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Safety-critical Autonomous Systems
Abstraction

Safety-critical Autonomous Systems
Introduction

Energy/Power systems Aviations Urban mobility

Manufacturing Transportation systems Smart cities

A critical task

Design performant controller while ensuring safety and reliability of the system.
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Safety-critical Autonomous Systems
Challenges for Safe Autonomy

Challenges for ensuring safety in autonomous systems:

1 large number of agents

2 complex and highly nonlinear components

3 uncertain environment with unmodeled dynamics
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My Research

Different aspect of autonomy with safety and robustness considerations

Tools: Systems and Control (dynamical systems, optimization theory)
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My Research

Different aspect of autonomy with safety and robustness considerations

Tools: Systems and Control (dynamical systems, optimization theory)
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Research summary
My past and current research

Large-scale systems

threshold of frequency synchronization
(TAC 2020, SICON 2019)

multi-stability via partitioning the state-space
(SIAM Review 2021, Nature Com 2022)

dynamic stability of low-inertia power grids
(TCNS 2019)

Optimization-based systems

time-varying optimization (TAC 2021)

non-Euclidean monotone operator theory
(CDC 2022)

Nonlinear systems

weak and semi-contraction theory (TAC 2021)

non-Euclidean contraction theory (TAC 2022,
TAC 2023)

small time local controllability (SICON 2020)

Learning-enabled systems

contraction-based reachability of neural networks
(NeurIPS 2021, L4DC 2022)

interval-based reachability of neural networks
(L4DC 2023, ADHS 2024)

safety verification of neural feedback loops
(submitted 2023)
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Learning-enabled Autonomous Systems
Motivations and Success Stories

In this talk: Autonomous Systems with Learning-enabled components

Machine learning was one of the deriving forces for developments

availability of data and computation tools

performance and efficiency

Success stories and potential applications

NVIDIA self driving car Amazon fulfillment centers Manufacturing
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Learning-enabled Autonomous Systems
Safety Assurance as a Challenge

But can we ensure their safety?
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Learning-enabled Autonomous Systems
Safety Assurance as a Challenge

But can we ensure their safety?

Perception-based Obstacle Avoidance

Video courtesy of Dr. Taylor Johnson at CS department of the Vanderbilt University
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Learning-enabled Autonomous Systems
Safety Assurance as a Challenge

But can we ensure their safety?

What is different with Learning-based components?
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Plant 1
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Plant 2
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Plant n
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Learning
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Controller
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Learning-enabled Autonomous Systems
Safety Assurance as a Challenge

But can we ensure their safety?

limited guarantee in their design

Image credit: MIT CSAIL
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But can we ensure their safety?

limited guarantee in their design

large # of parameters with nonlinearity
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# of parameters ⇠ 90000
# of activation patterns ⇠ 1060

S. Jafarpour (CU Boulder) Safety in Learning-enabled Autonomous Systems March 5, 2024 7 / 47



Learning-enabled Autonomous Systems
Safety Assurance as a Challenge

But can we ensure their safety?

limited guarantee in their design

large # of parameters with nonlinearity

Rigorous and computationally efficient methods for safety assurance
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Learning-enabled Autonomous Systems
Safety in Machine Learning

ML focus on safety and robustness of stand-alone learning algorithms
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N(x)

Different approaches:

analysis (Goodfellow et al., 2015, Zhang et al., 2019, Fazlyab et al., 2023)

design (Papernot et al., 2016, Carlini and Wagner, 2017, Madry et al., 2018)

In autonomous systems, learning algorithms are a part of the system
(controller, motion planner, obstacle detection)

New challenges arises when learning algorithms are used in-the-loop
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design (Papernot et al., 2016, Carlini and Wagner, 2017, Madry et al., 2018)

In autonomous systems, learning algorithms are a part of the system
(controller, motion planner, obstacle detection)

New challenges arises when learning algorithms are used in-the-loop
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Learning-enabled Autonomous Systems
Safety in Machine Learning

ML focus on safety and robustness of stand-alone learning algorithms

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="1l14sQ+NkAZuTGCGnhs1TFt00qQ=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2VG6mNZdONKKtgHtEPJpJk2NJMZk0yxDP0ONy4UcevHuPNvTKez0NYDgcM593JPjhdxprRtf1u5ldW19Y38ZmFre2d3r7h/0FRhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN7qZ+a0xlYqF4kFPIuoGeCCYzwjWRnK7AdZD5Sd30/LTaa9Ysit2CrRMnIyUIEO9V/zq9kMSB1RowrFSHceOtJtgqRnhdFroxopGmIzwgHYMFTigyk3S0FN0YpQ+8kNpntAoVX9vJDhQahJ4ZjINuejNxP+8Tqz9KzdhIoo1FWR+yI850iGaNYD6TFKi+cQQTCQzWREZYomJNj0VTAnO4peXSfOs4lxUzu+rpdp1VkcejuAYyuDAJdTgFurQAAKP8Ayv8GaNrRfr3fqYj+asbOcQ/sD6/AGHkJH0</latexit>

N(x)

Different approaches:

analysis (Goodfellow et al., 2015, Zhang et al., 2019, Fazlyab et al., 2023)

design (Papernot et al., 2016, Carlini and Wagner, 2017, Madry et al., 2018)

In autonomous systems, learning algorithms are a part of the system
(controller, motion planner, obstacle detection)

New challenges arises when learning algorithms are used in-the-loop
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Example: Safety in Mobile Robots
In-the-loop vs. stand-alone

Perception-based Obstacle Avoidance

<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System

<latexit sha1_base64="GZTb1XfDaWCZdsCWSJzKHonx1P8=">AAACCnicbVC7TsMwFHXKq5RXgZHFUCGxUCWVeIyVWBgYikQfqI0qx7lprTpOZDtIVdSZhV9hYQAhVr6Ajb/BaTNAy5EsHd177vU9x4s5U9q2v63C0vLK6lpxvbSxubW9U97da6kokRSaNOKR7HhEAWcCmpppDp1YAgk9Dm1vdJX12w8gFYvEnR7H4IZkIFjAKNGm1C8f3gCRgonBabbFx5GnNKEcsA8a6ExTsav2FHiRODmpoByNfvmr50c0CUFoyolSXceOtZsSqZlZPCn1EgUxoSMygK6hgoSg3HRqZYKPk+yKIJLmCY2n1d8TKQmVGoeeUYZED9V8Lyv+1+smOrh0UybiRIOgs4+ChGMd4SwX7DNp/PKxIYRKZm7FdEgkodqkVzIhOPOWF0mrVnXOq2e3tUr9Po+jiA7QETpBDrpAdXSNGqiJKHpEz+gVvVlP1ov1bn3MpAUrn9lHf2B9/gBLipq8</latexit>

Learning-based obstacle detection

<latexit sha1_base64="AfXrl7ObZFAdamL1ABXPtcETUb4=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUfCyL3eiugn1AO5ZMmrGhmWRIMkoZ+h9uXCji1n9x59+YaWehrQcCh3PuKyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2hrmShCW0RyqboB1pQzQVuGGU67saI4CjjtBONG5nceqdJMijsziakf4QfBQkawsdJ9A0dUYXRjVapLg3LFrbozoGXi5aQCOZqD8ld/KEkSUWEIx1r3PDc2foqVYYTTaamfaBpjMrbTe5YKu0376ezqKTqxyhCFUtknDJqpvztSHGk9iQJbGWEz0oteJv7n9RITXvopE3FiqCDzRWHCkZEoiwANmaLE8IklmChmb0VkhBUmxgaVheAtfnmZtGtV77x6dlur1K/yOIpwBMdwCh5cQB2uoQktIKDgGV7hzXlyXpx352NeWnDynkP4A+fzB3Sfkdc=</latexit>

Camera Images

<latexit sha1_base64="7p2+uUOHgcjxGx2HZw0yxqkBS9Q=">AAAB6XicbZC7SgNBFIbPeo3xtsbSZjAIsQm74q0RgjaCTQRzgWQJs7MnyZDZCzOzMWHJQ9iJhY2FPoav4du4idsk8a9+zvcfOP9xI8GVtqwfY2V1bX1jM7eV397Z3ds3Dwp1FcaSYY2FIpRNlyoUPMCa5lpgM5JIfVdgwx3cTXljiFLxMHjS4wgdn/YC3uWM6nTUMQsxuSEPpfYz97BPdTKanHbMolW2ZiLLxs5METJVO+Z32wtZ7GOgmaBKtWwr0k5CpeZM4CTfjhVGlA1oD1vekEcqoD4qJxnNzp/jCfWVGvvuhJz4VPfVIpsO/2OtWHevnYQHUawxYGkkZd1YEB2SaW3icYlMi3FqKJM8vYywPpWU6fQ5+bSyvVhw2dTPyvZl+eLxvFi5zcrn4AiOoQQ2XEEF7qEKNWAwgnf4hC9jYLwYr8bbX3TFyHYOYU7Gxy8cz40b</latexit>

u = K(bx)

<latexit sha1_base64="X8UPFLgvjZarCAnTpXDiq2FL+5o=">AAAB43icbZC7TgJREIZnvSLeUEubjWBiRXZJvJREG0tM5JLASmbPDnDC2UvOOYuQDU9gZyxsLPRJfA3fxgW3AfyrP/P9k8w/biS40pb1Y6ytb2xubed28rt7+weHhaPjhgpjyajOQhHKlouKBA+orrkW1Iokoe8KarrDuxlvjkgqHgaPehKR42M/4D3OUKejJ7PUeeYeDVAn42mpWyhaZWsuc9XYmSlCplq38N3xQhb7FGgmUKm2bUXaSVBqzgRN851YUYRsiH1qeyMeqQB9Uk4ynh++wBP0lZr47tQ891EP1DKbDf9j7Vj3bpyEB1GsKWBpJGW9WJg6NGeFTY9LYlpMUoNM8vQykw1QItPpW/JpZXu54KppVMr2VfnyoVKs3mblc3AKZ3ABNlxDFe6hBnVgIOEdPuHLIOPFeDXe/qJrRrZzAgsyPn4BV/+Lmg==</latexit>bx <latexit sha1_base64="nu3EtVl+TNwNJg9fl71JqOiHw48=">AAAB2XicbZBLT8JAFIVv8YX4Ql26mQgmrkhL4mNJdOMSE3kkpSHT4QITpu1kZkokDQt3xoUbF/pz/Bv+G1vsBvCsTu53bnLP9aXg2tj2j1XY2Nza3inulvb2Dw6PyscnbR3FimGLRSJSXZ9qFDzEluFGYFcqpIEvsONP7jPemaLSPAqfzEyiF9BRyIecUZONSFVW++WKXbMXIuvGyU0FcjX75e/eIGJxgKFhgmrtOrY0XkKV4UzgvNSLNUrKJnSE7mDKpQ5pgNpLnhfnLvGEBlrPAn9OLgJqxnqVZcP/mBub4a2X8FDGBkOWRlI2jAUxEclqkgFXyIyYpYYyxdPLCBtTRZlJn1FKKzurBddNu15zrmtXj/VK4y4vX4QzOIdLcOAGGvAATWgBgzG8wyd8Wa71Yr1ab3/RgpXvnMKSrI9fofCG9A==</latexit>p

<latexit sha1_base64="69c6Nq7NSSvDBBBC3JiUYqmPuik=">AAAB1nicbZA7TwJBFIXv+ER8oZY2G4mJFdk1vkqijSUk8khgQ2aHC0yYnd3MzBI3G+yMhY2F/h//hv/GAbcBPNXJ/c5N7rlBLLg2rvtD1tY3Nre2CzvF3b39g8PS0XFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBeOHGW9NUGkeySeTxuiHdCj5gDNq7Kie9kplt+LO5awaLzdlyFXrlb67/YglIUrDBNW647mx8TOqDGcCp8VuojGmbEyH2OlPeKwlDVH72fP81gWe0VDrNAymznlIzUgvs9nwP9ZJzODOz7iME4OS2Yhlg0Q4JnJmHZ0+V8iMSK2hTHF7mcNGVFFm7CeKtrK3XHDVNC8r3k3lun5Vrt7n5QtwCmdwAR7cQhUeoQYNYIDwDp/wRdrkhbySt7/oGsl3TmBB5OMXqZ+GeQ==</latexit>y

In-the-loop

<latexit sha1_base64="GZTb1XfDaWCZdsCWSJzKHonx1P8=">AAACCnicbVC7TsMwFHXKq5RXgZHFUCGxUCWVeIyVWBgYikQfqI0qx7lprTpOZDtIVdSZhV9hYQAhVr6Ajb/BaTNAy5EsHd177vU9x4s5U9q2v63C0vLK6lpxvbSxubW9U97da6kokRSaNOKR7HhEAWcCmpppDp1YAgk9Dm1vdJX12w8gFYvEnR7H4IZkIFjAKNGm1C8f3gCRgonBabbFx5GnNKEcsA8a6ExTsav2FHiRODmpoByNfvmr50c0CUFoyolSXceOtZsSqZlZPCn1EgUxoSMygK6hgoSg3HRqZYKPk+yKIJLmCY2n1d8TKQmVGoeeUYZED9V8Lyv+1+smOrh0UybiRIOgs4+ChGMd4SwX7DNp/PKxIYRKZm7FdEgkodqkVzIhOPOWF0mrVnXOq2e3tUr9Po+jiA7QETpBDrpAdXSNGqiJKHpEz+gVvVlP1ov1bn3MpAUrn9lHf2B9/gBLipq8</latexit>

Learning-based obstacle detection

<latexit sha1_base64="7tCARvG51rWOPP451RxVItNrz6U=">AAAB13icbZBLT8JAFIVv8YX4Ql26aSQmrkhrfC2JblyikYeBhkyHW5gw005mpkTSEHfGhRsX+nv8G/4bW+wG8KxO7nducs/1JWfaOM6PVVhZXVvfKG6WtrZ3dvfK+wdNHcWKYoNGPFJtn2jkLMSGYYZjWyokwufY8ke3GW+NUWkWhY9mItETZBCygFFi0tGDtHvlilN1ZrKXjZubCuSq98rf3X5EY4GhoZxo3XEdabyEKMMox2mpG2uUhI7IADv9MZM6JAK1lzzPjp3jCRFaT4Q/tU8EMUO9yLLhf6wTm+DaS1goY4MhTSMpC2Jum8jOStp9ppAaPkkNoYqll9l0SBShJn1FKa3sLhZcNs2zqntZvbg/r9Ru8vJFOIJjOAUXrqAGd1CHBlAI4B0+4ct6sl6sV+vtL1qw8p1DmJP18QvwH4aa</latexit>p
<latexit sha1_base64="sb4VIVpn0wp+osA61CPkcY2qClk=">AAAB4HicbZA5T8NAEIXH4QrhClDSWERIVJGNuMoIGsogkUNyrGi9niSrrA/tjkMiKz0doqChgL/C3+Df4AQ3SXjV03xvpHnjxVJosqwfo7C2vrG5Vdwu7ezu7R+UD4+aOkoUxwaPZKTaHtMoRYgNEiSxHStkgSex5Q3vZ7w1QqVFFD7RJEY3YP1Q9ARnlI2czrPwccAoHU+75YpVteYyV42dmwrkqnfL3x0/4kmAIXHJtHZsKyY3ZYoElzgtdRKNMeND1kfHH4lYhyxA7abj+dULPGWB1pPAm5pnAaOBXmaz4X/MSah366YijBPCkGeRjPUSaVJkztqavlDISU4yw7gS2WUmHzDFOGU/KWWV7eWCq6Z5UbWvq1ePl5XaXV6+CCdwCudgww3U4AHq0AAOEbzDJ3wZnvFivBpvf9GCke8cw4KMj19LhosW</latexit>bx

<latexit sha1_base64="cuAyO9jBc9pHWg4I8mfOJsZ0dsg=">AAACAnicbVDLSsNAFL3xWeur6tLNYBEEoSQFH8uiG5cV7APaUCaTSTt0Mgkzk2IJ2fkD/oY7ceHGRf0M/8ZJzaatZ3W4557DPdeLOVPatn+stfWNza3t0k55d2//4LBydNxWUSIJbZGIR7LrYUU5E7Slmea0G0uKQ4/Tjje+z/XOhErFIvGkpzF1QzwULGAEazMaVC6Rlth4fZT252mpxxOaRUGQJ2YoUUwMETMuqgaVql2z50CrxClIFQo0B5VZ349IElKhCcdK9Rw71m6KpWaE06zcTxSNMRmb8J4/YbESOKTKTZ/nlyzoKQ6VmoZehs5DrEdqWcuH/2m9RAe3bspEnGgqiFkxWpBwpCOU/wP5TFKi+dQQTCQzlyEywhITbb5WNpWd5YKrpF2vOde1q8d6tXFXlC/BKZzBBThwAw14gCa0gMArfMIMvq0X6816tz7+VteswnMCC7C+fgFvppjM</latexit>

trained o✏ine using images

Stand-alone

stand-alone: estimation of states using learning algorithm

in-the-loop: closed-loop system avoid the obstacle

In-the-loop: how the autonomous system perform with
the learning algorithm as a part of it.

S. Jafarpour (CU Boulder) Safety in Learning-enabled Autonomous Systems March 5, 2024 9 / 47



Example: Safety in Mobile Robots
In-the-loop vs. stand-alone

Perception-based Obstacle Avoidance

<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System

<latexit sha1_base64="GZTb1XfDaWCZdsCWSJzKHonx1P8=">AAACCnicbVC7TsMwFHXKq5RXgZHFUCGxUCWVeIyVWBgYikQfqI0qx7lprTpOZDtIVdSZhV9hYQAhVr6Ajb/BaTNAy5EsHd177vU9x4s5U9q2v63C0vLK6lpxvbSxubW9U97da6kokRSaNOKR7HhEAWcCmpppDp1YAgk9Dm1vdJX12w8gFYvEnR7H4IZkIFjAKNGm1C8f3gCRgonBabbFx5GnNKEcsA8a6ExTsav2FHiRODmpoByNfvmr50c0CUFoyolSXceOtZsSqZlZPCn1EgUxoSMygK6hgoSg3HRqZYKPk+yKIJLmCY2n1d8TKQmVGoeeUYZED9V8Lyv+1+smOrh0UybiRIOgs4+ChGMd4SwX7DNp/PKxIYRKZm7FdEgkodqkVzIhOPOWF0mrVnXOq2e3tUr9Po+jiA7QETpBDrpAdXSNGqiJKHpEz+gVvVlP1ov1bn3MpAUrn9lHf2B9/gBLipq8</latexit>

Learning-based obstacle detection

<latexit sha1_base64="AfXrl7ObZFAdamL1ABXPtcETUb4=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUfCyL3eiugn1AO5ZMmrGhmWRIMkoZ+h9uXCji1n9x59+YaWehrQcCh3PuKyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2hrmShCW0RyqboB1pQzQVuGGU67saI4CjjtBONG5nceqdJMijsziakf4QfBQkawsdJ9A0dUYXRjVapLg3LFrbozoGXi5aQCOZqD8ld/KEkSUWEIx1r3PDc2foqVYYTTaamfaBpjMrbTe5YKu0376ezqKTqxyhCFUtknDJqpvztSHGk9iQJbGWEz0oteJv7n9RITXvopE3FiqCDzRWHCkZEoiwANmaLE8IklmChmb0VkhBUmxgaVheAtfnmZtGtV77x6dlur1K/yOIpwBMdwCh5cQB2uoQktIKDgGV7hzXlyXpx352NeWnDynkP4A+fzB3Sfkdc=</latexit>

Camera Images

<latexit sha1_base64="7p2+uUOHgcjxGx2HZw0yxqkBS9Q=">AAAB6XicbZC7SgNBFIbPeo3xtsbSZjAIsQm74q0RgjaCTQRzgWQJs7MnyZDZCzOzMWHJQ9iJhY2FPoav4du4idsk8a9+zvcfOP9xI8GVtqwfY2V1bX1jM7eV397Z3ds3Dwp1FcaSYY2FIpRNlyoUPMCa5lpgM5JIfVdgwx3cTXljiFLxMHjS4wgdn/YC3uWM6nTUMQsxuSEPpfYz97BPdTKanHbMolW2ZiLLxs5METJVO+Z32wtZ7GOgmaBKtWwr0k5CpeZM4CTfjhVGlA1oD1vekEcqoD4qJxnNzp/jCfWVGvvuhJz4VPfVIpsO/2OtWHevnYQHUawxYGkkZd1YEB2SaW3icYlMi3FqKJM8vYywPpWU6fQ5+bSyvVhw2dTPyvZl+eLxvFi5zcrn4AiOoQQ2XEEF7qEKNWAwgnf4hC9jYLwYr8bbX3TFyHYOYU7Gxy8cz40b</latexit>

u = K(bx)

<latexit sha1_base64="X8UPFLgvjZarCAnTpXDiq2FL+5o=">AAAB43icbZC7TgJREIZnvSLeUEubjWBiRXZJvJREG0tM5JLASmbPDnDC2UvOOYuQDU9gZyxsLPRJfA3fxgW3AfyrP/P9k8w/biS40pb1Y6ytb2xubed28rt7+weHhaPjhgpjyajOQhHKlouKBA+orrkW1Iokoe8KarrDuxlvjkgqHgaPehKR42M/4D3OUKejJ7PUeeYeDVAn42mpWyhaZWsuc9XYmSlCplq38N3xQhb7FGgmUKm2bUXaSVBqzgRN851YUYRsiH1qeyMeqQB9Uk4ynh++wBP0lZr47tQ891EP1DKbDf9j7Vj3bpyEB1GsKWBpJGW9WJg6NGeFTY9LYlpMUoNM8vQykw1QItPpW/JpZXu54KppVMr2VfnyoVKs3mblc3AKZ3ABNlxDFe6hBnVgIOEdPuHLIOPFeDXe/qJrRrZzAgsyPn4BV/+Lmg==</latexit>bx <latexit sha1_base64="nu3EtVl+TNwNJg9fl71JqOiHw48=">AAAB2XicbZBLT8JAFIVv8YX4Ql26mQgmrkhL4mNJdOMSE3kkpSHT4QITpu1kZkokDQt3xoUbF/pz/Bv+G1vsBvCsTu53bnLP9aXg2tj2j1XY2Nza3inulvb2Dw6PyscnbR3FimGLRSJSXZ9qFDzEluFGYFcqpIEvsONP7jPemaLSPAqfzEyiF9BRyIecUZONSFVW++WKXbMXIuvGyU0FcjX75e/eIGJxgKFhgmrtOrY0XkKV4UzgvNSLNUrKJnSE7mDKpQ5pgNpLnhfnLvGEBlrPAn9OLgJqxnqVZcP/mBub4a2X8FDGBkOWRlI2jAUxEclqkgFXyIyYpYYyxdPLCBtTRZlJn1FKKzurBddNu15zrmtXj/VK4y4vX4QzOIdLcOAGGvAATWgBgzG8wyd8Wa71Yr1ab3/RgpXvnMKSrI9fofCG9A==</latexit>p

<latexit sha1_base64="69c6Nq7NSSvDBBBC3JiUYqmPuik=">AAAB1nicbZA7TwJBFIXv+ER8oZY2G4mJFdk1vkqijSUk8khgQ2aHC0yYnd3MzBI3G+yMhY2F/h//hv/GAbcBPNXJ/c5N7rlBLLg2rvtD1tY3Nre2CzvF3b39g8PS0XFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBeOHGW9NUGkeySeTxuiHdCj5gDNq7Kie9kplt+LO5awaLzdlyFXrlb67/YglIUrDBNW647mx8TOqDGcCp8VuojGmbEyH2OlPeKwlDVH72fP81gWe0VDrNAymznlIzUgvs9nwP9ZJzODOz7iME4OS2Yhlg0Q4JnJmHZ0+V8iMSK2hTHF7mcNGVFFm7CeKtrK3XHDVNC8r3k3lun5Vrt7n5QtwCmdwAR7cQhUeoQYNYIDwDp/wRdrkhbySt7/oGsl3TmBB5OMXqZ+GeQ==</latexit>y

In-the-loop

<latexit sha1_base64="GZTb1XfDaWCZdsCWSJzKHonx1P8=">AAACCnicbVC7TsMwFHXKq5RXgZHFUCGxUCWVeIyVWBgYikQfqI0qx7lprTpOZDtIVdSZhV9hYQAhVr6Ajb/BaTNAy5EsHd177vU9x4s5U9q2v63C0vLK6lpxvbSxubW9U97da6kokRSaNOKR7HhEAWcCmpppDp1YAgk9Dm1vdJX12w8gFYvEnR7H4IZkIFjAKNGm1C8f3gCRgonBabbFx5GnNKEcsA8a6ExTsav2FHiRODmpoByNfvmr50c0CUFoyolSXceOtZsSqZlZPCn1EgUxoSMygK6hgoSg3HRqZYKPk+yKIJLmCY2n1d8TKQmVGoeeUYZED9V8Lyv+1+smOrh0UybiRIOgs4+ChGMd4SwX7DNp/PKxIYRKZm7FdEgkodqkVzIhOPOWF0mrVnXOq2e3tUr9Po+jiA7QETpBDrpAdXSNGqiJKHpEz+gVvVlP1ov1bn3MpAUrn9lHf2B9/gBLipq8</latexit>

Learning-based obstacle detection

<latexit sha1_base64="7tCARvG51rWOPP451RxVItNrz6U=">AAAB13icbZBLT8JAFIVv8YX4Ql26aSQmrkhrfC2JblyikYeBhkyHW5gw005mpkTSEHfGhRsX+nv8G/4bW+wG8KxO7nducs/1JWfaOM6PVVhZXVvfKG6WtrZ3dvfK+wdNHcWKYoNGPFJtn2jkLMSGYYZjWyokwufY8ke3GW+NUWkWhY9mItETZBCygFFi0tGDtHvlilN1ZrKXjZubCuSq98rf3X5EY4GhoZxo3XEdabyEKMMox2mpG2uUhI7IADv9MZM6JAK1lzzPjp3jCRFaT4Q/tU8EMUO9yLLhf6wTm+DaS1goY4MhTSMpC2Jum8jOStp9ppAaPkkNoYqll9l0SBShJn1FKa3sLhZcNs2zqntZvbg/r9Ru8vJFOIJjOAUXrqAGd1CHBlAI4B0+4ct6sl6sV+vtL1qw8p1DmJP18QvwH4aa</latexit>p
<latexit sha1_base64="sb4VIVpn0wp+osA61CPkcY2qClk=">AAAB4HicbZA5T8NAEIXH4QrhClDSWERIVJGNuMoIGsogkUNyrGi9niSrrA/tjkMiKz0doqChgL/C3+Df4AQ3SXjV03xvpHnjxVJosqwfo7C2vrG5Vdwu7ezu7R+UD4+aOkoUxwaPZKTaHtMoRYgNEiSxHStkgSex5Q3vZ7w1QqVFFD7RJEY3YP1Q9ARnlI2czrPwccAoHU+75YpVteYyV42dmwrkqnfL3x0/4kmAIXHJtHZsKyY3ZYoElzgtdRKNMeND1kfHH4lYhyxA7abj+dULPGWB1pPAm5pnAaOBXmaz4X/MSah366YijBPCkGeRjPUSaVJkztqavlDISU4yw7gS2WUmHzDFOGU/KWWV7eWCq6Z5UbWvq1ePl5XaXV6+CCdwCudgww3U4AHq0AAOEbzDJ3wZnvFivBpvf9GCke8cw4KMj19LhosW</latexit>bx

<latexit sha1_base64="cuAyO9jBc9pHWg4I8mfOJsZ0dsg=">AAACAnicbVDLSsNAFL3xWeur6tLNYBEEoSQFH8uiG5cV7APaUCaTSTt0Mgkzk2IJ2fkD/oY7ceHGRf0M/8ZJzaatZ3W4557DPdeLOVPatn+stfWNza3t0k55d2//4LBydNxWUSIJbZGIR7LrYUU5E7Slmea0G0uKQ4/Tjje+z/XOhErFIvGkpzF1QzwULGAEazMaVC6Rlth4fZT252mpxxOaRUGQJ2YoUUwMETMuqgaVql2z50CrxClIFQo0B5VZ349IElKhCcdK9Rw71m6KpWaE06zcTxSNMRmb8J4/YbESOKTKTZ/nlyzoKQ6VmoZehs5DrEdqWcuH/2m9RAe3bspEnGgqiFkxWpBwpCOU/wP5TFKi+dQQTCQzlyEywhITbb5WNpWd5YKrpF2vOde1q8d6tXFXlC/BKZzBBThwAw14gCa0gMArfMIMvq0X6816tz7+VteswnMCC7C+fgFvppjM</latexit>

trained o✏ine using images

Stand-alone

stand-alone: estimation of states using learning algorithm

in-the-loop: closed-loop system avoid the obstacle

In-the-loop: how the autonomous system perform with
the learning algorithm as a part of it.
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Example: Safety in Mobile Robots
In-the-loop vs. stand-alone

Perception-based Obstacle Avoidance

<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System

<latexit sha1_base64="GZTb1XfDaWCZdsCWSJzKHonx1P8=">AAACCnicbVC7TsMwFHXKq5RXgZHFUCGxUCWVeIyVWBgYikQfqI0qx7lprTpOZDtIVdSZhV9hYQAhVr6Ajb/BaTNAy5EsHd177vU9x4s5U9q2v63C0vLK6lpxvbSxubW9U97da6kokRSaNOKR7HhEAWcCmpppDp1YAgk9Dm1vdJX12w8gFYvEnR7H4IZkIFjAKNGm1C8f3gCRgonBabbFx5GnNKEcsA8a6ExTsav2FHiRODmpoByNfvmr50c0CUFoyolSXceOtZsSqZlZPCn1EgUxoSMygK6hgoSg3HRqZYKPk+yKIJLmCY2n1d8TKQmVGoeeUYZED9V8Lyv+1+smOrh0UybiRIOgs4+ChGMd4SwX7DNp/PKxIYRKZm7FdEgkodqkVzIhOPOWF0mrVnXOq2e3tUr9Po+jiA7QETpBDrpAdXSNGqiJKHpEz+gVvVlP1ov1bn3MpAUrn9lHf2B9/gBLipq8</latexit>

Learning-based obstacle detection

<latexit sha1_base64="AfXrl7ObZFAdamL1ABXPtcETUb4=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUfCyL3eiugn1AO5ZMmrGhmWRIMkoZ+h9uXCji1n9x59+YaWehrQcCh3PuKyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2hrmShCW0RyqboB1pQzQVuGGU67saI4CjjtBONG5nceqdJMijsziakf4QfBQkawsdJ9A0dUYXRjVapLg3LFrbozoGXi5aQCOZqD8ld/KEkSUWEIx1r3PDc2foqVYYTTaamfaBpjMrbTe5YKu0376ezqKTqxyhCFUtknDJqpvztSHGk9iQJbGWEz0oteJv7n9RITXvopE3FiqCDzRWHCkZEoiwANmaLE8IklmChmb0VkhBUmxgaVheAtfnmZtGtV77x6dlur1K/yOIpwBMdwCh5cQB2uoQktIKDgGV7hzXlyXpx352NeWnDynkP4A+fzB3Sfkdc=</latexit>

Camera Images

<latexit sha1_base64="7p2+uUOHgcjxGx2HZw0yxqkBS9Q=">AAAB6XicbZC7SgNBFIbPeo3xtsbSZjAIsQm74q0RgjaCTQRzgWQJs7MnyZDZCzOzMWHJQ9iJhY2FPoav4du4idsk8a9+zvcfOP9xI8GVtqwfY2V1bX1jM7eV397Z3ds3Dwp1FcaSYY2FIpRNlyoUPMCa5lpgM5JIfVdgwx3cTXljiFLxMHjS4wgdn/YC3uWM6nTUMQsxuSEPpfYz97BPdTKanHbMolW2ZiLLxs5METJVO+Z32wtZ7GOgmaBKtWwr0k5CpeZM4CTfjhVGlA1oD1vekEcqoD4qJxnNzp/jCfWVGvvuhJz4VPfVIpsO/2OtWHevnYQHUawxYGkkZd1YEB2SaW3icYlMi3FqKJM8vYywPpWU6fQ5+bSyvVhw2dTPyvZl+eLxvFi5zcrn4AiOoQQ2XEEF7qEKNWAwgnf4hC9jYLwYr8bbX3TFyHYOYU7Gxy8cz40b</latexit>

u = K(bx)

<latexit sha1_base64="X8UPFLgvjZarCAnTpXDiq2FL+5o=">AAAB43icbZC7TgJREIZnvSLeUEubjWBiRXZJvJREG0tM5JLASmbPDnDC2UvOOYuQDU9gZyxsLPRJfA3fxgW3AfyrP/P9k8w/biS40pb1Y6ytb2xubed28rt7+weHhaPjhgpjyajOQhHKlouKBA+orrkW1Iokoe8KarrDuxlvjkgqHgaPehKR42M/4D3OUKejJ7PUeeYeDVAn42mpWyhaZWsuc9XYmSlCplq38N3xQhb7FGgmUKm2bUXaSVBqzgRN851YUYRsiH1qeyMeqQB9Uk4ynh++wBP0lZr47tQ891EP1DKbDf9j7Vj3bpyEB1GsKWBpJGW9WJg6NGeFTY9LYlpMUoNM8vQykw1QItPpW/JpZXu54KppVMr2VfnyoVKs3mblc3AKZ3ABNlxDFe6hBnVgIOEdPuHLIOPFeDXe/qJrRrZzAgsyPn4BV/+Lmg==</latexit>bx <latexit sha1_base64="nu3EtVl+TNwNJg9fl71JqOiHw48=">AAAB2XicbZBLT8JAFIVv8YX4Ql26mQgmrkhL4mNJdOMSE3kkpSHT4QITpu1kZkokDQt3xoUbF/pz/Bv+G1vsBvCsTu53bnLP9aXg2tj2j1XY2Nza3inulvb2Dw6PyscnbR3FimGLRSJSXZ9qFDzEluFGYFcqpIEvsONP7jPemaLSPAqfzEyiF9BRyIecUZONSFVW++WKXbMXIuvGyU0FcjX75e/eIGJxgKFhgmrtOrY0XkKV4UzgvNSLNUrKJnSE7mDKpQ5pgNpLnhfnLvGEBlrPAn9OLgJqxnqVZcP/mBub4a2X8FDGBkOWRlI2jAUxEclqkgFXyIyYpYYyxdPLCBtTRZlJn1FKKzurBddNu15zrmtXj/VK4y4vX4QzOIdLcOAGGvAATWgBgzG8wyd8Wa71Yr1ab3/RgpXvnMKSrI9fofCG9A==</latexit>p

<latexit sha1_base64="69c6Nq7NSSvDBBBC3JiUYqmPuik=">AAAB1nicbZA7TwJBFIXv+ER8oZY2G4mJFdk1vkqijSUk8khgQ2aHC0yYnd3MzBI3G+yMhY2F/h//hv/GAbcBPNXJ/c5N7rlBLLg2rvtD1tY3Nre2CzvF3b39g8PS0XFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBeOHGW9NUGkeySeTxuiHdCj5gDNq7Kie9kplt+LO5awaLzdlyFXrlb67/YglIUrDBNW647mx8TOqDGcCp8VuojGmbEyH2OlPeKwlDVH72fP81gWe0VDrNAymznlIzUgvs9nwP9ZJzODOz7iME4OS2Yhlg0Q4JnJmHZ0+V8iMSK2hTHF7mcNGVFFm7CeKtrK3XHDVNC8r3k3lun5Vrt7n5QtwCmdwAR7cQhUeoQYNYIDwDp/wRdrkhbySt7/oGsl3TmBB5OMXqZ+GeQ==</latexit>y

In-the-loop

<latexit sha1_base64="GZTb1XfDaWCZdsCWSJzKHonx1P8=">AAACCnicbVC7TsMwFHXKq5RXgZHFUCGxUCWVeIyVWBgYikQfqI0qx7lprTpOZDtIVdSZhV9hYQAhVr6Ajb/BaTNAy5EsHd177vU9x4s5U9q2v63C0vLK6lpxvbSxubW9U97da6kokRSaNOKR7HhEAWcCmpppDp1YAgk9Dm1vdJX12w8gFYvEnR7H4IZkIFjAKNGm1C8f3gCRgonBabbFx5GnNKEcsA8a6ExTsav2FHiRODmpoByNfvmr50c0CUFoyolSXceOtZsSqZlZPCn1EgUxoSMygK6hgoSg3HRqZYKPk+yKIJLmCY2n1d8TKQmVGoeeUYZED9V8Lyv+1+smOrh0UybiRIOgs4+ChGMd4SwX7DNp/PKxIYRKZm7FdEgkodqkVzIhOPOWF0mrVnXOq2e3tUr9Po+jiA7QETpBDrpAdXSNGqiJKHpEz+gVvVlP1ov1bn3MpAUrn9lHf2B9/gBLipq8</latexit>

Learning-based obstacle detection

<latexit sha1_base64="7tCARvG51rWOPP451RxVItNrz6U=">AAAB13icbZBLT8JAFIVv8YX4Ql26aSQmrkhrfC2JblyikYeBhkyHW5gw005mpkTSEHfGhRsX+nv8G/4bW+wG8KxO7nducs/1JWfaOM6PVVhZXVvfKG6WtrZ3dvfK+wdNHcWKYoNGPFJtn2jkLMSGYYZjWyokwufY8ke3GW+NUWkWhY9mItETZBCygFFi0tGDtHvlilN1ZrKXjZubCuSq98rf3X5EY4GhoZxo3XEdabyEKMMox2mpG2uUhI7IADv9MZM6JAK1lzzPjp3jCRFaT4Q/tU8EMUO9yLLhf6wTm+DaS1goY4MhTSMpC2Jum8jOStp9ppAaPkkNoYqll9l0SBShJn1FKa3sLhZcNs2zqntZvbg/r9Ru8vJFOIJjOAUXrqAGd1CHBlAI4B0+4ct6sl6sV+vtL1qw8p1DmJP18QvwH4aa</latexit>p
<latexit sha1_base64="sb4VIVpn0wp+osA61CPkcY2qClk=">AAAB4HicbZA5T8NAEIXH4QrhClDSWERIVJGNuMoIGsogkUNyrGi9niSrrA/tjkMiKz0doqChgL/C3+Df4AQ3SXjV03xvpHnjxVJosqwfo7C2vrG5Vdwu7ezu7R+UD4+aOkoUxwaPZKTaHtMoRYgNEiSxHStkgSex5Q3vZ7w1QqVFFD7RJEY3YP1Q9ARnlI2czrPwccAoHU+75YpVteYyV42dmwrkqnfL3x0/4kmAIXHJtHZsKyY3ZYoElzgtdRKNMeND1kfHH4lYhyxA7abj+dULPGWB1pPAm5pnAaOBXmaz4X/MSah366YijBPCkGeRjPUSaVJkztqavlDISU4yw7gS2WUmHzDFOGU/KWWV7eWCq6Z5UbWvq1ePl5XaXV6+CCdwCudgww3U4AHq0AAOEbzDJ3wZnvFivBpvf9GCke8cw4KMj19LhosW</latexit>bx

<latexit sha1_base64="cuAyO9jBc9pHWg4I8mfOJsZ0dsg=">AAACAnicbVDLSsNAFL3xWeur6tLNYBEEoSQFH8uiG5cV7APaUCaTSTt0Mgkzk2IJ2fkD/oY7ceHGRf0M/8ZJzaatZ3W4557DPdeLOVPatn+stfWNza3t0k55d2//4LBydNxWUSIJbZGIR7LrYUU5E7Slmea0G0uKQ4/Tjje+z/XOhErFIvGkpzF1QzwULGAEazMaVC6Rlth4fZT252mpxxOaRUGQJ2YoUUwMETMuqgaVql2z50CrxClIFQo0B5VZ349IElKhCcdK9Rw71m6KpWaE06zcTxSNMRmb8J4/YbESOKTKTZ/nlyzoKQ6VmoZehs5DrEdqWcuH/2m9RAe3bspEnGgqiFkxWpBwpCOU/wP5TFKi+dQQTCQzlyEywhITbb5WNpWd5YKrpF2vOde1q8d6tXFXlC/BKZzBBThwAw14gCa0gMArfMIMvq0X6816tz7+VteswnMCC7C+fgFvppjM</latexit>

trained o✏ine using images

Stand-alone

stand-alone: estimation of states using learning algorithm

in-the-loop: closed-loop system avoid the obstacle

In-the-loop: how the autonomous system perform with
the learning algorithm as a part of it.
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Learning-enabled Autonomous Systems
Safety from a reachability perspective

Ensure safety of the autonomous system with learning algorithms in-the-loop

Safety of autonomous system using reachability analysis

Reachability analysis estimates the
evolution of the autonomous system

In this talk:

1 control-theoretic tools for efficient and scalable reachability

2 applications to safety assurance of learning-enabled systems
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Outline of this talk

Reachability Analysis

Neural Network Controlled Systems

Future Research Directions
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Reachability Analysis of Systems
Problem Statement

System : ẋ = f(x,w) State : x ∈ Rn Uncertainty : w ∈ W ⊆ Rm

Reachability Analysis of Control Systems
Problem Statement

System : ẋ = f(x,w) State : x 2 Rn Disturbance : w 2 W ✓ Rm

Reachable sets of dynamical systems

System: ẋ = f (x,w) State: x 2 Rn Disturbance: w 2W � Rm

State space

Initial set

x1

x1(T)

x�1(T)x2

x2(T)
State space

Initial set

T Reachable set

Initial set

Unsafe

Target

Overapproximation
T Reachable set

� Reachable sets characterize possible system evolution

� Overapproximations of reachable sets are appropriate for verification and safety

S. Coogan 3/31

reachable sets characterize evolution of the system

Rf (t,X0) = {xw(t) | xw(·) is a traj of the system for some w with x0 2 X0}
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What are the possible states of the system at time T?

T -reachable sets characterize evolution of the system

Rf (T,X0,W) = {xw(T ) | xw(·) is a traj for some w(·) ∈ W with x0 ∈ X0}
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Reachability Analysis of Systems
Safety verification via T -reachable sets

A large number of safety specifications can be represented using T -reachable sets

Example: Reach-avoid problem
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Target

Rf (Tfinal,X0,W) ⊆ Target set

Combining different instantiation of Reach-avoid problem =⇒
diverse range of specifications

(complex planning using logics, invariance, stability)

S. Jafarpour (CU Boulder) Safety in Learning-enabled Autonomous Systems March 5, 2024 13 / 47



Reachability Analysis of Systems
Safety verification via T -reachable sets

A large number of safety specifications can be represented using T -reachable sets

Example: Reach-avoid problem

Reachability Analysis of Control Systems
Problem Statement
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Reachability Analysis of Systems
Why is it difficult?

Computing the T -reachable sets are computationally challenging

Solution: over-approximations of reachable sets

Over-approximation: Rf (T,X0,W) ⊆ Rf (T,X0,W)
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Initial set

T Reachable set
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Overapproximation

Rf (T,X0,W) ∩ Unsafe set = ∅

State space

Initial set

T Reachable set
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Target

Overapproximation

Rf (Tfinal,X0,W) ⊆ Target set

S. Jafarpour (CU Boulder) Safety in Learning-enabled Autonomous Systems March 5, 2024 14 / 47



Reachability Analysis of Systems
Applications

Autonomous Driving:

Althoff, 2014

Robot-assisted Surgery:

Power grids:

Chen and Domınguez-Garcıa, 2016

Drug Delivery:

Chen, Dutta, and Sankaranarayanan, 2017
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Reachability Analysis of Systems
Literature review

Reachability of dynamical system is an old problem: ∼ 1980

Different approaches for approximating reachable sets

Linear, and piecewise linear systems (Ellipsoidal methods) (Kurzhanski and Varaiya, 2000)

Optimization-based approaches (Hamilton-Jacobi, Level-set method) (Bansal et al., 2017, Mitchell et al.,
2002, Herbert et al., 2021)

Matrix measure-based (Fan et al., 2018, Maidens and Arcak, 2015)

Most of the classical reachability approaches are computationally heavy and
not scalable to large-size systems

In this talk: use control-theoretic tools to develop scalable and
computationally efficient approaches for reachability
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Approach #1: Contraction Theory
A framework for stability analysis

ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c if
the dist between every two traj is decreasing/increasing with exp rate c wrt ‖ · ‖

Applications

convergence to reference trajectories

efficient equilibrium point computation

input-output robustness

entrainment to periodic orbits
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unit disk with radius e�ct
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`2
<latexit sha1_base64="08RwU98XUA8yyc2GvpS6ThlsQWk="></latexit>

`1
<latexit sha1_base64="4WKuB8iDJNhJExJ80io1IHfhKrc="></latexit>

`5

<latexit sha1_base64="vkrOFlGv1HG4K+dljrdsARvrR1o="></latexit>

`9

In this talk: contraction theory for reachability analysis
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Approach #1: Contraction Theory
A framework for stability analysis

ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c if
the dist between every two traj is decreasing/increasing with exp rate c wrt ‖ · ‖

Applications

convergence to reference trajectories

efficient equilibrium point computation

input-output robustness

entrainment to periodic orbits
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Approach #1: Contraction Theory
A framework for stability analysis

ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c if
the dist between every two traj is decreasing/increasing with exp rate c wrt ‖ · ‖

Applications

convergence to reference trajectories

efficient equilibrium point computation

input-output robustness

entrainment to periodic orbits
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Approach #1: Contraction Theory and Matrix Measures
Characterization

How to characterize contractivity using vector fields?

Matrix measure

Given a matrix A ∈ Rn×n and a norm ‖ · ‖:

µ‖·‖(A) := lim
h→0+

‖In + hA‖ − 1

h

Closed-form expressions:

µ2(A) =
1
2λmax(A+A>)

µ1(A) = max
j

(
ajj +

∑
i 6=j
|aij |

)

µ∞(A) = max
i

(
aii +

∑
j 6=i
|aij |

)

Directional derivative of norm ‖ · ‖ in direction of A,

In the literature: one-sided Lipschitz constant, logarithmic norm

Classical result

ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c iff

µ‖·‖(
∂f
∂x (x,w)) ≤ c, for all x,w

Efficient methods to find minimum c (Aylward et al., 2006, Giesl et al. 2023)
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ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c iff

µ‖·‖(
∂f
∂x (x,w)) ≤ c, for all x,w

Efficient methods to find minimum c (Aylward et al., 2006, Giesl et al. 2023)
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Approach #1: Contraction-based Reachability
Input-to-state stability

Assume µ‖·‖

(
∂f
∂x (x,w)

)
≤ c and

∥∥∥ ∂f∂w (x,w)
∥∥∥ ≤ ` for almost every x, u.

1A. Davydov and SJ and F.Bullo, IEEE TAC, 2022.
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∥∥∥ ≤ ` for almost every x, u.

Input-to-state stability

‖x(t)− x∗(t)‖ ≤ ect‖x(0)− x∗(0)‖+ `
c(e

ct − 1) supτ∈[0,t] ‖w(τ)− w∗‖
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Approach #1: Contraction-based Reachability
Input-to-state stability

Assume µ‖·‖

(
∂f
∂x (x,w)

)
≤ c and

∥∥∥ ∂f∂w (x,w)
∥∥∥ ≤ ` for almost every x, u.

Theorem1

If X0 = B‖·‖(r1, x
∗
0) and W = B‖·‖(r2, w

∗), then

Rf (t,X0,W) ⊆ B‖·‖(ectr1 +
`
c(e

ct − 1)r2, x
∗(t))

where x∗(·) is the solution of ẋ = f(x,w∗) with x(0) = x∗0.

A starting point: Reachability estimates from contraction theory

For ẋ = f (x,w), x 2 Rn and w 2W ✓ Rm, define
reachable set as

Rf (t;X0) = {x(t) : x(·) is sol’n for some w(·) with x0 2 X0}.
Suppose

µ
✓

∂ f
∂x

(x,w)
◆
 c and

����
∂ f
∂w

(x,w)
����

w!x
 `.

x⇤(0) x⇤(t)

If X0 = B(r1,x⇤0) and W = B(r2,w⇤) where B(·, ·) is ball with radius and center, then

Rf (t;X0)✓ B
✓

ectr1 +
`

c
(ect �1)r2,x⇤(t)

◆

where ẋ⇤(t) = f (x⇤(t),w⇤) for all t .

(Pf. Rewriting of Grönwall Comparison Lemma, [Bullo, Corollary 3.17, p. 81].)

S. Coogan 5/31
1A. Davydov and SJ and F.Bullo, IEEE TAC, 2022.
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S. Coogan 5/31

(Computationally efficient): only need estimates of c and `

(Scalable): efficient methods for computing c and ` for large-scale systems

1A. Davydov and SJ and F.Bullo, IEEE TAC, 2022.
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Approach #2: Mixed Monotone Theory
Stability using Monotonicity

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t.

1 f(x,w) = d(x, x, w,w) for every x,w

2 cooperative: (x,w) 7→ di(x, x, w,w)

3 competitive: (x,w) 7→ di(x, x, w,w)

4 the same properties for d

In this talk: we use mixed monotone theory for reachability analysis
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2 cooperative: (x,w) 7→ di(x, x, w,w)

3 competitive: (x,w) 7→ di(x, x, w,w)

4 the same properties for d

Embedding system is monotone (order preserving):

xi ↑ =⇒ xj ↓ and xj ↑ for all j

xi ↓ =⇒ xj ↑ and xj ↓ for all j

In this talk: we use mixed monotone theory for reachability analysis

S. Jafarpour (CU Boulder) Safety in Learning-enabled Autonomous Systems March 5, 2024 20 / 47



Approach #2: Mixed Monotone Theory
Stability using Monotonicity

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system
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Approach #2: Interval-based Reachability
Embedding Systems

Theorem2

Assume W = [w,w] and X0 = [x0, x0] and

ẋ = d(x, x, w,w), x(0) = x0

ẋ = d(x, x, w,w), x(0) = x0

Then Rf (t,X0) ⊆ [x(t), x(t)]
<latexit sha1_base64="bqEDg/G6ubld0mAMeCEr+/MfUtA=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRbBVUnE17LoxmUF+4A2hMnkth06mYR5iDX0S9y4UMStn+LOv3HSZqGtBwYO59zDvXPClFGpXPfbKq2srq1vlDcrW9s7u1V7b78tEy0ItEjCEtENsQRGObQUVQy6qQAchww64fgm9zsPICRN+L2apODHeMjpgBKsjBTY1b7mEYg8nj1OAzewa27dncFZJl5BaqhAM7C/+lFCdAxcEYal7HluqvwMC0UJg2mlryWkmIzxEHqGchyD9LPZ4VPn2CiRM0iEeVw5M/V3IsOxlJM4NJMxViO56OXif15Pq8GVn1GeagWczBcNNHNU4uQtOBEVQBSbGIKJoOZWh4ywwESZriqmBG/xy8ukfVr3Lurnd2e1xnVRRxkdoiN0gjx0iRroFjVRCxGk0TN6RW/Wk/VivVsf89GSVWQO0B9Ynz8nDpNs</latexit>x0
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x(t)
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Reachable set

a single trajectory of embedding system provides lower bound (x) and
upper bound (x) for the trajectories of the original system.

(Computational efficient): solve for one trajectory of embedding system

(Scalable): embedding system is 2n-dimensional

2H. Smith, Journal of Difference Equations and Applications, 2008
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ẋ = d(x, x, w,w), x(0) = x0

ẋ = d(x, x, w,w), x(0) = x0

Then Rf (t,X0) ⊆ [x(t), x(t)]
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x0
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x(t)
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x(t)
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Reachable set

a single trajectory of embedding system provides lower bound (x) and
upper bound (x) for the trajectories of the original system.

(Computational efficient): solve for one trajectory of embedding system

(Scalable): embedding system is 2n-dimensional

2H. Smith, Journal of Difference Equations and Applications, 2008
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Approach #2: Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Interval analysis for computing Jacobian bounds.

immrax: Toolbox that implements interval analysis
in JAX.
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Approach #2: Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Assume f : R→ R is scalar:

Mean-value Inequality

f(x) +

[
min
z∈[x,x]

∂f

∂x

]−
(x− x)

︸ ︷︷ ︸
d(x,x)

≤ f(x) ≤ f(x) +
[
max
z∈[x,x]

∂f

∂x

]+

(x− x)
︸ ︷︷ ︸

d(x,x)

where [A]+ = max{A, 0} and [A]− = min{A, 0}.

Interval analysis for computing Jacobian bounds.

immrax: Toolbox that implements interval analysis
in JAX.

3SJ and A. Harapanahalli and S. Coogan, L4DC, 2023
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Approach #2: Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Theorem3

Jacobian-based: ẋ = f(x, u) such that ∂f
∂x ∈ [J [x,x], J [x,x]] and ∂f

∂u ∈ [J [u,u], J [u,u]], then

[
d(x, x, u, u)

d(x, x, u, u)

]
=

[
−[M ]− [M ]−

−[M ]+ [M ]+

] [
x
x

]
+

[
−[N ]− [N ]−

−[N ]+ [N ]+

] [
u
u

]
+

[
f(x, u)
f(x, u)

]

x 7→ R1 7→ R2 7→ . . . 7→ Rn 7→ x, then the i-th column of M is minz∈Ri,w∈[u,u]
∂fi
∂x (z, w)

Interval analysis for computing Jacobian bounds.

immrax: Toolbox that implements interval analysis
in JAX.
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Approach #2: Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Theorem3

Jacobian-based: ẋ = f(x, u) such that ∂f
∂x ∈ [J [x,x], J [x,x]] and ∂f

∂u ∈ [J [u,u], J [u,u]], then

[
d(x, x, u, u)

d(x, x, u, u)

]
=

[
−[M ]− [M ]−

−[M ]+ [M ]+

] [
x
x

]
+

[
−[N ]− [N ]−

−[N ]+ [N ]+

] [
u
u

]
+

[
f(x, u)
f(x, u)

]

x 7→ R1 7→ R2 7→ . . . 7→ Rn 7→ x, then the i-th column of M is minz∈Ri,w∈[u,u]
∂fi
∂x (z, w)

Interval analysis for computing Jacobian bounds.

immrax: Toolbox that implements interval analysis
in JAX.
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Learning-based Controllers in Autonomous Systems
Introduction

In this part: Learning-based component as a controller

Issues with traditional controllers:

1 computationally burdensome

2 interaction with human

3 complicated representation
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Learning-based Feedback
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disturbance

Self driving vehicles:

M. Bojarski, et al., NeurIPS, 2016.

Robotic motion planning:

M. Everett, et. al., IROS, 2018.

Collision avoidance:

K. Julian, et. al., DASC, 2016.
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System

<latexit sha1_base64="vd+jz4JlcJnsgN+ug7mcfdHi2J8=">AAACBHicbVDLSsNAFJ3UV62vqEs3g0Vw05IUfCwLgroQrGAf0oYymdy2QyeTMDMplpCtP+BvuBMXbkT0K/wbk9pNW8/qcM+9h3OuG3KmtGX9GLml5ZXVtfx6YWNza3vH3N1rqCCSFOo04IFsuUQBZwLqmmkOrVAC8V0OTXd4kenNEUjFAnGvxyE4PukL1mOU6HTUNUtxZ2IS33I2gisJIBJ8A0QKJvqlzNnDlwCeS+gwwV2zaJWtCfAisaekiKaodc3PjhfQyAehKSdKtW0r1E5MpGaUQ1LoRArC1Jr0oe2NWKgE8UE58eMk1IweE1+pse8m+MgneqDmtWz4n9aOdO/ciZkIIw2Cpiup1os41gHOPoI9JoFqPk4JoZKlyTAdEEmoTv9WSCvb8wUXSaNStk/LJ3eVYvVhWj6PDtAhOkY2OkNVdI1qqI4oekbv6At9G0/Gi/FqvP2t5ozpzT6agfHxCxgqmRo=</latexit>

Learning-based Feedback

<latexit sha1_base64="9zERcPRAs93s2osxuymZk45Rxsw=">AAAB4HicbZC7TsNAEEXH4RXCK0BJYxEhUUV2JB5lBA1lkMhDcqxovZ4kq6zX1u46IrLS0yEKGgr4FX6Dv2Ed3CThVldzZjRzJ0g4U9pxfqzSxubW9k55t7K3f3B4VD0+6ag4lRTbNOax7AVEIWcC25ppjr1EIokCjt1gcp/z7hSlYrF40rME/YiMBBsySrQpeaHZkMqACIqDas2pOwvZ68YtTA0KtQbV734Y0zRCoSknSnmuk2g/I1IzynFe6acKE0InZIReOGWJEiRC5WfPi6uXeEYipWZRMLcvIqLHapXlxf+Yl+rhrZ8xkaQaBTUthg1TbuvYztPaIZNINZ8ZQ6hk5jKbjokkVJufVExkdzXguuk06u51/eqxUWveFeHLcAbncAku3EATHqAFbaAQwzt8wpcVWC/Wq/X211qyiplTWJL18QsgSor2</latexit>

disturbance

Self driving vehicles:

M. Bojarski, et al., NeurIPS, 2016.

Robotic motion planning:

M. Everett, et. al., IROS, 2018.

Collision avoidance:

K. Julian, et. al., DASC, 2016.
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Analysis of Learning-based Controllers
Safety Verification

Safety of learning-enabled autonomous systems cannot be completely
ensured at the design level4

<latexit sha1_base64="jwmefDWHKeaK1juakku5ME1xVo4=">AAAB/XicbZDNTsJAFIWn+If1r+rSTSPRuCItiT9LIhs3JmgESWhDptMLTJhOm5kpkTTEF/A13BkXblzowtfwbRywLgDP6uSce5P73SBhVCrH+TYKS8srq2vFdXNjc2t7x9rda8o4FQQaJGaxaAVYAqMcGooqBq1EAI4CBvfBoDbp74cgJI35nRol4Ee4x2mXEqx01LGOvQB6lGcEuAIxNm/jIJXKvq7XTA94+Jd3rJJTdqayF42bmxLKVe9YX14YkzTS64RhKduukyg/w0JRwmBseqmEBJMB7kE7HNJEchyB9LOHKdJMn+FIylEUjO2jCKu+nO8m4X9dO1XdCz+jPEkVcKJHdNdNma1ie/IKO6QCiGIjbTARVF9mkz4WmGhiaWpkdx5w0TQrZfesfHpTKVUvc/giOkCH6AS56BxV0RWqowYi6Am9oQ/0aTwaz8aL8fo7WjDynX00I+P9B8Jolho=</latexit>

Robust MPC

<latexit sha1_base64="1AUuwr0TUWUuH/gCJ+4Y/3MKo0w=">AAACAnicbZDLSsNAFIYn9VbjLerSTbAIglCSgpdlsRt3VrAXaEKZTE7boZOZMDMpltCdL+BruBMXblzUx/BtTGtctPVf/ZzvHJhvgphRpR3n2yisrW9sbhW3zZ3dvf0D6/CoqUQiCTSIYEK2A6yAUQ4NTTWDdiwBRwGDVjCszXhrBFJRwR/1OAY/wn1Oe5RgnY261oUXQJ/ylADXICfmfaxphJldE1xLwUwPePgHu1bJKTvz2KvFzUsJ5al3rakXCpJE2TlhWKmO68TaT7HUlDCYmF6iIMZkiPvQCUc0VhxHoPz0ae61wFMcKTWOgol9FmE9UMtsNvyPdRLdu/FTyuNEAyfZSsZ6CbO1sGf/YYdUAtFsnBVMJM1eZpMBlphkxsrMlN1lwdXSrJTdq/LlQ6VUvc3li+gEnaJz5KJrVEV3qI4aiKAX9IGm6Mt4Nl6NN+P9d7Vg5DfHaCHG5w8y75ik</latexit>

Optimal Control

<latexit sha1_base64="2OI7YJBz+QBCiVmgPSnmqJuBjzs=">AAACBnicbZC9TsMwFIWd8lfCX4CRJaJCYipJJX7GChbGImip1ESV49y2Vh0nsp2KKOrOC/AabIiBpQM8BG+DW8LQljMd3e9c6x4HCaNSOc63UVpZXVvfKG+aW9s7u3vW/kFLxqkg0CQxi0U7wBIY5dBUVDFoJwJwFDB4DIY3U/44AiFpzB9UloAf4T6nPUqw0qOudeYF0Kc8J8AViLF5j3ugMtvzTCxlKjAnYHrAw79A16o4VWcme9m4hamgQo2uNfHCmKSRXidMv9lxnUT5ORaKEgZj00slJJgMcR864YgmkuMIpJ8/zbrN8RxHUmZRMLZPIqwGcpFNh/+xTqp6V35OeZIq4ERHNOulzFaxPf0TO6QCiGKZNpgIqi+zyQALTHRjaerK7mLBZdOqVd2L6vldrVK/LsqX0RE6RqfIRZeojm5RAzURQS/oA32iL+PZeDXejPffaMkodg7RnIzJD85Emgg=</latexit>

Safety
assurance

<latexit sha1_base64="irvs/+QUeA5odQrypKce2nCaJLA=">AAACD3icbZDNTsJAFIWn+If1r+rSTSMxcUVaEpUl0Y0rgomACW3IdLjAhOlMMzNFScND+AK+hjvDwo0L3fs2tlgXgGd1cr9zJ/dMEDGqtON8G4W19Y3NreK2ubO7t39gHR61lIglgSYRTMiHACtglENTU83gIZKAw4BBOxjdZLw9Bqmo4Pd6EoEf4gGnfUqwTkddq+oFMKA8IcA1yKlZh1hiZtdBPwo58jyTCK6lYCx9w/SA9/6SXavklJ257FXj5qaEcjW61szrCRKH6TphWKmO60TaT7DUlDCYml6sIMJkhAfQ6Y1ppDgOQfnJ07zkAk9wqNQkDKb2WYj1UC2zbPgf68S6X/UTyqNYAydpJGX9mNla2Nnn2D0qgWg2SQ0mkqaX2WSIJSY6q59WdpcLrppWpexeli/uKqXadV6+iE7QKTpHLrpCNXSLGqiJCHpB7+gTfRnPxqvxZsx+owUj3zlGCzI+fgBjx545</latexit>

Neural Network
controllers

<latexit sha1_base64="bKnio/P2qKyUlkEeytMTYyIirKc=">AAACDHicbZDLSsNAFIYn9VbjLerSTbAIrkpSqLosduOygr1AE8pkctoOnUzCzKQYQl/BF/A13ImgGxf6BL6N0xoXtp7Vz/n+A/NNkDAqleN8GaW19Y3NrfK2ubO7t39gHR51ZJwKAm0Ss1j0AiyBUQ5tRRWDXiIARwGDbjBpznl3CkLSmN+pLAE/wiNOh5RgpVcDq+4FMKI8J8AViJnZjKMkVQuImQ1D3aTASWabHvDwtzawKk7VWYy9GtwiVFAxrYH16oUxSSN9ThiWsu86ifJzLBQlDGaml0pIMJngEfTDKU0kxxFIP79fGP7hOY6kzKJgZp9FWI3lMpsv/2P9VA2v/Jxy7aeNdEWzYcpsFdvzn7FDKoAolumAiaD6ZTYZY4GJNpamVnaXBVdDp1Z1L6r121qlcV3Il9EJOkXnyEWXqIFuUAu1EUGP6A19oE/jwXgyno2Xn2rJKG6O0Z8x3r8B/ASc5g==</latexit>

Computational e�ciency

<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System

<latexit sha1_base64="vd+jz4JlcJnsgN+ug7mcfdHi2J8=">AAACBHicbVDLSsNAFJ3UV62vqEs3g0Vw05IUfCwLgroQrGAf0oYymdy2QyeTMDMplpCtP+BvuBMXbkT0K/wbk9pNW8/qcM+9h3OuG3KmtGX9GLml5ZXVtfx6YWNza3vH3N1rqCCSFOo04IFsuUQBZwLqmmkOrVAC8V0OTXd4kenNEUjFAnGvxyE4PukL1mOU6HTUNUtxZ2IS33I2gisJIBJ8A0QKJvqlzNnDlwCeS+gwwV2zaJWtCfAisaekiKaodc3PjhfQyAehKSdKtW0r1E5MpGaUQ1LoRArC1Jr0oe2NWKgE8UE58eMk1IweE1+pse8m+MgneqDmtWz4n9aOdO/ciZkIIw2Cpiup1os41gHOPoI9JoFqPk4JoZKlyTAdEEmoTv9WSCvb8wUXSaNStk/LJ3eVYvVhWj6PDtAhOkY2OkNVdI1qqI4oekbv6At9G0/Gi/FqvP2t5ozpzT6agfHxCxgqmRo=</latexit>

Learning-based Feedback

<latexit sha1_base64="9zERcPRAs93s2osxuymZk45Rxsw=">AAAB4HicbZC7TsNAEEXH4RXCK0BJYxEhUUV2JB5lBA1lkMhDcqxovZ4kq6zX1u46IrLS0yEKGgr4FX6Dv2Ed3CThVldzZjRzJ0g4U9pxfqzSxubW9k55t7K3f3B4VD0+6ag4lRTbNOax7AVEIWcC25ppjr1EIokCjt1gcp/z7hSlYrF40rME/YiMBBsySrQpeaHZkMqACIqDas2pOwvZ68YtTA0KtQbV734Y0zRCoSknSnmuk2g/I1IzynFe6acKE0InZIReOGWJEiRC5WfPi6uXeEYipWZRMLcvIqLHapXlxf+Yl+rhrZ8xkaQaBTUthg1TbuvYztPaIZNINZ8ZQ6hk5jKbjokkVJufVExkdzXguuk06u51/eqxUWveFeHLcAbncAku3EATHqAFbaAQwzt8wpcVWC/Wq/X211qyiplTWJL18QsgSor2</latexit>

disturbance

Design a mechanism that can do run-time safety verification

Our approach: reachable set over-approximations for some time in future.

4Institute for Defense Analysis, The Status of Test, Evaluation, Verification, and Validation of Autonomous
Systems, 2018
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Analysis of Learning-based Controllers
Safety Verification

Safety of learning-enabled autonomous systems cannot be completely
ensured at the design level4

<latexit sha1_base64="jwmefDWHKeaK1juakku5ME1xVo4=">AAAB/XicbZDNTsJAFIWn+If1r+rSTSPRuCItiT9LIhs3JmgESWhDptMLTJhOm5kpkTTEF/A13BkXblzowtfwbRywLgDP6uSce5P73SBhVCrH+TYKS8srq2vFdXNjc2t7x9rda8o4FQQaJGaxaAVYAqMcGooqBq1EAI4CBvfBoDbp74cgJI35nRol4Ee4x2mXEqx01LGOvQB6lGcEuAIxNm/jIJXKvq7XTA94+Jd3rJJTdqayF42bmxLKVe9YX14YkzTS64RhKduukyg/w0JRwmBseqmEBJMB7kE7HNJEchyB9LOHKdJMn+FIylEUjO2jCKu+nO8m4X9dO1XdCz+jPEkVcKJHdNdNma1ie/IKO6QCiGIjbTARVF9mkz4WmGhiaWpkdx5w0TQrZfesfHpTKVUvc/giOkCH6AS56BxV0RWqowYi6Am9oQ/0aTwaz8aL8fo7WjDynX00I+P9B8Jolho=</latexit>

Robust MPC

<latexit sha1_base64="1AUuwr0TUWUuH/gCJ+4Y/3MKo0w=">AAACAnicbZDLSsNAFIYn9VbjLerSTbAIglCSgpdlsRt3VrAXaEKZTE7boZOZMDMpltCdL+BruBMXblzUx/BtTGtctPVf/ZzvHJhvgphRpR3n2yisrW9sbhW3zZ3dvf0D6/CoqUQiCTSIYEK2A6yAUQ4NTTWDdiwBRwGDVjCszXhrBFJRwR/1OAY/wn1Oe5RgnY261oUXQJ/ylADXICfmfaxphJldE1xLwUwPePgHu1bJKTvz2KvFzUsJ5al3rakXCpJE2TlhWKmO68TaT7HUlDCYmF6iIMZkiPvQCUc0VhxHoPz0ae61wFMcKTWOgol9FmE9UMtsNvyPdRLdu/FTyuNEAyfZSsZ6CbO1sGf/YYdUAtFsnBVMJM1eZpMBlphkxsrMlN1lwdXSrJTdq/LlQ6VUvc3li+gEnaJz5KJrVEV3qI4aiKAX9IGm6Mt4Nl6NN+P9d7Vg5DfHaCHG5w8y75ik</latexit>

Optimal Control

<latexit sha1_base64="2OI7YJBz+QBCiVmgPSnmqJuBjzs=">AAACBnicbZC9TsMwFIWd8lfCX4CRJaJCYipJJX7GChbGImip1ESV49y2Vh0nsp2KKOrOC/AabIiBpQM8BG+DW8LQljMd3e9c6x4HCaNSOc63UVpZXVvfKG+aW9s7u3vW/kFLxqkg0CQxi0U7wBIY5dBUVDFoJwJwFDB4DIY3U/44AiFpzB9UloAf4T6nPUqw0qOudeYF0Kc8J8AViLF5j3ugMtvzTCxlKjAnYHrAw79A16o4VWcme9m4hamgQo2uNfHCmKSRXidMv9lxnUT5ORaKEgZj00slJJgMcR864YgmkuMIpJ8/zbrN8RxHUmZRMLZPIqwGcpFNh/+xTqp6V35OeZIq4ERHNOulzFaxPf0TO6QCiGKZNpgIqi+zyQALTHRjaerK7mLBZdOqVd2L6vldrVK/LsqX0RE6RqfIRZeojm5RAzURQS/oA32iL+PZeDXejPffaMkodg7RnIzJD85Emgg=</latexit>

Safety
assurance

<latexit sha1_base64="irvs/+QUeA5odQrypKce2nCaJLA=">AAACD3icbZDNTsJAFIWn+If1r+rSTSMxcUVaEpUl0Y0rgomACW3IdLjAhOlMMzNFScND+AK+hjvDwo0L3fs2tlgXgGd1cr9zJ/dMEDGqtON8G4W19Y3NreK2ubO7t39gHR61lIglgSYRTMiHACtglENTU83gIZKAw4BBOxjdZLw9Bqmo4Pd6EoEf4gGnfUqwTkddq+oFMKA8IcA1yKlZh1hiZtdBPwo58jyTCK6lYCx9w/SA9/6SXavklJ257FXj5qaEcjW61szrCRKH6TphWKmO60TaT7DUlDCYml6sIMJkhAfQ6Y1ppDgOQfnJ07zkAk9wqNQkDKb2WYj1UC2zbPgf68S6X/UTyqNYAydpJGX9mNla2Nnn2D0qgWg2SQ0mkqaX2WSIJSY6q59WdpcLrppWpexeli/uKqXadV6+iE7QKTpHLrpCNXSLGqiJCHpB7+gTfRnPxqvxZsx+owUj3zlGCzI+fgBjx545</latexit>

Neural Network
controllers

<latexit sha1_base64="bKnio/P2qKyUlkEeytMTYyIirKc=">AAACDHicbZDLSsNAFIYn9VbjLerSTbAIrkpSqLosduOygr1AE8pkctoOnUzCzKQYQl/BF/A13ImgGxf6BL6N0xoXtp7Vz/n+A/NNkDAqleN8GaW19Y3NrfK2ubO7t39gHR51ZJwKAm0Ss1j0AiyBUQ5tRRWDXiIARwGDbjBpznl3CkLSmN+pLAE/wiNOh5RgpVcDq+4FMKI8J8AViJnZjKMkVQuImQ1D3aTASWabHvDwtzawKk7VWYy9GtwiVFAxrYH16oUxSSN9ThiWsu86ifJzLBQlDGaml0pIMJngEfTDKU0kxxFIP79fGP7hOY6kzKJgZp9FWI3lMpsv/2P9VA2v/Jxy7aeNdEWzYcpsFdvzn7FDKoAolumAiaD6ZTYZY4GJNpamVnaXBVdDp1Z1L6r121qlcV3Il9EJOkXnyEWXqIFuUAu1EUGP6A19oE/jwXgyno2Xn2rJKG6O0Z8x3r8B/ASc5g==</latexit>

Computational e�ciency

<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System

<latexit sha1_base64="vd+jz4JlcJnsgN+ug7mcfdHi2J8=">AAACBHicbVDLSsNAFJ3UV62vqEs3g0Vw05IUfCwLgroQrGAf0oYymdy2QyeTMDMplpCtP+BvuBMXbkT0K/wbk9pNW8/qcM+9h3OuG3KmtGX9GLml5ZXVtfx6YWNza3vH3N1rqCCSFOo04IFsuUQBZwLqmmkOrVAC8V0OTXd4kenNEUjFAnGvxyE4PukL1mOU6HTUNUtxZ2IS33I2gisJIBJ8A0QKJvqlzNnDlwCeS+gwwV2zaJWtCfAisaekiKaodc3PjhfQyAehKSdKtW0r1E5MpGaUQ1LoRArC1Jr0oe2NWKgE8UE58eMk1IweE1+pse8m+MgneqDmtWz4n9aOdO/ciZkIIw2Cpiup1os41gHOPoI9JoFqPk4JoZKlyTAdEEmoTv9WSCvb8wUXSaNStk/LJ3eVYvVhWj6PDtAhOkY2OkNVdI1qqI4oekbv6At9G0/Gi/FqvP2t5ozpzT6agfHxCxgqmRo=</latexit>

Learning-based Feedback

<latexit sha1_base64="9zERcPRAs93s2osxuymZk45Rxsw=">AAAB4HicbZC7TsNAEEXH4RXCK0BJYxEhUUV2JB5lBA1lkMhDcqxovZ4kq6zX1u46IrLS0yEKGgr4FX6Dv2Ed3CThVldzZjRzJ0g4U9pxfqzSxubW9k55t7K3f3B4VD0+6ag4lRTbNOax7AVEIWcC25ppjr1EIokCjt1gcp/z7hSlYrF40rME/YiMBBsySrQpeaHZkMqACIqDas2pOwvZ68YtTA0KtQbV734Y0zRCoSknSnmuk2g/I1IzynFe6acKE0InZIReOGWJEiRC5WfPi6uXeEYipWZRMLcvIqLHapXlxf+Yl+rhrZ8xkaQaBTUthg1TbuvYztPaIZNINZ8ZQ6hk5jKbjokkVJufVExkdzXguuk06u51/eqxUWveFeHLcAbncAku3EATHqAFbaAQwzt8wpcVWC/Wq/X211qyiplTWJL18QsgSor2</latexit>

disturbance

Design a mechanism that can do run-time safety verification

Our approach: reachable set over-approximations for some time in future.

4Institute for Defense Analysis, The Status of Test, Evaluation, Verification, and Validation of Autonomous
Systems, 2018
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Analysis of Learning-based Controllers
Safety Verification

Safety of learning-enabled autonomous systems cannot be completely
ensured at the design level4

<latexit sha1_base64="jwmefDWHKeaK1juakku5ME1xVo4=">AAAB/XicbZDNTsJAFIWn+If1r+rSTSPRuCItiT9LIhs3JmgESWhDptMLTJhOm5kpkTTEF/A13BkXblzowtfwbRywLgDP6uSce5P73SBhVCrH+TYKS8srq2vFdXNjc2t7x9rda8o4FQQaJGaxaAVYAqMcGooqBq1EAI4CBvfBoDbp74cgJI35nRol4Ee4x2mXEqx01LGOvQB6lGcEuAIxNm/jIJXKvq7XTA94+Jd3rJJTdqayF42bmxLKVe9YX14YkzTS64RhKduukyg/w0JRwmBseqmEBJMB7kE7HNJEchyB9LOHKdJMn+FIylEUjO2jCKu+nO8m4X9dO1XdCz+jPEkVcKJHdNdNma1ie/IKO6QCiGIjbTARVF9mkz4WmGhiaWpkdx5w0TQrZfesfHpTKVUvc/giOkCH6AS56BxV0RWqowYi6Am9oQ/0aTwaz8aL8fo7WjDynX00I+P9B8Jolho=</latexit>

Robust MPC

<latexit sha1_base64="1AUuwr0TUWUuH/gCJ+4Y/3MKo0w=">AAACAnicbZDLSsNAFIYn9VbjLerSTbAIglCSgpdlsRt3VrAXaEKZTE7boZOZMDMpltCdL+BruBMXblzUx/BtTGtctPVf/ZzvHJhvgphRpR3n2yisrW9sbhW3zZ3dvf0D6/CoqUQiCTSIYEK2A6yAUQ4NTTWDdiwBRwGDVjCszXhrBFJRwR/1OAY/wn1Oe5RgnY261oUXQJ/ylADXICfmfaxphJldE1xLwUwPePgHu1bJKTvz2KvFzUsJ5al3rakXCpJE2TlhWKmO68TaT7HUlDCYmF6iIMZkiPvQCUc0VhxHoPz0ae61wFMcKTWOgol9FmE9UMtsNvyPdRLdu/FTyuNEAyfZSsZ6CbO1sGf/YYdUAtFsnBVMJM1eZpMBlphkxsrMlN1lwdXSrJTdq/LlQ6VUvc3li+gEnaJz5KJrVEV3qI4aiKAX9IGm6Mt4Nl6NN+P9d7Vg5DfHaCHG5w8y75ik</latexit>

Optimal Control

<latexit sha1_base64="2OI7YJBz+QBCiVmgPSnmqJuBjzs=">AAACBnicbZC9TsMwFIWd8lfCX4CRJaJCYipJJX7GChbGImip1ESV49y2Vh0nsp2KKOrOC/AabIiBpQM8BG+DW8LQljMd3e9c6x4HCaNSOc63UVpZXVvfKG+aW9s7u3vW/kFLxqkg0CQxi0U7wBIY5dBUVDFoJwJwFDB4DIY3U/44AiFpzB9UloAf4T6nPUqw0qOudeYF0Kc8J8AViLF5j3ugMtvzTCxlKjAnYHrAw79A16o4VWcme9m4hamgQo2uNfHCmKSRXidMv9lxnUT5ORaKEgZj00slJJgMcR864YgmkuMIpJ8/zbrN8RxHUmZRMLZPIqwGcpFNh/+xTqp6V35OeZIq4ERHNOulzFaxPf0TO6QCiGKZNpgIqi+zyQALTHRjaerK7mLBZdOqVd2L6vldrVK/LsqX0RE6RqfIRZeojm5RAzURQS/oA32iL+PZeDXejPffaMkodg7RnIzJD85Emgg=</latexit>

Safety
assurance

<latexit sha1_base64="irvs/+QUeA5odQrypKce2nCaJLA=">AAACD3icbZDNTsJAFIWn+If1r+rSTSMxcUVaEpUl0Y0rgomACW3IdLjAhOlMMzNFScND+AK+hjvDwo0L3fs2tlgXgGd1cr9zJ/dMEDGqtON8G4W19Y3NreK2ubO7t39gHR61lIglgSYRTMiHACtglENTU83gIZKAw4BBOxjdZLw9Bqmo4Pd6EoEf4gGnfUqwTkddq+oFMKA8IcA1yKlZh1hiZtdBPwo58jyTCK6lYCx9w/SA9/6SXavklJ257FXj5qaEcjW61szrCRKH6TphWKmO60TaT7DUlDCYml6sIMJkhAfQ6Y1ppDgOQfnJ07zkAk9wqNQkDKb2WYj1UC2zbPgf68S6X/UTyqNYAydpJGX9mNla2Nnn2D0qgWg2SQ0mkqaX2WSIJSY6q59WdpcLrppWpexeli/uKqXadV6+iE7QKTpHLrpCNXSLGqiJCHpB7+gTfRnPxqvxZsx+owUj3zlGCzI+fgBjx545</latexit>

Neural Network
controllers

<latexit sha1_base64="bKnio/P2qKyUlkEeytMTYyIirKc=">AAACDHicbZDLSsNAFIYn9VbjLerSTbAIrkpSqLosduOygr1AE8pkctoOnUzCzKQYQl/BF/A13ImgGxf6BL6N0xoXtp7Vz/n+A/NNkDAqleN8GaW19Y3NrfK2ubO7t39gHR51ZJwKAm0Ss1j0AiyBUQ5tRRWDXiIARwGDbjBpznl3CkLSmN+pLAE/wiNOh5RgpVcDq+4FMKI8J8AViJnZjKMkVQuImQ1D3aTASWabHvDwtzawKk7VWYy9GtwiVFAxrYH16oUxSSN9ThiWsu86ifJzLBQlDGaml0pIMJngEfTDKU0kxxFIP79fGP7hOY6kzKJgZp9FWI3lMpsv/2P9VA2v/Jxy7aeNdEWzYcpsFdvzn7FDKoAolumAiaD6ZTYZY4GJNpamVnaXBVdDp1Z1L6r121qlcV3Il9EJOkXnyEWXqIFuUAu1EUGP6A19oE/jwXgyno2Xn2rJKG6O0Z8x3r8B/ASc5g==</latexit>

Computational e�ciency

<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System

<latexit sha1_base64="vd+jz4JlcJnsgN+ug7mcfdHi2J8=">AAACBHicbVDLSsNAFJ3UV62vqEs3g0Vw05IUfCwLgroQrGAf0oYymdy2QyeTMDMplpCtP+BvuBMXbkT0K/wbk9pNW8/qcM+9h3OuG3KmtGX9GLml5ZXVtfx6YWNza3vH3N1rqCCSFOo04IFsuUQBZwLqmmkOrVAC8V0OTXd4kenNEUjFAnGvxyE4PukL1mOU6HTUNUtxZ2IS33I2gisJIBJ8A0QKJvqlzNnDlwCeS+gwwV2zaJWtCfAisaekiKaodc3PjhfQyAehKSdKtW0r1E5MpGaUQ1LoRArC1Jr0oe2NWKgE8UE58eMk1IweE1+pse8m+MgneqDmtWz4n9aOdO/ciZkIIw2Cpiup1os41gHOPoI9JoFqPk4JoZKlyTAdEEmoTv9WSCvb8wUXSaNStk/LJ3eVYvVhWj6PDtAhOkY2OkNVdI1qqI4oekbv6At9G0/Gi/FqvP2t5ozpzT6agfHxCxgqmRo=</latexit>

Learning-based Feedback

<latexit sha1_base64="9zERcPRAs93s2osxuymZk45Rxsw=">AAAB4HicbZC7TsNAEEXH4RXCK0BJYxEhUUV2JB5lBA1lkMhDcqxovZ4kq6zX1u46IrLS0yEKGgr4FX6Dv2Ed3CThVldzZjRzJ0g4U9pxfqzSxubW9k55t7K3f3B4VD0+6ag4lRTbNOax7AVEIWcC25ppjr1EIokCjt1gcp/z7hSlYrF40rME/YiMBBsySrQpeaHZkMqACIqDas2pOwvZ68YtTA0KtQbV734Y0zRCoSknSnmuk2g/I1IzynFe6acKE0InZIReOGWJEiRC5WfPi6uXeEYipWZRMLcvIqLHapXlxf+Yl+rhrZ8xkaQaBTUthg1TbuvYztPaIZNINZ8ZQ6hk5jKbjokkVJufVExkdzXguuk06u51/eqxUWveFeHLcAbncAku3EATHqAFbaAQwzt8wpcVWC/Wq/X211qyiplTWJL18QsgSor2</latexit>

disturbance

Design a mechanism that can do run-time safety verification

Our approach: reachable set over-approximations for some time in future.

4Institute for Defense Analysis, The Status of Test, Evaluation, Verification, and Validation of Autonomous
Systems, 2018
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Analysis of Learning-based Controllers
Safety Verification

Safety of learning-enabled autonomous systems cannot be completely
ensured at the design level4

<latexit sha1_base64="jwmefDWHKeaK1juakku5ME1xVo4=">AAAB/XicbZDNTsJAFIWn+If1r+rSTSPRuCItiT9LIhs3JmgESWhDptMLTJhOm5kpkTTEF/A13BkXblzowtfwbRywLgDP6uSce5P73SBhVCrH+TYKS8srq2vFdXNjc2t7x9rda8o4FQQaJGaxaAVYAqMcGooqBq1EAI4CBvfBoDbp74cgJI35nRol4Ee4x2mXEqx01LGOvQB6lGcEuAIxNm/jIJXKvq7XTA94+Jd3rJJTdqayF42bmxLKVe9YX14YkzTS64RhKduukyg/w0JRwmBseqmEBJMB7kE7HNJEchyB9LOHKdJMn+FIylEUjO2jCKu+nO8m4X9dO1XdCz+jPEkVcKJHdNdNma1ie/IKO6QCiGIjbTARVF9mkz4WmGhiaWpkdx5w0TQrZfesfHpTKVUvc/giOkCH6AS56BxV0RWqowYi6Am9oQ/0aTwaz8aL8fo7WjDynX00I+P9B8Jolho=</latexit>

Robust MPC

<latexit sha1_base64="1AUuwr0TUWUuH/gCJ+4Y/3MKo0w=">AAACAnicbZDLSsNAFIYn9VbjLerSTbAIglCSgpdlsRt3VrAXaEKZTE7boZOZMDMpltCdL+BruBMXblzUx/BtTGtctPVf/ZzvHJhvgphRpR3n2yisrW9sbhW3zZ3dvf0D6/CoqUQiCTSIYEK2A6yAUQ4NTTWDdiwBRwGDVjCszXhrBFJRwR/1OAY/wn1Oe5RgnY261oUXQJ/ylADXICfmfaxphJldE1xLwUwPePgHu1bJKTvz2KvFzUsJ5al3rakXCpJE2TlhWKmO68TaT7HUlDCYmF6iIMZkiPvQCUc0VhxHoPz0ae61wFMcKTWOgol9FmE9UMtsNvyPdRLdu/FTyuNEAyfZSsZ6CbO1sGf/YYdUAtFsnBVMJM1eZpMBlphkxsrMlN1lwdXSrJTdq/LlQ6VUvc3li+gEnaJz5KJrVEV3qI4aiKAX9IGm6Mt4Nl6NN+P9d7Vg5DfHaCHG5w8y75ik</latexit>

Optimal Control

<latexit sha1_base64="2OI7YJBz+QBCiVmgPSnmqJuBjzs=">AAACBnicbZC9TsMwFIWd8lfCX4CRJaJCYipJJX7GChbGImip1ESV49y2Vh0nsp2KKOrOC/AabIiBpQM8BG+DW8LQljMd3e9c6x4HCaNSOc63UVpZXVvfKG+aW9s7u3vW/kFLxqkg0CQxi0U7wBIY5dBUVDFoJwJwFDB4DIY3U/44AiFpzB9UloAf4T6nPUqw0qOudeYF0Kc8J8AViLF5j3ugMtvzTCxlKjAnYHrAw79A16o4VWcme9m4hamgQo2uNfHCmKSRXidMv9lxnUT5ORaKEgZj00slJJgMcR864YgmkuMIpJ8/zbrN8RxHUmZRMLZPIqwGcpFNh/+xTqp6V35OeZIq4ERHNOulzFaxPf0TO6QCiGKZNpgIqi+zyQALTHRjaerK7mLBZdOqVd2L6vldrVK/LsqX0RE6RqfIRZeojm5RAzURQS/oA32iL+PZeDXejPffaMkodg7RnIzJD85Emgg=</latexit>

Safety
assurance

<latexit sha1_base64="irvs/+QUeA5odQrypKce2nCaJLA=">AAACD3icbZDNTsJAFIWn+If1r+rSTSMxcUVaEpUl0Y0rgomACW3IdLjAhOlMMzNFScND+AK+hjvDwo0L3fs2tlgXgGd1cr9zJ/dMEDGqtON8G4W19Y3NreK2ubO7t39gHR61lIglgSYRTMiHACtglENTU83gIZKAw4BBOxjdZLw9Bqmo4Pd6EoEf4gGnfUqwTkddq+oFMKA8IcA1yKlZh1hiZtdBPwo58jyTCK6lYCx9w/SA9/6SXavklJ257FXj5qaEcjW61szrCRKH6TphWKmO60TaT7DUlDCYml6sIMJkhAfQ6Y1ppDgOQfnJ07zkAk9wqNQkDKb2WYj1UC2zbPgf68S6X/UTyqNYAydpJGX9mNla2Nnn2D0qgWg2SQ0mkqaX2WSIJSY6q59WdpcLrppWpexeli/uKqXadV6+iE7QKTpHLrpCNXSLGqiJCHpB7+gTfRnPxqvxZsx+owUj3zlGCzI+fgBjx545</latexit>

Neural Network
controllers

<latexit sha1_base64="bKnio/P2qKyUlkEeytMTYyIirKc=">AAACDHicbZDLSsNAFIYn9VbjLerSTbAIrkpSqLosduOygr1AE8pkctoOnUzCzKQYQl/BF/A13ImgGxf6BL6N0xoXtp7Vz/n+A/NNkDAqleN8GaW19Y3NrfK2ubO7t39gHR51ZJwKAm0Ss1j0AiyBUQ5tRRWDXiIARwGDbjBpznl3CkLSmN+pLAE/wiNOh5RgpVcDq+4FMKI8J8AViJnZjKMkVQuImQ1D3aTASWabHvDwtzawKk7VWYy9GtwiVFAxrYH16oUxSSN9ThiWsu86ifJzLBQlDGaml0pIMJngEfTDKU0kxxFIP79fGP7hOY6kzKJgZp9FWI3lMpsv/2P9VA2v/Jxy7aeNdEWzYcpsFdvzn7FDKoAolumAiaD6ZTYZY4GJNpamVnaXBVdDp1Z1L6r121qlcV3Il9EJOkXnyEWXqIFuUAu1EUGP6A19oE/jwXgyno2Xn2rJKG6O0Z8x3r8B/ASc5g==</latexit>

Computational e�ciency

<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System

<latexit sha1_base64="vd+jz4JlcJnsgN+ug7mcfdHi2J8=">AAACBHicbVDLSsNAFJ3UV62vqEs3g0Vw05IUfCwLgroQrGAf0oYymdy2QyeTMDMplpCtP+BvuBMXbkT0K/wbk9pNW8/qcM+9h3OuG3KmtGX9GLml5ZXVtfx6YWNza3vH3N1rqCCSFOo04IFsuUQBZwLqmmkOrVAC8V0OTXd4kenNEUjFAnGvxyE4PukL1mOU6HTUNUtxZ2IS33I2gisJIBJ8A0QKJvqlzNnDlwCeS+gwwV2zaJWtCfAisaekiKaodc3PjhfQyAehKSdKtW0r1E5MpGaUQ1LoRArC1Jr0oe2NWKgE8UE58eMk1IweE1+pse8m+MgneqDmtWz4n9aOdO/ciZkIIw2Cpiup1os41gHOPoI9JoFqPk4JoZKlyTAdEEmoTv9WSCvb8wUXSaNStk/LJ3eVYvVhWj6PDtAhOkY2OkNVdI1qqI4oekbv6At9G0/Gi/FqvP2t5ozpzT6agfHxCxgqmRo=</latexit>

Learning-based Feedback

<latexit sha1_base64="9zERcPRAs93s2osxuymZk45Rxsw=">AAAB4HicbZC7TsNAEEXH4RXCK0BJYxEhUUV2JB5lBA1lkMhDcqxovZ4kq6zX1u46IrLS0yEKGgr4FX6Dv2Ed3CThVldzZjRzJ0g4U9pxfqzSxubW9k55t7K3f3B4VD0+6ag4lRTbNOax7AVEIWcC25ppjr1EIokCjt1gcp/z7hSlYrF40rME/YiMBBsySrQpeaHZkMqACIqDas2pOwvZ68YtTA0KtQbV734Y0zRCoSknSnmuk2g/I1IzynFe6acKE0InZIReOGWJEiRC5WfPi6uXeEYipWZRMLcvIqLHapXlxf+Yl+rhrZ8xkaQaBTUthg1TbuvYztPaIZNINZ8ZQ6hk5jKbjokkVJufVExkdzXguuk06u51/eqxUWveFeHLcAbncAku3EATHqAFbaAQwzt8wpcVWC/Wq/X211qyiplTWJL18QsgSor2</latexit>

disturbance

Design a mechanism that can do run-time safety verification

Our approach: reachable set over-approximations for some time in future.

4Institute for Defense Analysis, The Status of Test, Evaluation, Verification, and Validation of Autonomous
Systems, 2018
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Safety of Neural Network Controlled Systems
Problem Statement

An open-loop nonlinear system with a
neural network controller

ẋ = f(x, u, w),

u = N(x),

safety of the closed-loop system

ẋ = f(x,N(x), w) := f c(x,w)

Neural network feedback controllers: The reachability problem

System
ẋ = f (x,u,w)

x0 2 X0

u = N(x)

disturbance w 2W

Unsafe

X0

Reachable
Set

I Goal: compute reachable sets of closed-loop system

Challenges: soundness, efficiency-vs-conservatism tradeoff

In this talk:
I Interval-based reachability using monotone systems theory

I Contraction-based adaptive partitioning

I Contraction with alternate partial orders for improved fidelity

S. Coogan 4/31

u = N(x) is pre-trained feed-forward neural
network with k-layer:

ξ(i)(x) = φ(i)(W (i−1)ξ(i−1)(x) + b(i−1))

x = ξ(0), u =W (k)ξ(k)(x) + b(k) := N(x),
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u = N(x) is pre-trained feed-forward neural
network with k-layer:

ξ(i)(x) = φ(i)(W (i−1)ξ(i−1)(x) + b(i−1))

x = ξ(0), u =W (k)ξ(k)(x) + b(k) := N(x),

directly performing reachability on f c is computationally challenging
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Safety of Neural Network Controlled Systems
Problem Statement

An open-loop nonlinear system with a
neural network controller

ẋ = f(x, u, w),

u = N(x),
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I Goal: compute reachable sets of closed-loop system

Challenges: soundness, efficiency-vs-conservatism tradeoff

In this talk:
I Interval-based reachability using monotone systems theory

I Contraction-based adaptive partitioning

I Contraction with alternate partial orders for improved fidelity

S. Coogan 4/31

u = N(x) is pre-trained feed-forward neural
network with k-layer:

ξ(i)(x) = φ(i)(W (i−1)ξ(i−1)(x) + b(i−1))

x = ξ(0), u =W (k)ξ(k)(x) + b(k) := N(x),

Rigorousness of control tools + effectiveness of ML tools

Combine our reachability frameworks with neural network verification
methods
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Neural Network Verification Algorithms
Interval Input-output Bounds

Input-output bounds: Given a neural network controller u = N(x)

u[x,x] ≤ N(x) ≤ u[x,x], for all x ∈ [x, x]

Many neural network verification algorithms can produce these bounds.
ex. CROWN (H. Zhang et al., 2018), LipSDP (M. Fazlyab et al., 2019), IBP (S. Gowal et al., 2018).

CROWN5

Bounding the value of each neurons

Linear upper and lower bounds on the
activation function

First-Order Neural Network Inclusion Function

Assumption (Local A�ne Bounds of Neural Network)

Given a neural network N , there exists an algorithm that returns a tuple (C[⇠,⇠], d[⇠,⇠], d[⇠,⇠])

valid for the localization [⇠, ⇠], such that for any x 2 [x, x] ⇢ [⇠, ⇠],

C[⇠,⇠]x+ d  N(x)  C[⇠,⇠]x+ d,

which implies that N is a [⇠, ⇠]-localized inclusion function for N , where
⇣

N

N

⌘
=

✓
C+

[⇠,⇠]
x+C�

[⇠,⇠]
x+d[⇠,⇠]

C�
[⇠,⇠]

x+C+

[⇠,⇠]
x+d[⇠,⇠]

◆
.

Many o↵-the-shelf neural network verifiers
can return bounds of this form, in
particular CROWN [3], pictured on right

For ReLU, can use regression to extract C,
then a MILP to optimize (d, d).

[3] H. Zhang, et al., NeurIPS
A. Harapanahalli Forward Invariance in Neural Network Controlled Systems 9

5H. Zhang et al., NeurIPS 2018.
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Safety of Neural Network Controlled Systems
A Compositional Approach

Reachability of open-loop system treating u as a
parameter

Neural network verification algorithm for bounds on u

Reachability of open-loop system + Neural network
verification bounds

Neural network feedback controllers: The reachability problem

System
ẋ = f (x,u,w)

x0 2 X0

u = N(x)

disturbance w 2W

Unsafe

X0

Reachable
Set

I Goal: compute reachable sets of closed-loop system

Challenges: soundness, efficiency-vs-conservatism tradeoff

In this talk:
I Interval-based reachability using monotone systems theory

I Contraction-based adaptive partitioning

I Contraction with alternate partial orders for improved fidelity
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ẋ = f (x,u,w)

x0 2 X0

u = N(x)

disturbance w 2W

Unsafe

X0

Reachable
Set

I Goal: compute reachable sets of closed-loop system

Challenges: soundness, efficiency-vs-conservatism tradeoff

In this talk:
I Interval-based reachability using monotone systems theory

I Contraction-based adaptive partitioning

I Contraction with alternate partial orders for improved fidelity

S. Coogan 4/31

Neural network feedback controllers: The reachability problem

System
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Composition approach over-approximation:
Rfc(t,X0,W) ⊆ [x(t), x(t)]

It lead to overly-conservative estimates of reachable set
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Stabilizing Effect of Neural Network Controllers
Issues with the compositional approach

Neural network controller as disturbances (worst-case scenario)
It does not capture the stabilizing effect of the neural network.

An illustrative example
ẋ = x+ u+ w with controller u = −Kx, for some unknown 1 < K ≤ 3.

Compositional approach

First find the bounds u ≤ Kx ≤ u, then

ẋ = x+ u+ w

ẋ = x+ u+ w

This system is unstable.

Interaction-aware approach

First replace u = Kx in the system, then

ẋ = (1−K)x+ w

ẋ = (1−K)x+ w

This system is stable.

We need to know the functional dependencies of neural network bounds
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ẋ = (1−K)x+ w

This system is stable.

We need to know the functional dependencies of neural network bounds

S. Jafarpour (CU Boulder) Safety in Learning-enabled Autonomous Systems March 5, 2024 29 / 47



Stabilizing Effect of Neural Network Controllers
Issues with the compositional approach

Neural network controller as disturbances (worst-case scenario)
It does not capture the stabilizing effect of the neural network.

An illustrative example
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Functional Bounds for Neural Networks
Function Approximation

Functional bounds: Given a neural network controller u = N(x)

N [x,x](x) ≤ N(x) ≤ N [x,x](x), for all x ∈ [x, x]

Example: CROWN6can provide functional bounds.

CROWN functional bounds:

N [x,x](x) = A[x,x]x+ b[x,x],

N [x,x](x) = A[x,x]x+ b[x,x]

CROWN input-output bounds:

u[x,x] = A+
[x,x]x+A

−
[x,x]x+ b[x,x],

u[x,x] = A
+
[x,x]x+A−[x,x]x+ b[x,x]

6H. Zhang et al., NeurIPS 2018.
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Safety of Neural Network Controlled Systems
Interaction-aware Approach

Theorem7

Original system

<latexit sha1_base64="5pmY0DH16rytiTxt9nUEc381wMs=">AAAB+nicbVC7TgJBFJ3FF+ILtbSZSEwgIWTX+GpMiDZWBhN5JLAhs8NdmDD7yMwsQtb9AH/DzljYWGjnb/g3DriN4KlO7jn3ca4TciaVaX4bmaXlldW17HpuY3Nreye/u9eQQSQo1GnAA9FyiATOfKgrpji0QgHEczg0neH1VG+OQEgW+PdqEoLtkb7PXEaJ0qVuvtDpBSoeJ/gSu8VxGced2cxYQC+5LY5LSfmhpF1mxZwBLxIrJQWUotbNf+mpNPLAV5QTKduWGSo7JkIxyiHJdSIJIaFD0od2b8RC6RMPpB2PZ7v/6DHxpJx4ToKPPKIGcl6bFv/T2pFyL+yY+WGkwKfaojU34lgFePoH3GMCqOITTQgVTF+G6YAIQpX+Vk5HtuYDLpLGccU6q5zenRSqV2n4LDpAh6iILHSOqugG1VAdUfSE3tAH+jQejWfjxXj9tWaMtGcf/YHx/gMlqJPw</latexit>

ẋ = f(x,N(x), w)

Embedding system

<latexit sha1_base64="AJezCu9BhU4rY4q046JPmifeV1I="></latexit>
ẋ
ẋ

�
=


[H]+ � J [x,x] [H]�

[H]+ � J [x,x] [H]�

� 
x
x

�
+

�[J [w,w]]
� [J [w,w]]

+

�[J [w,w]]
� [J [w,w]]

+

� 
w
w

�
+Q

H and H capture the effect of interactions between nonlinear system and neural network.

Interaction-aware over-approximation:
Rfc(t,X0,W) ⊆ [x(t), x(t)]

7SJ and A. Harapanahalli and S. Coogan, under review, 2023
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Case Study: Vehicle Platooning
Numerical Experiments

Dynamics of the jth vehicle

ṗjx = vjx, v̇jx = tanh(ujx) + wjx,

ṗjy = vjy, v̇jy = tanh(ujy) + wjy,

where wjx, w
j
y ∼ U([−0.001, 0.001]).

<latexit sha1_base64="QWgQ1RO7dOLtkq8D75RtawUILAc=">AAAB23icbZBLT8JQEIWnPhFfqEs3jcTEFWlJfCyJblxiYoEEGjK9TOHK7W1z7y2REFbujAs3LvTX+Df8NxbsBvCsTuY7k8yZIBFcG8f5sdbWNza3tgs7xd29/YPD0tFxQ8epYuSxWMSqFaAmwSV5hhtBrUQRRoGgZjC8m/HmiJTmsXw044T8CPuSh5yhyUYNT2oMqVsqOxVnLnvVuLkpQ656t/Td6cUsjUgaJlDrtuskxp+gMpwJmhY7qaYE2RD71O6NeKIlRqT9yfP84AU+wUjrcRRM7fMIzUAvs9nwP9ZOTXjjT7hMUkOSZZGMhamwTWzPito9rogZMc4MMsWzy2w2QIXMZO8oZpXd5YKrplGtuFeVy4dquXably/AKZzBBbhwDTW4hzp4wOAJ3uETvizferFerbe/6JqV75zAgqyPXyoNiJI=</latexit>
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ṗjy = vjy, v̇jy = tanh(ujy) + wjy,

where wjx, w
j
y ∼ U([−0.001, 0.001]). First vehicle

uses a neural network controller

4× 100× 100× 2, with ReLU activations

and is trained using trajectory data from an MPC
controller for the first vehicle.
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ṗjx = vjx, v̇jx = tanh(ujx) + wjx,

ṗjy = vjy, v̇jy = tanh(ujy) + wjy,

where wjx, w
j
y ∼ U([−0.001, 0.001]). Other vehicles

use PD controller

ujd = kp
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)

+ kv(v
j−1
d − vjd),

where d ∈ {x, y}.
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Case Study: Vehicle Platooning
Numerical Experiments

Dynamics of the jth vehicle

ṗjx = vjx, v̇jx = tanh(ujx) + wjx,

ṗjy = vjy, v̇jy = tanh(ujy) + wjy,

where wjx, w
j
y ∼ U([−0.001, 0.001]).

compositional approach

a platoon of 9 vehicles

reachable overapproximations for t ∈ [0, 1.5]
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Dynamics of the jth vehicle

ṗjx = vjx, v̇jx = tanh(ujx) + wjx,

ṗjy = vjy, v̇jy = tanh(ujy) + wjy,

where wjx, w
j
y ∼ U([−0.001, 0.001]).

interaction-aware approach

a platoon of 9 vehicles

reachable over-approximations for t ∈ [0, 1.5]

N (units) # of states Our Approach (s) POLAR (s) JuliaReach (s)

4 16 1.369 14.182 12.579
9 36 3.144 43.428 59.929

20 80 9.737 316.337 −
50 200 46.426 4256.435 −

Table: Run-time comparison

0
2
4
6
8

10

0
2
4
6
8

10

0 2 4 6 8 10
0
2
4
6
8

10

0 2 4 6 8 10 0 2 4 6 8 10

POLAR = C. Huang et al., ATVA 2022

JuliaReach = C. Schilling et al., AAAI 2022
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Conclusions
Key takeaways

reachability as a framework for safety certification of autonomous systems

developed computationally efficient and scalable approaches for reachability:
contraction-based and Interval-based

run-time verification of neural network controlled systems

capture stabilizing effect of learning-based components
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Outline of this talk

Reachability Analysis

Neural Network Controlled Systems

Future Research Directions
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Future Research
Reachability Analysis

Data-assisted reachability of mechanical systems

Safety in manufacturing robotics

complex tasks and operations

interactions with human

availability of data

Safe control of transportation systems

nonlinear dynamics

learning-enabled components

large mobility data

1 finite abstractions from reachability (formal methods)

2 physics-informed metrics for run-time monitoring8

3 data to obtain suitable metrics for reachability analysis

funding: NSERC Alliance (possible partner: Electrans or LoopX AI)

8SJ and S. Coogan, “Monotonicity and Contraction on Polyhedral Cones”, submitted 2023
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Future Research
Learning-based Autonomous Systems

Safe learning and control in learning-enabled feedback loops

Uncertainty learning and calibration

learn uncertainties in run-time

effect of feedback on uncertainty

design a correction control

Safe control of feedback loop

switch to back up controllers

differentiable safety metrics

correct-by-design training

utilize the statistical knowledge of
uncertainty9

reachability analysis to obtain
differentiable safety metrics
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Learning-based Feedback

funding: NSERC discovery

9SJ and Y. Chen, “Probabilistic Reachability of Stochastic Systems”, submitted 2024
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Future Research
Learning-based Autonomous Systems

Safe learning and control in learning-enabled feedback loops

Uncertainty learning and calibration

learn uncertainties in run-time

effect of feedback on uncertainty

design a correction control

Safe control of feedback loop

switch to back up controllers

differentiable safety metrics

correct-by-design training

utilize the statistical knowledge of
uncertainty9

reachability analysis to obtain
differentiable safety metrics
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<latexit sha1_base64="XF6bsGV+2C8uZsyl0rGTUwutg8Y=">AAAB/XicbZDLSsNAFIYn9VbrLerSTbAorkpS8ALdFNy4ESr2Jk0ok+lJO3QyCTOTYgjBF/A13IkLNy504Wv4NqY1m7b+q5/znXM4/3FDRqUyzR+tsLK6tr5R3Cxtbe/s7un7B20ZRIJAiwQsEF0XS2CUQ0tRxaAbCsC+y6Djjq+nvDMBIWnAmyoOwfHxkFOPEqyyUl8/TezZkuQ2Yi4IEaf32AMVG3bNrhlNgSmnfJj29bJZMWcylo2VmzLK1ejr3/YgIJEPXBGGpexZZqicBAtFCYO0ZEcSQkzGeAi9wYSGkmMfpJM8zq6Z4wn2pYx9NzVOfKxGcpFNi/+xXqS8KyehPIwUcJK1ZMyLmKECY/oKY0AFEMXizGAiaHaZQUZYYKKyh5WyyNZiwGXTrlasi8r5XbVcf8jDF9EROkZnyEKXqI5uUAO1EEHP6B19oi/tSXvRXrW3v9aCls8cojlpH79ZkZaL</latexit>

Safety Training
<latexit sha1_base64="lNMWUZJmJ+JyX4a34gDJetx8s3g=">AAACAHicbZDLSsNAFIYnXmu9RV26CRZBNyUpeAE3hW7cCBXtRZpQJtOTdugkE2YmxRCy8QV8DXfiwo0L9TV8G5OaTVt/ZvFzvjOH8x83ZFQq0/zRlpZXVtfWSxvlza3tnV19b78teSQItAhnXHRdLIHRAFqKKgbdUAD2XQYdd9zIeWcCQlIe3Ks4BMfHw4B6lGCVlfr6aWJPhyQ3EXNBiDi9wx6o2LCv8tfggRKcMRBpX6+YVXMqY9FYhamgQs2+/m0POIl8CBRhWMqeZYbKSbBQlDBIy3YkIcRkjIfQG0xoKAPsg3SSx+lCMzzBvpSx76bGsY/VSM6zvPgf60XKu3QSGoSRgoBkLRnzImYobuTXMAZUAFEszgwmgmabGWSEBSYqu1k5i2zNB1w07VrVOq+e3dYq9YcifAkdoiN0gix0geroGjVRCxH0jN7RJ/rSnrQX7VV7+2td0oo/B2hG2scvcS6XsQ==</latexit>

Safety Controller

<latexit sha1_base64="ZASl1EoUprPtYar90uXO6JUOdMI=">AAAB/HicbZDLTsJAFIaneEO8VV26aSQkrkhL4mVJdOPKYBTQQENOh1OYML1kZkpsmvoCvoY748KNC934Gr6NBRsTwH/153z/TM5/nJAzqUzzWyssLa+srhXXSxubW9s7+u5eSwaRoNikAQ/EnQMSOfOxqZjieBcKBM/h2HZGFxPeHqOQLPBvVRyi7cHAZy6joLJRT68k3eknyRWM43MeYXoDLqrYaKH4i6U9vWxWzamMRWPlpkxyNXr6V7cf0MhDX1EOUnYsM1R2AkIxyjEtdSOJIdARDLDTH7NQ+uChtJOH6TIzPAFPythzUqPigRrKeTYZ/sc6kXLP7IT5YaTQp1kkY27EDRUYk0sYfSaQKh5nBqhg2WYGHYIAqrJ7lbLK1nzBRdOqVa2T6vF1rVy/z8sXyQE5JEfEIqekTi5JgzQJJU/kjXyQT+1Re9ZetNffaEHL3+yTGWnvP2mtlq4=</latexit>

Safety Verification
<latexit sha1_base64="vd+jz4JlcJnsgN+ug7mcfdHi2J8=">AAACBHicbVDLSsNAFJ3UV62vqEs3g0Vw05IUfCwLgroQrGAf0oYymdy2QyeTMDMplpCtP+BvuBMXbkT0K/wbk9pNW8/qcM+9h3OuG3KmtGX9GLml5ZXVtfx6YWNza3vH3N1rqCCSFOo04IFsuUQBZwLqmmkOrVAC8V0OTXd4kenNEUjFAnGvxyE4PukL1mOU6HTUNUtxZ2IS33I2gisJIBJ8A0QKJvqlzNnDlwCeS+gwwV2zaJWtCfAisaekiKaodc3PjhfQyAehKSdKtW0r1E5MpGaUQ1LoRArC1Jr0oe2NWKgE8UE58eMk1IweE1+pse8m+MgneqDmtWz4n9aOdO/ciZkIIw2Cpiup1os41gHOPoI9JoFqPk4JoZKlyTAdEEmoTv9WSCvb8wUXSaNStk/LJ3eVYvVhWj6PDtAhOkY2OkNVdI1qqI4oekbv6At9G0/Gi/FqvP2t5ozpzT6agfHxCxgqmRo=</latexit>

Learning-based Feedback

funding: NSERC discovery

9SJ and Y. Chen, “Probabilistic Reachability of Stochastic Systems”, submitted 2024
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Future Research
Learning-based Autonomous Systems

Safe learning and control in learning-enabled feedback loops

Uncertainty learning and calibration

learn uncertainties in run-time

effect of feedback on uncertainty

design a correction control

Safe control of feedback loop

switch to back up controllers

differentiable safety metrics

correct-by-design training

utilize the statistical knowledge of
uncertainty9

reachability analysis to obtain
differentiable safety metrics

<latexit sha1_base64="HnRizDhMeUMNiJTSmTx2KfKXMGA="></latexit>

x  xb

or

x � xb

xk+1 xkx⇤

rf(xk)

rf(xk+1)

<latexit sha1_base64="k6kW54CBHwY7ndhqISH+oUhXCpw=">AAAB23icbZA7TwJREIVn8YX4Qi1tNhITK7JL4qMk2lhilEcCG3L3MsCVe3c3984SNxsqO2NhY6G/xr/hv3FBGsBTncx3JpkzfiSFIcf5sXJr6xubW/ntws7u3v5B8fCoYcJYc6zzUIa65TODUgRYJ0ESW5FGpnyJTX90O+XNMWojwuCRkgg9xQaB6AvOKBs1HhJDqLrFklN2ZrJXjTs3JZir1i1+d3ohjxUGxCUzpu06EXkp0yS4xEmhExuMGB+xAbZ7YxGZgCk0Xvo8O3iBp0wZkyh/Yp8pRkOzzKbD/1g7pv61l4ogigkDnkUy1o+lTaE9LWr3hEZOMskM41pkl9l8yDTjlL2jkFV2lwuumkal7F6WL+4rperNvHweTuAUzsGFK6jCHdSgDhye4B0+4cvyrBfr1Xr7i+as+c4xLMj6+AVc6oi1</latexit>

System

<latexit sha1_base64="jMm4iTCr6/kPFOsT/OMUQhHFbIU=">AAAB+nicbVC5TsNAFHzmDOEKUNJYREhUkc1dRqKhQQpSLimxovX6OVllfWh3HSUylmj5DTpEQUMBHb/B37A5miRMNXozGr0ZN+ZMKsv6NVZW19Y3NnNb+e2d3b39wsFhXUaJoFijEY9E0yUSOQuxppji2IwFksDl2HD7d2O9MUAhWRRW1ShGJyDdkPmMEqVPnUKxrXCoXD9N25Ow9CHhLgoxyqo9neOZF1mmXVbJmsBcJvaMFGGGSqfw0/YimgQYKsqJlC3bipWTEqEY5Zjl24nEmNA+6WLLG7BYhiRA6aTDyQtzekoCKUeBm5mnAVE9uaiNj/9prUT5t07KwjhRGFJt0ZqfcFNF5ngH02MCqeIjTQgVTH9m0h4RhCq9Vl5XthcLLpP6ecm+Ll09XhbL/vO0fA6O4QTOwIYbKMM9VKAGFF7gA77g23gyXo03431qXTFmgx3BHIzPPywBlnI=</latexit>

Thread 3

<latexit sha1_base64="lIAkqQbe61bK7lJHqvmJ0oYCNRw=">AAAB+HicbZA5T8NAEIXX4QrhMlDSGCIkqshGXGUEDRUKUi4ptqL1epyssj60u45iLEt0/A06REFDAS1/g3/D5miS8Kqn+Uajec+NGRXSNH+1wsrq2vpGcbO0tb2zu6fvHzRFlHACDRKxiLddLIDREBqSSgbtmAMOXAYtd3A35q0hcEGjsC7TGJwA90LqU4KlGnX1Y1vCSLp+Zk9uZQ94mN6yBPJ6X53xDCvv6mWzYk5kLBtrZspoplpX/7G9iCQBhJIwLETHMmPpZJhLShjkJTsREGMywD3oeEMaixAHIJxsNPlgjmc4ECIN3Nw4DbDsi0U2Hv7HOon0b5yMhnEiISRqRTE/YYaMjHELhkc5EMlSZTDhVH1mkD7mmEjVVUlFthYDLpvmecW6qlw+XpSr/vM0fBEdoRN0hix0jaroHtVQAxH0gj7QF/rWnrRX7U17n64WtFlhh2hO2ucfGVGVOA==</latexit>

Thread 1
<latexit sha1_base64="OowX4T4h4X/tX5GA/MaHNsp10Xw=">AAAB/XicbZC7TsNAEEXX4RXCy0BJYxGBqCI7Eo8ygoaOIOUlJVG03oyTVdZra3ccJbIs+AB+gw5R0FBAwW/wNziPJgm3upozGs29bii4Rtv+NTJr6xubW9nt3M7u3v6BeXhU00GkGFRZIALVcKkGwSVUkaOARqiA+q6Auju4m/D6EJTmgazgOIS2T3uSe5xRTEcd87yFMELXi+PW9Fh8GymJD4rKHiSVfnqqaxWTpGPm7YI9lbVqnLnJk7nKHfOn1Q1Y5INEJqjWTccOsR1ThZwJSHKtSENI2YD2oNkd8lBL6oNux6PpFws8pr7WY99NrDOfYl8vs8nwP9aM0Ltpx1yGEYJk6UrKvEhYGFiTKqwuV8BQjFNDmeLpZxbrU0UZpoXl0sjOcsBVUysWnKvC5WMxX/KeZ+Gz5ISckgvikGtSIvekTKqEkRfyQb7It/FkvBpvxvtsNWPMCzsmCzI+/wBVIpei</latexit>

Thread 2

<latexit sha1_base64="tRaVjtsjJvXFhrODvwUbF5dkWF0=">AAACA3icbZC7SgNREIbPeo3xFrW0WQyChYTdgBewCdpYCEYwF0lCmD2ZJIecPbucMxsMS0pfwNewEwsbQX0L38ZNTJPEv/qZb2aYf7xQCkOO82MtLC4tr6ym1tLrG5tb25md3bIJIs2xxAMZ6KoHBqVQWCJBEquhRvA9iRWvdzXilT5qIwJ1T4MQGz50lGgLDpSUmpnjuD5eEl9GWtGtBtXB4Q2CVkJ17PpFSXHUBEIJGgybmayTc8ay5407MVk2UbGZ+ay3Ah75qIhLMKbmOiE1YtAkuMRhuh4ZDIH3oIO1Vl+ERoGPphE/jm+a4jH4xgx8b2gf+kBdM8tGxf9YLaL2eSMWKowIFU9aEtaOpE2BPXqI3RIaOclBYoBrkVxm8y5o4JS8LZ1EdmcDzptyPuee5k7u8tnCwyR8iu2zA3bEXHbGCuyaFVmJcfbM3tkX+7aerBfr1Xr7a12wJjN7bErWxy/MfJms</latexit>

Learning Uncertainity

<latexit sha1_base64="XF6bsGV+2C8uZsyl0rGTUwutg8Y=">AAAB/XicbZDLSsNAFIYn9VbrLerSTbAorkpS8ALdFNy4ESr2Jk0ok+lJO3QyCTOTYgjBF/A13IkLNy504Wv4NqY1m7b+q5/znXM4/3FDRqUyzR+tsLK6tr5R3Cxtbe/s7un7B20ZRIJAiwQsEF0XS2CUQ0tRxaAbCsC+y6Djjq+nvDMBIWnAmyoOwfHxkFOPEqyyUl8/TezZkuQ2Yi4IEaf32AMVG3bNrhlNgSmnfJj29bJZMWcylo2VmzLK1ejr3/YgIJEPXBGGpexZZqicBAtFCYO0ZEcSQkzGeAi9wYSGkmMfpJM8zq6Z4wn2pYx9NzVOfKxGcpFNi/+xXqS8KyehPIwUcJK1ZMyLmKECY/oKY0AFEMXizGAiaHaZQUZYYKKyh5WyyNZiwGXTrlasi8r5XbVcf8jDF9EROkZnyEKXqI5uUAO1EEHP6B19oi/tSXvRXrW3v9aCls8cojlpH79ZkZaL</latexit>

Safety Training
<latexit sha1_base64="lNMWUZJmJ+JyX4a34gDJetx8s3g=">AAACAHicbZDLSsNAFIYnXmu9RV26CRZBNyUpeAE3hW7cCBXtRZpQJtOTdugkE2YmxRCy8QV8DXfiwo0L9TV8G5OaTVt/ZvFzvjOH8x83ZFQq0/zRlpZXVtfWSxvlza3tnV19b78teSQItAhnXHRdLIHRAFqKKgbdUAD2XQYdd9zIeWcCQlIe3Ks4BMfHw4B6lGCVlfr6aWJPhyQ3EXNBiDi9wx6o2LCv8tfggRKcMRBpX6+YVXMqY9FYhamgQs2+/m0POIl8CBRhWMqeZYbKSbBQlDBIy3YkIcRkjIfQG0xoKAPsg3SSx+lCMzzBvpSx76bGsY/VSM6zvPgf60XKu3QSGoSRgoBkLRnzImYobuTXMAZUAFEszgwmgmabGWSEBSYqu1k5i2zNB1w07VrVOq+e3dYq9YcifAkdoiN0gix0geroGjVRCxH0jN7RJ/rSnrQX7VV7+2td0oo/B2hG2scvcS6XsQ==</latexit>
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<latexit sha1_base64="ZASl1EoUprPtYar90uXO6JUOdMI=">AAAB/HicbZDLTsJAFIaneEO8VV26aSQkrkhL4mVJdOPKYBTQQENOh1OYML1kZkpsmvoCvoY748KNC934Gr6NBRsTwH/153z/TM5/nJAzqUzzWyssLa+srhXXSxubW9s7+u5eSwaRoNikAQ/EnQMSOfOxqZjieBcKBM/h2HZGFxPeHqOQLPBvVRyi7cHAZy6joLJRT68k3eknyRWM43MeYXoDLqrYaKH4i6U9vWxWzamMRWPlpkxyNXr6V7cf0MhDX1EOUnYsM1R2AkIxyjEtdSOJIdARDLDTH7NQ+uChtJOH6TIzPAFPythzUqPigRrKeTYZ/sc6kXLP7IT5YaTQp1kkY27EDRUYk0sYfSaQKh5nBqhg2WYGHYIAqrJ7lbLK1nzBRdOqVa2T6vF1rVy/z8sXyQE5JEfEIqekTi5JgzQJJU/kjXyQT+1Re9ZetNffaEHL3+yTGWnvP2mtlq4=</latexit>
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<latexit sha1_base64="vd+jz4JlcJnsgN+ug7mcfdHi2J8=">AAACBHicbVDLSsNAFJ3UV62vqEs3g0Vw05IUfCwLgroQrGAf0oYymdy2QyeTMDMplpCtP+BvuBMXbkT0K/wbk9pNW8/qcM+9h3OuG3KmtGX9GLml5ZXVtfx6YWNza3vH3N1rqCCSFOo04IFsuUQBZwLqmmkOrVAC8V0OTXd4kenNEUjFAnGvxyE4PukL1mOU6HTUNUtxZ2IS33I2gisJIBJ8A0QKJvqlzNnDlwCeS+gwwV2zaJWtCfAisaekiKaodc3PjhfQyAehKSdKtW0r1E5MpGaUQ1LoRArC1Jr0oe2NWKgE8UE58eMk1IweE1+pse8m+MgneqDmtWz4n9aOdO/ciZkIIw2Cpiup1os41gHOPoI9JoFqPk4JoZKlyTAdEEmoTv9WSCvb8wUXSaNStk/LJ3eVYvVhWj6PDtAhOkY2OkNVdI1qqI4oekbv6At9G0/Gi/FqvP2t5ozpzT6agfHxCxgqmRo=</latexit>
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Future Research
Monitoring and Control in Large-scale Modern Power Grids

Detection and control in modern power grids

Far future grids = 100% penetration of
renewables

Near future grids = hybrid with both
renewables and synchronous machines

Unique features of renewables

fast dynamics

stochastic generation/consumption

Goal: transient stability of the grid

1 fast and computationally efficient safety monitoring

funding: NSERC Alliance (possible partner: Canadian Solar Inc.)
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Thank you for your attention!
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Contraction-based Reachability
Searching for norm and contraction rate

For ‖ · ‖2,P with a positive definite matrix P :

µ2,P (Df(t, x)) ≤ c ⇐⇒ PDf(t, x) +Df(t, x)>P � 2cP

For ‖ · ‖1,diag(η) with η ∈ Rn>0:

µ1,diag(η)(Df(t, x)) ≤ c ⇐⇒ η>[Df(t, x)]M ≤ cη>

µ∞,diag(η)(Df(t, x)) ≤ c ⇐⇒ [Df(t, x)]Mη ≤ cη

where [A]M is Metzler part of matrix A.

If f is polynomial in t and x,
1 for a fix c, search for P (or η) can be done using SOS programming
2 iterative bisection on c and SOS programming to find the minimum c

E. M. Aylward, P. A. Parrilo, and J.-J. E. Slotine. Stability and robustness analysis of

nonlinear systems via contraction metrics and SOS programming. Automatica, 2008
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Contraction-based Reachability
Proof of input-to-state stability

Assume µ‖·‖

(
∂f
∂x (x,w)

)
≤ c and

∥∥∥ ∂f∂w (x,w)
∥∥∥ ≤ ` for almost all x, u

Theorem

If X0 = B‖·‖(r1, x
∗
0) and W = B‖·‖(r2, w

∗), then

Rf (t,X0) ⊆ B‖·‖(ectr1 +
`
c(e

ct − 1)r2, x
∗(t))

where x∗(·) is the solution of ẋ = f(x,w∗) with x(0) = x∗0.

A starting point: Reachability estimates from contraction theory

For ẋ = f (x,w), x 2 Rn and w 2W ✓ Rm, define
reachable set as

Rf (t;X0) = {x(t) : x(·) is sol’n for some w(·) with x0 2 X0}.
Suppose

µ
✓

∂ f
∂x

(x,w)
◆
 c and

����
∂ f
∂w

(x,w)
����

w!x
 `.

x⇤(0) x⇤(t)

If X0 = B(r1,x⇤0) and W = B(r2,w⇤) where B(·, ·) is ball with radius and center, then

Rf (t;X0)✓ B
✓

ectr1 +
`

c
(ect �1)r2,x⇤(t)

◆

where ẋ⇤(t) = f (x⇤(t),w⇤) for all t .

(Pf. Rewriting of Grönwall Comparison Lemma, [Bullo, Corollary 3.17, p. 81].)

S. Coogan 5/31

Proof: let x(·) be a traj of ẋ = f(x,w). Using Taylor expansion, for h ≥ 0

x(t+ h)− x∗(t+ h) = x(t)− x∗(t) + h

A(x,w)︷ ︸︸ ︷(∫ 1

0
Dxf(τx+ (1− τ)x∗)dτ

)
(x(t)− x∗(t))

+ h

B(x,w)︷ ︸︸ ︷(∫ 1

0
Dwf(x, τw + (1− τ)w∗)dτ

)
(w − w∗) +O(h2)
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Contraction-based Reachability
Proof continued

D+‖x(t)− x∗(t)‖ = lim sup
h→0+

‖x(t+ h)− x∗(t+ h)‖ − ‖x(t)− x∗(t)‖
h

= lim sup
h→0+

‖ (In + hA(x,w)) (x(t)− x∗(t)) + hB(x,w)(w − w∗)‖ − ‖x(t)− x∗(t)‖
h

≤ lim sup
h→0+

‖ (In + hA(x,w)) (x(t)− x∗(t))‖+ h‖B(x,w)‖‖w − w∗‖ − ‖x(t)− x∗(t)‖
h

≤ µ‖·‖(A(x,w))‖x(t)− x∗(t)‖+ ‖B(x,w)‖‖w − w∗‖

≤ c‖x(t)− x∗(t)‖+ `‖w − w∗‖

generalized version of Grönwall’s lemma

overly conservative since c and ` are defined globally
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Embedding System for Linear Dynamical System
A structure preserving decomposition

Metzler/non-Metzler decomposition: A = dAeMzl + bAcMzl

Example: A =



2 0 −1
1 −3 0
0 0 1


 =⇒ dAeMzl =



2 0 0
1 −3 0
0 0 1


 bAcMzl =



0 0 −1
0 0 0
0 0 0




Linear systems

Original system

ẋ = Ax+Bw

Embedding system

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

x1

x2 x3

x1x1

x2 x2 x3 x3

x1

x2 x3

x1x1

x2 x2 x3 x3
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Interval-based Reachability
Proof of Jacobian-based Theorem

For a scalar vector field f : R→ R, we show that d(x, x) = f(x)+
[
minz∈[x,x]

∂f
∂x

]−
(x− x) is

1 cooperative in x

2 competitive in x

∂

∂x
d(x, x) =

∂

∂x
f(x)−

[
min
z∈[x,x]

∂f

∂x

]−
=
∂f

∂x
|x=x −

[
min
z∈[x,x]

∂f

∂x

]−
≥ 0.

Similarly,

∂

∂x
d(x, x) =

[
min
z∈[x,x]

∂f

∂x

]−
≤ 0
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Case Study: Bicycle Model
A naive compositional approach

Dynamics of bicycle

ṗx = v cos(φ+ β(u2)) φ̇ =
v

`r
sin(β(u2))

ṗy = v sin(φ+ β(u2)) v̇ = u1

β(u2) = arctan

(
lr

lf + lr
tan(u2)

)

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="A2alo9hmGjkV/Szvm5xHLLqG3J8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRbe63nrg2IlEPOE55ENOBEpFgFK3kd9OhqPSqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIMJ1SiY5NNKNzM8pWxEB7xjqaIxN8FkduyUnFilT6JE21JIZurviQmNjRnHoe2MKQ7NopeL/3mdDKPrYCJUmiFXbL4oyiTBhOSfk77QnKEcW0KZFvZWwoZUU4Y2nzwEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGAp7hFd4c5bw4787HvLXkFDOH8AfO5w9Md45d</latexit>

�

<latexit sha1_base64="oCQ0lk1JuSK7XTWsO5wNM6e34Do=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEL4o2o</latexit>u2

<latexit sha1_base64="nIpZJb1MbuHJpMvHIrUnibfCRsQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9rzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKXo2n</latexit>u1

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

Goal: steer the bicycle to the origin avoiding the obstacles

train a feedforward neural network 4 7→ 100 7→ 100 7→ 2 using data from model predictive
control
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Case Study: Bicycle Model
A naive compositional approach

Dynamics of bicycle

ṗx = v cos(φ+ β(u2)) φ̇ =
v

`r
sin(β(u2))

ṗy = v sin(φ+ β(u2)) v̇ = u1

β(u2) = arctan

(
lr

lf + lr
tan(u2)

)

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="A2alo9hmGjkV/Szvm5xHLLqG3J8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRbe63nrg2IlEPOE55ENOBEpFgFK3kd9OhqPSqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIMJ1SiY5NNKNzM8pWxEB7xjqaIxN8FkduyUnFilT6JE21JIZurviQmNjRnHoe2MKQ7NopeL/3mdDKPrYCJUmiFXbL4oyiTBhOSfk77QnKEcW0KZFvZWwoZUU4Y2nzwEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGAp7hFd4c5bw4787HvLXkFDOH8AfO5w9Md45d</latexit>

�

<latexit sha1_base64="oCQ0lk1JuSK7XTWsO5wNM6e34Do=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEL4o2o</latexit>u2

<latexit sha1_base64="nIpZJb1MbuHJpMvHIrUnibfCRsQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9rzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKXo2n</latexit>u1

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

Goal: steer the bicycle to the origin avoiding the obstacles

train a feedforward neural network 4 7→ 100 7→ 100 7→ 2 using data from model predictive
control
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Case Study: Bicycle Model
A naive compositional approach

Dynamics of bicycle

ṗx = v cos(φ+ β(u2)) φ̇ =
v

`r
sin(β(u2))

ṗy = v sin(φ+ β(u2)) v̇ = u1

β(u2) = arctan

(
lr

lf + lr
tan(u2)

)

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="A2alo9hmGjkV/Szvm5xHLLqG3J8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRbe63nrg2IlEPOE55ENOBEpFgFK3kd9OhqPSqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIMJ1SiY5NNKNzM8pWxEB7xjqaIxN8FkduyUnFilT6JE21JIZurviQmNjRnHoe2MKQ7NopeL/3mdDKPrYCJUmiFXbL4oyiTBhOSfk77QnKEcW0KZFvZWwoZUU4Y2nzwEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGAp7hFd4c5bw4787HvLXkFDOH8AfO5w9Md45d</latexit>

�

<latexit sha1_base64="oCQ0lk1JuSK7XTWsO5wNM6e34Do=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEL4o2o</latexit>u2

<latexit sha1_base64="nIpZJb1MbuHJpMvHIrUnibfCRsQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9rzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKXo2n</latexit>u1

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

Goal: steer the bicycle to the origin avoiding the obstacles

train a feedforward neural network 4 7→ 100 7→ 100 7→ 2 using data from model predictive
control
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Reachability of Closed-loop System
Case Study: Bicycle Model

start from (8, 8) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.95 7.95 −π

3 − 0.01 1.99
)>

x0 =
(
8.05 8.05 −π

3 + 0.01 2.01
)>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

Embedding system:

ẋ = d(x, x, u, u, w,w)

ẋ = d(x, x, u, u, w,w)

u ≤ N(x) ≤ u, for every x ∈ [x, x].
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Reachability of Closed-loop System
Case Study: Bicycle Model

start from (8, 8) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.95 7.95 −π

3 − 0.01 1.99
)>

x0 =
(
8.05 8.05 −π

3 + 0.01 2.01
)>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

Euler integration with step h:

x1 = x0 + hd(x0, x0, u0, u0, w, w)

x1 = x0 + hd(x0, x0, u0, u0, w, w)

u0 ≤ N(x) ≤ u0, for every x ∈ [x0, x0].
<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py
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Reachability of Closed-loop System
Case Study: Bicycle Model

start from (8, 8) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.95 7.95 −π

3 − 0.01 1.99
)>

x0 =
(
8.05 8.05 −π

3 + 0.01 2.01
)>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

Euler integration with step h:

x2 = x1 + hd(x1, x1, u1, u1, w, w)

x2 = x1 + hd(x1, x1, u1, u1, w, w)

u1 ≤ N(x) ≤ u1, for every x ∈ [x1, x1]. <latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py
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Reachability of Closed-loop System
Case Study: Bicycle Model

start from (8, 8) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.95 7.95 −π

3 − 0.01 1.99
)>

x0 =
(
8.05 8.05 −π

3 + 0.01 2.01
)>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

Euler integration with step h:

x3 = x2 + hd(x2, x2, u2, u2, w, w)

x3 = x2 + hd(x2, x2, u2, u2, w, w)

u2 ≤ N(x) ≤ u2, for every x ∈ [x2, x2].
<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py
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Case Study: Bicycle Model
Numerical Experiments

start from (8, 7) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.95 6.95 −2π

3 − 0.01 1.99
)>

x0 =
(
8.05 7.05 −2π

3 + 0.01 2.01
)>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

<latexit sha1_base64="0kzXT96ZS1IXvz1OPqA89yaI1Ws=">AAAB63icbZC7TsMwFIadcivlFi4bS0SFxFQllbiMFSyMRaIXqY2qE/e0teo4lu1UlKhPwYYYWBjgKXgN3oakZGnLP/0+37Hkz4HkTBvX/bEKa+sbm1vF7dLO7t7+gX141NRRrCg2aMQj1Q5AI2cCG4YZjm2pEMKAYysY32W8NUGlWSQezVSiH8JQsAGjYNJRzz5hwqACmp0ckFJFQEc9u+xW3Hmc1eLlpUzy1Hv2d7cf0ThEYSgHrTueK42fgDKMcpyVurFGCXQMQ+z0J0xqASFqP3maCyzwBEKtp2Ewc85DMCO9zLLhf6wTm8GNnzAhY4OCpispG8TcMZGTiTt9ppAaPk0LUMXSlzl0BJl6+j2lVNlbFlwtzWrFu6pcPlTLtdtcvkhOyRm5IB65JjVyT+qkQSh5Ju/kk3xZofVivVpvf6sFK79zTBZiffwCH66O+w==</latexit>

interaction approach
<latexit sha1_base64="WaMUMSdjGOBSLcS8s8gAmq/MKsI=">AAAB9XicbZDLSsNAFIYn9VbrLepSkGARXJWk4GVZdONKKtgLtKGcTE/boZPJMDOpltCdr+FOXLhxoQ/ga/g2JrWbtv6rn/8/B853AsmZNq77Y+VWVtfWN/Kbha3tnd09e/+grqNYUazRiEeqGYBGzgTWDDMcm1IhhAHHRjC8yfrGCJVmkXgwY4l+CH3BeoyCSaOOfXwHbIQOEwYVjYRAmuUOSKkioIOOXXRL7lTOsvFmpkhmqnbs73Y3onGIwlAOWrc8Vxo/AWUY5TgptGONEugQ+tjqjpjUAkLUfvI0RZnrEwi1HofBxDkNwQz0YpeF/3Wt2PSu/IQJGRsUNB1Ju17MHRM52QucLlMpJh+nBqhi6WUOHYACmv5AF1JkbxFw2dTLJe+idH5fLlauZ/B5ckROyBnxyCWpkFtSJTVCyTN5J5/ky3q0XqxX6+1vNGfNdg7JnKyPX2HWkyQ=</latexit>

Naive interconnection approach
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