w), x(0) = x0

ẋ = d(x, x, w,w), x(0) = x0

Then Rf (t,X0) ⊆ [x(t), x(t)]
<latexit sha1_base64="bqEDg/G6ubld0mAMeCEr+/MfUtA=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRbBVUnE17LoxmUF+4A2hMnkth06mYR5iDX0S9y4UMStn+LOv3HSZqGtBwYO59zDvXPClFGpXPfbKq2srq1vlDcrW9s7u1V7b78tEy0ItEjCEtENsQRGObQUVQy6qQAchww64fgm9zsPICRN+L2apODHeMjpgBKsjBTY1b7mEYg8nj1OAzewa27dncFZJl5BaqhAM7C/+lFCdAxcEYal7HluqvwMC0UJg2mlryWkmIzxEHqGchyD9LPZ4VPn2CiRM0iEeVw5M/V3IsOxlJM4NJMxViO56OXif15Pq8GVn1GeagWczBcNNHNU4uQtOBEVQBSbGIKJoOZWh4ywwESZriqmBG/xy8ukfVr3Lurnd2e1xnVRRxkdoiN0gjx0iRroFjVRCxGk0TN6RW/Wk/VivVsf89GSVWQO0B9Ynz8nDpNs</latexit>x0
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Reachable set

(Scalable) a single trajectory of embedding system provides lower bound
(x) and upper bound (x) for the trajectories of the original system.

3Coogan and Arcak, “Efficient finite abstraction of mixed monotone systems”, HSCC, 2015.
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Reachability using Embedding Systems
Example

Original System:

d
dt

[
x1

x2

]
=

[
x3

2−x2 + w
x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

blue = cooperative, red = competitive

Decomposition function

d(x, x, w,w) =

[
x3

2 + w
x1

]
+

[
−x2

0

]

d(x, x, w,w) =

[
x3

2 + w
x1

]
+

[
−x2

0

]

Embedding System:

d
dt




x1

x2

x1

x2


 =




x3
2 − x2 + w

x1

x3
2 − x2 + w

x1



[
w
w

]
=

[
2.2
2.3

]

[
x1(0)
x2(0)

]
=

[
−0.5
−0.5

] [
x1(0)
x2(0)

]
=

[
0.5
0.5

]
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Rf (1, X0)

<latexit sha1_base64="Q1fLQNxqSy1q54DhbfMlOVrFIa0=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5IUbxuh6MaNUMFeoCllMjlth04mYWZSWkJfxxfwBXwAd+KiGxf6Ik5qEdr6r37O9x84//FjzpR2nIm1srq2vrGZ28pv7+zu7dsHhzUVJZJClUY8kg2fKOBMQFUzzaERSyChz6Hu9+8yXh+AVCwST3oUQyskXcE6jBJtRm37wUtEADJbT4djfIM9H7pMpH5ItGTD8Rxuu56H5yclD0Twl27bBafoTIWXjTszBTRTpW2/ekFEkxCEppwo1XSdWLdSIjWjHMZ5L1EQE9onXWgGAxYrQUJQrXQ4bT7HUxIqNQr9MT411/TUIsuG/7FmojvXrZSJONEgqIkY1kk41hHOPoYDJoFqPjKGUMnMZZj2iCRUm7/mTWV3seCyqZWK7mXx4vG8UL6dlc+hY3SCzpCLrlAZ3aMKqiKKXtAEfaFv69l6s96tj9/oijXbOUJzsj5/ANk4qCc=</latexit>

x =


x1

x2

�

<latexit sha1_base64="uj50vfYUje7BtL2F8I5hAaMN+jI=">AAACIXicbZDLSsNAFIYn9VbrrerSzWARXJWkeNsIRTfiqoK9QBPKZHraDp1MwsyktIQ+jS/gI7h1Jy4EcaGP4qQWsa3/6ud8/4HzHz/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r6bCWFKo0pCHsuETBZwJqGqmOTQiCSTwOdT9/nXK6wOQioXiXo8i8ALSFazDKNFm1MrfuqHB6XYyHONL7PrQZSLxA6IlG47/0pbjunhmUHJBtH+zrXzBLtoT4UXjTE0BTVVp5Z/cdkjjAISmnCjVdOxIewmRmlEO45wbK4gI7ZMuNNsDFilBAlBeMpzUnuEJCZQaBf4YH5lremqepcP/WDPWnQsvYSKKNQhqIoZ1Yo51iNN34TaTQDUfGUOoZOYyTHtEEqrNU3OmsjNfcNHUSkXnrHh6d1IoX03LZ9EBOkTHyEHnqIxuUAVVEUWP6A19oi/rwXq2XqzXn2jGmu7soxlZH99oCKbj</latexit>

x =


x1

x2

�
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Reachability using Embedding Systems
Example

Original System:

d
dt

[
x1

x2

]
=

[
x3

2−x2 + w
x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

blue = cooperative, red = competitive

Decomposition function

d(x, x, w,w) =

[
x3

2 + w
x1

]
+

[
−x2

0

]

d(x, x, w,w) =

[
x3

2 + w
x1

]
+

[
−x2

0

]

Embedding System:

d
dt




x1

x2

x1

x2


 =




x3
2 − x2 + w

x1

x3
2 − x2 + w

x1



[
w
w

]
=

[
2.2
2.3

]

[
x1(0)
x2(0)

]
=

[
−0.5
−0.5

] [
x1(0)
x2(0)

]
=

[
0.5
0.5

]

<latexit sha1_base64="OiXu5rs8V8gv9OC46lUfP/ucjfM=">AAAB2HicbZA7TwJBFIXv+kR8oZY2G4mJFdk1vkqijSVGeUTYkNnhAhNmdiczswSyIbEzFjYW+nf8G/4bB9wG8FQn9zs3ueeGkjNtPO/HWVldW9/YzG3lt3d29/YLB4c1HSeKYpXGPFaNkGjkLMKqYYZjQyokIuRYDwd3U14fotIsjp7MWGIgSC9iXUaJsaPHUdtvF4peyZvJXTZ+ZoqQqdIufLc6MU0ERoZyonXT96QJUqIMoxwn+VaiURI6ID1sdoZM6ogI1EE6ml07x1MitB6LcOKeCmL6epFNh/+xZmK6N0HKIpkYjKiNWNZNuGtid9rS7TCF1PCxNYQqZi9zaZ8oQo39Rd5W9hcLLpvaecm/Kl0+XBTLt1n5HBzDCZyBD9dQhnuoQBUo9OAdPuHLeXZenFfn7S+64mQ7RzAn5+MXw1GHHA==</latexit>x1

<latexit sha1_base64="O/nK+H5I6b802Yk2KyrPEqYs5Uo=">AAAB2HicbZBLT8JAFIVv8YX4Ql26aSQmrkhLfC2JblxilEeEhkyHC0yYaSczUwJpSNwZF25c6N/xb/hvbLEbwLM6ud+5yT3Xl5xp4zg/Vm5tfWNzK79d2Nnd2z8oHh41dBgpinUa8lC1fKKRswDrhhmOLamQCJ9j0x/dpbw5RqVZGDyZqURPkEHA+owSk4weJ91Kt1hyys5c9qpxM1OCTLVu8bvTC2kkMDCUE63briONFxNlGOU4K3QijZLQERlguzdmUgdEoPbiyfzaBR4TofVU+DP7TBAz1MssHf7H2pHp33gxC2RkMKBJJGH9iNsmtNOWdo8ppIZPE0OoYsllNh0SRahJflFIKrvLBVdNo1J2r8qXDxel6m1WPg8ncArn4MI1VOEealAHCgN4h0/4sp6tF+vVevuL5qxs5xgWZH38AsTDhx0=</latexit>x2
<latexit sha1_base64="k4NBbm5BWue5WccMLWbbzRr4TvA=">AAAB9XicbZDLSsNAFIZPvNZ6i7oUJFiEClIS8bYsunFZxV6gjWEynbRDJ8kwM6mWkJ2v4U5cuHGhD+Br+DYmNQht/Vf/Od85cP7jckalMs1vbW5+YXFpubBSXF1b39jUt7YbMowEJnUcslC0XCQJowGpK6oYaXFBkO8y0nQHVxlvDomQNAzu1IgT20e9gHoUI5W2HH2v4yPVx4jFt8m9V7aO/upW4piHjl4yK+ZYxqyxclOCXDVH/+p0Qxz5JFCYISnblsmVHSOhKGYkKXYiSTjCA9Qj7e6Qchkgn0g7fhxHmeAx8qUc+W5iHGQ3yWmWNf9j7Uh5F3ZMAx4pEuB0JGVexAwVGtkLjC4VBCs2Sg3CgqaXGbiPBMIqfVQxjWxNB5w1jeOKdVY5vTkpVS/z8AXYhX0ogwXnUIVrqEEdMDzBG3zAp/agPWsv2uvv6JyW7+zAhLT3Hzezklo=</latexit>

Rf (1, X0)

<latexit sha1_base64="Q1fLQNxqSy1q54DhbfMlOVrFIa0=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5IUbxuh6MaNUMFeoCllMjlth04mYWZSWkJfxxfwBXwAd+KiGxf6Ik5qEdr6r37O9x84//FjzpR2nIm1srq2vrGZ28pv7+zu7dsHhzUVJZJClUY8kg2fKOBMQFUzzaERSyChz6Hu9+8yXh+AVCwST3oUQyskXcE6jBJtRm37wUtEADJbT4djfIM9H7pMpH5ItGTD8Rxuu56H5yclD0Twl27bBafoTIWXjTszBTRTpW2/ekFEkxCEppwo1XSdWLdSIjWjHMZ5L1EQE9onXWgGAxYrQUJQrXQ4bT7HUxIqNQr9MT411/TUIsuG/7FmojvXrZSJONEgqIkY1kk41hHOPoYDJoFqPjKGUMnMZZj2iCRUm7/mTWV3seCyqZWK7mXx4vG8UL6dlc+hY3SCzpCLrlAZ3aMKqiKKXtAEfaFv69l6s96tj9/oijXbOUJzsj5/ANk4qCc=</latexit>

x =


x1

x2

�

<latexit sha1_base64="uj50vfYUje7BtL2F8I5hAaMN+jI=">AAACIXicbZDLSsNAFIYn9VbrrerSzWARXJWkeNsIRTfiqoK9QBPKZHraDp1MwsyktIQ+jS/gI7h1Jy4EcaGP4qQWsa3/6ud8/4HzHz/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r6bCWFKo0pCHsuETBZwJqGqmOTQiCSTwOdT9/nXK6wOQioXiXo8i8ALSFazDKNFm1MrfuqHB6XYyHONL7PrQZSLxA6IlG47/0pbjunhmUHJBtH+zrXzBLtoT4UXjTE0BTVVp5Z/cdkjjAISmnCjVdOxIewmRmlEO45wbK4gI7ZMuNNsDFilBAlBeMpzUnuEJCZQaBf4YH5lremqepcP/WDPWnQsvYSKKNQhqIoZ1Yo51iNN34TaTQDUfGUOoZOYyTHtEEqrNU3OmsjNfcNHUSkXnrHh6d1IoX03LZ9EBOkTHyEHnqIxuUAVVEUWP6A19oi/rwXq2XqzXn2jGmu7soxlZH99oCKbj</latexit>

x =


x1

x2

�
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Mixed Monotone Theory
Computing of decomposition functions

How to compute a decomposition function for a system?

Different approaches for constructing decomposition functions

linear systems

polynomial systems

bounded Jacobian

Every locally Lipschitz system has at least one decomposition function

The best (tightest) decomposition function is given by

di(x, x, w,w) = min
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u),

di(x, x, w,w) = max
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u)

<latexit sha1_base64="js0nlDYNNWcEpLuzHtXuuj0PzOw=">AAACDXicbVBLSwMxGMzWV62vVY9eglWoIGVXinoRil48VrAP6C5LNs22odkHSVbaLvsHvPhXvHhQxKt3b/4bs+0etHUgMMzMl+QbN2JUSMP41gpLyyura8X10sbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eJP57QfCBQ2DezmOiO2jfkA9ipFUkqMfWT4aOcnEofAKWqGKZjclo9ShKfQcWpmcxieOXjaqxhRwkZg5KYMcDUf/snohjn0SSMyQEF3TiKSdIC4pZiQtWbEgEcJD1CddRQPkE2En021SeKyUHvRCrk4g4VT9PZEgX4ix76qkj+RAzHuZ+J/XjaV3aSc0iGJJAjx7yIsZlCHMqoE9ygmWbKwIwpyqv0I8QBxhqQosqRLM+ZUXSeusap5Xa3e1cv06r6MIDsAhqAATXIA6uAUN0AQYPIJn8AretCftRXvXPmbRgpbP7IM/0D5/AATum4Y=</latexit>

max
zi=xi

fi(z, u)
<latexit sha1_base64="Z4XiJeN8skUyIVLmSmR4BXXgPsA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqBuh6MZlBfuAJoTJdNIOnUzCzERsQ7/Ajb/ixoUibl2782+ctFlo64ELh3Punbn3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w+vMb98TIWnE79QoJm6I+pwGFCOlJc8sOyHlXjr2KLyETsJ7RGRPpQ8Tj05g4NHK+CQ59sySVbWmgIvEzkkJ5Gh45pfTi3ASEq4wQ1J2bStWboqEopiRSdFJJIkRHqI+6WrKUUikm07PmcCyVnowiIQuruBU/T2RolDKUejrzhCpgZz3MvE/r5uo4MJNKY8TRTiefRQkDKoIZtnAHhUEKzbSBGFB9a4QD5BAWOkEizoEe/7kRdI6rdpn1dptrVS/yuMogENwBCrABuegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65KRzxyAPzA+fwDJB5vw</latexit>

min
zi=xi

fi(z, u)

<latexit sha1_base64="P5vfElbFddzyLeQWERJDsDNtVbc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6jSTIo7M4mpH+GhYCEj2FjpvietmWXTp2mf9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR29RSdWGWAQqnsEwbN1N+JFEdaT6LATkbYjPSil4n/ed3EhJd+ykScGCrIfFGYcGQkyipAA6YoMXxiCSaK2VsRGWGFibFFlWwJ3uKXl0nrrOqdV2u3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ88cwh84nz9GW5MH</latexit>

xi
<latexit sha1_base64="bVTWRzK/uJIIfpV73W6S+ReSQxo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JIUZdFNy4r2Ae0IUwm03boZBLmIdbQL3HjQhG3foo7/8ZJm4W2Hhg4nHMP984JU0alct1vq7S2vrG5Vd6u7Ozu7Vftg8OOTLTApI0TloheiCRhlJO2ooqRXioIikNGuuHkJve7D0RImvB7NU2JH6MRp0OKkTJSYFcHmkdE5PHscRbQwK65dXcOZ5V4BalBgVZgfw2iBOuYcIUZkrLvuanyMyQUxYzMKgMtSYrwBI1I31COYiL9bH74zDk1SuQME2EeV85c/Z3IUCzlNA7NZIzUWC57ufif19dqeOVnlKdaEY4Xi4aaOSpx8haciAqCFZsagrCg5lYHj5FAWJmuKqYEb/nLq6RzXvcu6o27Rq15XdRRhmM4gTPw4BKacAstaAMGDc/wCm/Wk/VivVsfi9GSVWSO4A+szx99IJOk</latexit>xi
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Mixed Monotone Theory
Computing of decomposition functions

How to compute a decomposition function for a system?

Different approaches for constructing decomposition functions

linear systems

polynomial systems

bounded Jacobian

Every locally Lipschitz system has at least one decomposition function

The best (tightest) decomposition function is given by

di(x, x, w,w) = min
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u),

di(x, x, w,w) = max
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u)

<latexit sha1_base64="js0nlDYNNWcEpLuzHtXuuj0PzOw=">AAACDXicbVBLSwMxGMzWV62vVY9eglWoIGVXinoRil48VrAP6C5LNs22odkHSVbaLvsHvPhXvHhQxKt3b/4bs+0etHUgMMzMl+QbN2JUSMP41gpLyyura8X10sbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eJP57QfCBQ2DezmOiO2jfkA9ipFUkqMfWT4aOcnEofAKWqGKZjclo9ShKfQcWpmcxieOXjaqxhRwkZg5KYMcDUf/snohjn0SSMyQEF3TiKSdIC4pZiQtWbEgEcJD1CddRQPkE2En021SeKyUHvRCrk4g4VT9PZEgX4ix76qkj+RAzHuZ+J/XjaV3aSc0iGJJAjx7yIsZlCHMqoE9ygmWbKwIwpyqv0I8QBxhqQosqRLM+ZUXSeusap5Xa3e1cv06r6MIDsAhqAATXIA6uAUN0AQYPIJn8AretCftRXvXPmbRgpbP7IM/0D5/AATum4Y=</latexit>

max
zi=xi

fi(z, u)
<latexit sha1_base64="Z4XiJeN8skUyIVLmSmR4BXXgPsA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqBuh6MZlBfuAJoTJdNIOnUzCzERsQ7/Ajb/ixoUibl2782+ctFlo64ELh3Punbn3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w+vMb98TIWnE79QoJm6I+pwGFCOlJc8sOyHlXjr2KLyETsJ7RGRPpQ8Tj05g4NHK+CQ59sySVbWmgIvEzkkJ5Gh45pfTi3ASEq4wQ1J2bStWboqEopiRSdFJJIkRHqI+6WrKUUikm07PmcCyVnowiIQuruBU/T2RolDKUejrzhCpgZz3MvE/r5uo4MJNKY8TRTiefRQkDKoIZtnAHhUEKzbSBGFB9a4QD5BAWOkEizoEe/7kRdI6rdpn1dptrVS/yuMogENwBCrABuegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65KRzxyAPzA+fwDJB5vw</latexit>

min
zi=xi

fi(z, u)

<latexit sha1_base64="P5vfElbFddzyLeQWERJDsDNtVbc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6jSTIo7M4mpH+GhYCEj2FjpvietmWXTp2mf9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR29RSdWGWAQqnsEwbN1N+JFEdaT6LATkbYjPSil4n/ed3EhJd+ykScGCrIfFGYcGQkyipAA6YoMXxiCSaK2VsRGWGFibFFlWwJ3uKXl0nrrOqdV2u3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ88cwh84nz9GW5MH</latexit>

xi
<latexit sha1_base64="bVTWRzK/uJIIfpV73W6S+ReSQxo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JIUZdFNy4r2Ae0IUwm03boZBLmIdbQL3HjQhG3foo7/8ZJm4W2Hhg4nHMP984JU0alct1vq7S2vrG5Vd6u7Ozu7Vftg8OOTLTApI0TloheiCRhlJO2ooqRXioIikNGuuHkJve7D0RImvB7NU2JH6MRp0OKkTJSYFcHmkdE5PHscRbQwK65dXcOZ5V4BalBgVZgfw2iBOuYcIUZkrLvuanyMyQUxYzMKgMtSYrwBI1I31COYiL9bH74zDk1SuQME2EeV85c/Z3IUCzlNA7NZIzUWC57ufif19dqeOVnlKdaEY4Xi4aaOSpx8haciAqCFZsagrCg5lYHj5FAWJmuKqYEb/nLq6RzXvcu6o27Rq15XdRRhmM4gTPw4BKacAstaAMGDc/wCm/Wk/VivVsfi9GSVWSO4A+szx99IJOk</latexit>xi
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Mixed Monotone Theory
Computing of decomposition functions

How to compute a decomposition function for a system?

Different approaches for constructing decomposition functions

linear systems

polynomial systems

bounded Jacobian

Every locally Lipschitz system has at least one decomposition function

The best (tightest) decomposition function is given by

di(x, x, w,w) = min
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u),

di(x, x, w,w) = max
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u)

<latexit sha1_base64="js0nlDYNNWcEpLuzHtXuuj0PzOw=">AAACDXicbVBLSwMxGMzWV62vVY9eglWoIGVXinoRil48VrAP6C5LNs22odkHSVbaLvsHvPhXvHhQxKt3b/4bs+0etHUgMMzMl+QbN2JUSMP41gpLyyura8X10sbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eJP57QfCBQ2DezmOiO2jfkA9ipFUkqMfWT4aOcnEofAKWqGKZjclo9ShKfQcWpmcxieOXjaqxhRwkZg5KYMcDUf/snohjn0SSMyQEF3TiKSdIC4pZiQtWbEgEcJD1CddRQPkE2En021SeKyUHvRCrk4g4VT9PZEgX4ix76qkj+RAzHuZ+J/XjaV3aSc0iGJJAjx7yIsZlCHMqoE9ygmWbKwIwpyqv0I8QBxhqQosqRLM+ZUXSeusap5Xa3e1cv06r6MIDsAhqAATXIA6uAUN0AQYPIJn8AretCftRXvXPmbRgpbP7IM/0D5/AATum4Y=</latexit>

max
zi=xi

fi(z, u)
<latexit sha1_base64="Z4XiJeN8skUyIVLmSmR4BXXgPsA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqBuh6MZlBfuAJoTJdNIOnUzCzERsQ7/Ajb/ixoUibl2782+ctFlo64ELh3Punbn3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w+vMb98TIWnE79QoJm6I+pwGFCOlJc8sOyHlXjr2KLyETsJ7RGRPpQ8Tj05g4NHK+CQ59sySVbWmgIvEzkkJ5Gh45pfTi3ASEq4wQ1J2bStWboqEopiRSdFJJIkRHqI+6WrKUUikm07PmcCyVnowiIQuruBU/T2RolDKUejrzhCpgZz3MvE/r5uo4MJNKY8TRTiefRQkDKoIZtnAHhUEKzbSBGFB9a4QD5BAWOkEizoEe/7kRdI6rdpn1dptrVS/yuMogENwBCrABuegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65KRzxyAPzA+fwDJB5vw</latexit>

min
zi=xi

fi(z, u)

<latexit sha1_base64="P5vfElbFddzyLeQWERJDsDNtVbc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6jSTIo7M4mpH+GhYCEj2FjpvietmWXTp2mf9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR29RSdWGWAQqnsEwbN1N+JFEdaT6LATkbYjPSil4n/ed3EhJd+ykScGCrIfFGYcGQkyipAA6YoMXxiCSaK2VsRGWGFibFFlWwJ3uKXl0nrrOqdV2u3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ88cwh84nz9GW5MH</latexit>

xi
<latexit sha1_base64="bVTWRzK/uJIIfpV73W6S+ReSQxo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JIUZdFNy4r2Ae0IUwm03boZBLmIdbQL3HjQhG3foo7/8ZJm4W2Hhg4nHMP984JU0alct1vq7S2vrG5Vd6u7Ozu7Vftg8OOTLTApI0TloheiCRhlJO2ooqRXioIikNGuuHkJve7D0RImvB7NU2JH6MRp0OKkTJSYFcHmkdE5PHscRbQwK65dXcOZ5V4BalBgVZgfw2iBOuYcIUZkrLvuanyMyQUxYzMKgMtSYrwBI1I31COYiL9bH74zDk1SuQME2EeV85c/Z3IUCzlNA7NZIzUWC57ufif19dqeOVnlKdaEY4Xi4aaOSpx8haciAqCFZsagrCg5lYHj5FAWJmuKqYEb/nLq6RzXvcu6o27Rq15XdRRhmM4gTPw4BKacAstaAMGDc/wCm/Wk/VivVsfi9GSVWSO4A+szx99IJOk</latexit>xi

S. Jafarpour (CU Boulder) Reachability of Dynamical Systems September 25, 2024 20 / 23



Mixed Monotone Theory
Computing of decomposition functions

How to compute a decomposition function for a system?

Different approaches for constructing decomposition functions

linear systems

polynomial systems

bounded Jacobian

Every locally Lipschitz system has at least one decomposition function

The best (tightest) decomposition function is given by

di(x, x, w,w) = min
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u),

di(x, x, w,w) = max
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u)

<latexit sha1_base64="js0nlDYNNWcEpLuzHtXuuj0PzOw=">AAACDXicbVBLSwMxGMzWV62vVY9eglWoIGVXinoRil48VrAP6C5LNs22odkHSVbaLvsHvPhXvHhQxKt3b/4bs+0etHUgMMzMl+QbN2JUSMP41gpLyyura8X10sbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eJP57QfCBQ2DezmOiO2jfkA9ipFUkqMfWT4aOcnEofAKWqGKZjclo9ShKfQcWpmcxieOXjaqxhRwkZg5KYMcDUf/snohjn0SSMyQEF3TiKSdIC4pZiQtWbEgEcJD1CddRQPkE2En021SeKyUHvRCrk4g4VT9PZEgX4ix76qkj+RAzHuZ+J/XjaV3aSc0iGJJAjx7yIsZlCHMqoE9ygmWbKwIwpyqv0I8QBxhqQosqRLM+ZUXSeusap5Xa3e1cv06r6MIDsAhqAATXIA6uAUN0AQYPIJn8AretCftRXvXPmbRgpbP7IM/0D5/AATum4Y=</latexit>
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zi=xi

fi(z, u)
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Simulation-based Reachability
A mixed monotone approach

cover the initial set X0 and the disturbance set W with hyper-rectangles
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Simulation-based Reachability
A mixed monotone approach

For each covering, simulate a single trajectory of the embedding system

x(t)

x(t)
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Simulation-based Reachability
A mixed monotone approach

Union of hyper-rectangles = over-approximation of the reachable set
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Simulation-based Reachability
A mixed monotone approach

Union of hyper-rectangles = over-approximation of the reachable set

Question: how accurate is mixed monotone reachability?
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Simulation-based Reachability
A mixed monotone approach

x⇤(t)

x(t)

x(t)

[
x∗(t)
x∗(t)

]
and

[
x(t)
x(t)

]
traj of embedding system =⇒

{
‖x∗(t)− x(t)‖∞ ≤ edt‖x∗(0)− x(0)‖∞
‖x∗(t)− x(t)‖∞ ≤ edt‖x∗(0)− x(0)‖∞

Question: how accurate is mixed monotone reachability?

Accuracy = the incremental distance between trajectories of embedding system
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Simulation-based Reachability
A mixed monotone approach

x⇤(t)

x(t)

x(t)

[
x∗(t)
x∗(t)

]
and

[
x(t)
x(t)

]
traj of embedding system =⇒

{
‖x∗(t)− x(t)‖∞ ≤ edt‖x∗(0)− x(0)‖∞
‖x∗(t)− x(t)‖∞ ≤ edt‖x∗(0)− x(0)‖∞

Question: what is the contraction rate of the embedding system?
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Embedding Systems
Contraction rate wrt `∞-norm

Theorem4

Let d
dt

[
x
x

]
=

[
d(x, x, w,w)

d(x, x, w,w)

]
:= e(x, x, w,w) be the embedding function with the tight

decomposition function for ẋ = f(x,w). For any η ∈ Rn≥0

µ∞,η

(
∂f
∂x (x,w)

)
≤ c ⇐⇒ µ∞,η⊗I2

(
∂e

∂[xx ]
(x, x, w,w)

)
≤ c

Consequence 1: hyper-rectangles evolve with `∞ contraction rate of original system

Mixed Monotone hyper-rectangle
<latexit sha1_base64="XOTDDFebceRr5sD0FHny38V8g6g=">AAAB6HicbZA9TwJBEIbn8Avx69DSZiMxsSJ3FGhJpLHERD4SuJC9ZYCVvb3L7h5KCP/BzljYWOjf8G/4b7zDawDf6p15ZpJ5x48E18Zxfqzc1vbO7l5+v3BweHR8YhdPWzqMFcMmC0WoOj7VKLjEpuFGYCdSSANfYNuf1FPenqLSPJQPZhahF9CR5EPOqElafbtYD6VRlKUVMbGPpG+XnLKzFNk0bmZKkKnRt797g5DFAUrDBNW66zqR8eZUGc4ELgq9WGNE2YSOsDuY8khLGqD25s/L61f4nAZazwJ/QS4DasZ6naXN/1g3NsMbb85lFBuULBlJ2DAWxIQkTU0GXCEzYpYYyhRPLiNsTNPcyW8KSWR3PeCmaVXKbrVcva+UardZ+DycwwVcgQvXUIM7aEATGDzBO3zCl/VovViv1tvfaM7Kds5gRdbHL0iLjUQ=</latexit>

Contraction tube

ectect
x⇤(t)

x(t)

x(t)

Consequence 2: Mixed Monotone is sharper than contraction wrt to `∞

Red = Mixed Monotone hyper-rectangle

Gray = contraction tube

x⇤(t)

x(t)

x(t)

‖x∗(t)− x(t)‖∞,η ≤ ect‖x∗(0)− x(0)‖∞,η
‖x∗(t)− x(t)‖∞,η ≤ ect‖x∗(0)− x(0)‖∞,η

4Jafarpour and Coogan, “Monotoncity and contraction on polyhedral cones”, TAC, 2024
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Conclusions
and Future Research

Summary

we introduced mixed monotone theory, which constructs an embedding system for
reachability analysis

we identified the tightest possible embedding system for this approach.

we showed that the rate of contraction (with respect to diagonal `∞-norms) of the
tightest embedding system matches that of the original system.

Future Research

mixed monotone theory with respect to polyhedral cones (with Sam Coogan)

contraction-based and mixed monotone reachability for stochastic dynamical system (with
Yongxin Chen)

SJ and Z. Liu and Y. Chen. Probabilistic Reachability Analysis of Stochastic Control
Systems. arXiv, 2024 (https://arxiv.org/pdf/2407.12225v2)
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