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Safety-critical Autonomous Systems
Introduction

Energy/power systems Air mobility Autonomous driving

Manufacturing Transportation systems Agriculture

Many autonomous systems operate in safety-critical environments

An important goal

Perform their tasks while ensuring safety and robustness of the system.
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Safety-critical Autonomous Systems
Introduction

Energy/power systems Air mobility Autonomous driving

Manufacturing Transportation systems Agriculture

Many autonomous systems operate in safety-critical environments

Provide guarantees for safety and robustness of autonomous systems

Tools: Dynamical systems, Control theory, Operator theory, Optimization theory
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Learning-enabled systems

In this talk: safety of learning-enabled autonomous system

Significant progress: wide availability of data and computational advances
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Safety of Autonomous Systems
Safety from a reachability perspective

Safety of autonomous systems using reachability analysis

Reachability analysis estimates the
evolution of the autonomous system

In this talk:

1 Reachability analysis = a mathematical framework for safety assurance

2 Efficient and scalable methods for reachability of dynamical systems

3 Application to safety verification of learning-enabled systems
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Outline of this talk

Reachability Analysis

Mixed Monotone Reachability

Safety of Learning-enabled Systems

Future Research Directions

S. Jafarpour (CU Boulder) Mixed Monotone Reachability March 20, 2025 6 / 46



Reachability Analysis
A systematic approach for safety assurance

System : ẋ = f(x,w) State : x ∈ Rn Uncertainty : w ∈ W ⊆ Rm

Reachability Analysis of Control Systems
Problem Statement

System : ẋ = f(x, w) State : x 2 Rn Disturbance : w 2 W ✓ Rm

Reachable sets of dynamical systems

System: ẋ = f (x,w) State: x 2 Rn Disturbance: w 2 W � Rm

State space

Initial set

x1

x1(T)

x�1(T)x2

x2(T)
State space

Initial set

T Reachable set

Initial set

Unsafe

Target

Overapproximation
T Reachable set

� Reachable sets characterize possible system evolution

� Overapproximations of reachable sets are appropriate for verification and safety

S. Coogan 3/31

reachable sets characterize evolution of the system

Rf (t, X0) = {xw(t) | xw(·) is a traj of the system for some w with x0 2 X0}
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What are the possible states of the system at time T?
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Rf (t,X0,W) = {xw(t) | xw(·) is a traj for some w(·) ∈ W with x0 ∈ X0}

A large number of safety specifications can be represented using t-reachable sets
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System : ẋ = f(x,w) State : x ∈ Rn Uncertainty : w ∈ W ⊆ Rm

Reachability Analysis of Control Systems
Problem Statement
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System: ẋ = f (x,w) State: x 2 Rn Disturbance: w 2 W � Rm

State space

Initial set

x1

x1(T)

x�1(T)x2

x2(T)
State space

Initial set

T Reachable set

Initial set

Unsafe

Target

Overapproximation
T Reachable set

� Reachable sets characterize possible system evolution

� Overapproximations of reachable sets are appropriate for verification and safety

S. Coogan 3/31

reachable sets characterize evolution of the system

Rf (t, X0) = {xw(t) | xw(·) is a traj of the system for some w with x0 2 X0}

S. Jafarpour (CU Boulder) Interval Reachability of Systems with NN Controllers October 4, 2023 8 / 33

What are the possible states of the system at time T?

t-reachable sets characterize evolution of the system

Rf (t,X0,W) = {xw(t) | xw(·) is a traj for some w(·) ∈ W with x0 ∈ X0}

A large number of safety specifications can be represented using t-reachable sets

S. Jafarpour (CU Boulder) Mixed Monotone Reachability March 20, 2025 7 / 46



Reachability Analysis
A systematic approach for safety assurance
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Safety verification via t-reachable sets
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Combining different instantiation of Reach-avoid safety =⇒
diverse range of safety specifications

(complex planning using logics, invariance, stability)
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Reachability Analysis of Systems
Why is it difficult?

Checking if a point belong to t-reachable sets is undecidable1

Solution: over-approximations of reachable sets

Definition: over-approximation

A set Rf (t,X0,W) ⊆ Rn is over-approximations of t-reachable sets if
Rf (t,X0,W) ⊆ Rf (t,X0,W)

State space

Initial set

T Reachable set
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Overapproximation
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Reachability Analysis of Systems
Literature review

Reachability of dynamical systems is an old problem

Properties of reachable sets

Skolem-Pisot problem (Skolem, 1934)

Dynamic programing and HJB
(Bellman, 1957)

Geometric control (Sussmann and

Jurdjevic, 1972)

Approximating reachable sets

Numerical method for HJB (Mitchell

et al., 2002, Bansal et al., 2017)

Ellipsoidal approximations (Kurzhanski

and Varaiya, 2000)

Polynomial models (Chen, Dutta, and

Sankaranarayanan, 2012)

Most reachability methods are computationally heavy and not scalable to
large-size systems

In this talk: develop computationally efficient methods for
over-approximating t-reachable sets
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Outline of this talk

Reachability Analysis

Mixed Monotonicity Reachability

Safety of Learning-enabled Systems

Future Research Directions
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Monotone Dynamical Systems
Definition and Characterization

Definition: Monotone systems

A dynamical system ẋ = f(x,w) is monotone if

xu(0) ≤ yw(0) and u ≤ w =⇒ xu(t) ≤ yw(t) for all time

where ≤ is the component-wise partial order.

Kamke–Müller condition2

A dynamical system ẋ = f(x,w) is monotone iff

1
∂f
∂x (x,w) is Metzler (off-diag ≥ 0) for all x,w

2
∂f
∂w (x,w) ≥ 0n×m for all x,w

Monotone dynamical systems

The system ẋ = f (x,w), x 2 Rn, w 2 Rm is monotone1 if

x0 �Kx x00 implies that x(t) �Kx x0(t) for all time,

for any w(·) and w0(·) such that w(t) �Kw w0(t) for all t, where �K is some partial
order induced by cone K (Kx ⇢ Rn or Kw ⇢ Rm).

Test for monotonicity (standard order ):

∂ f
∂x

(x,w) is Metzler (� 0 off-diag. entries)

∂ f
∂w

(x,w) � 0

x0

x

f(1;x)

f(1;x0)

Ordered
Trajectories

State Space

1D. Angeli and E. Sontag, “Monotone Control Systems”, IEEE TAC, 2003
S. Coogan 6/31

<latexit sha1_base64="rc8jF2ObGquOB3caJEy0y/9A9GQ=">AAAB23icbZBLT8JAFIVv8YX4Ql26aSQmuCGtMeiS6MYlJvJIoCHT4QIj0+lkZkogDSt3xoUbF/pr/Bv+G1vsBvCsTu53bnLP9SVn2jjOj5Xb2Nza3snvFvb2Dw6PiscnTR1GimKDhjxUbZ9o5ExgwzDDsS0VksDn2PLH9ylvTVBpFoonM5PoBWQo2IBRYpJRc9qLys5lr1hyKs5C9rpxM1OCTPVe8bvbD2kUoDCUE607riONFxNlGOU4L3QjjZLQMRlipz9hUgsSoPbi6eLgJR6TQOtZ4M/ti4CYkV5l6fA/1onM4NaLmZCRQUGTSMIGEbdNaKdF7T5TSA2fJYZQxZLLbDoiilCTvKOQVHZXC66b5lXFrVaqj9el2l1WPg9ncA5lcOEGavAAdWgAhWd4h0/4sjzrxXq13v6iOSvbOYUlWR+/U2eIAA==</latexit>
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xw(1)

<latexit sha1_base64="BqCpdxdJ2hNntKHpE9kSXVMx9Io=">AAAB23icbZA7TwJBFIXv4AvxhVrabCQm2JBdY9CSaGOJiTwS2JDZ4QIjs4/MzBLIhsrOWNhY6K/xb/hvnMVtAE91cr9zk3uuFwmutG3/kNzG5tb2Tn63sLd/cHhUPD5pqjCWDBssFKFse1Sh4AE2NNcC25FE6nsCW974PuWtCUrFw+BJzyJ0fToM+IAzqs2oOe3FZeeyVyzZFXsha904mSlBpnqv+N3thyz2MdBMUKU6jh1pN6FScyZwXujGCiPKxnSInf6ERyqgPio3mS4OXuIJ9ZWa+d7cuvCpHqlVlg7/Y51YD27dhAdRrDFgJmLYIBaWDq20qNXnEpkWM2Mok9xcZrERlZRp846CqeysFlw3zauKU61UH69LtbusfB7O4BzK4MAN1OAB6tAABs/wDp/wRVzyQl7J2180R7KdU1gS+fgFVNqIAQ==</latexit>

xu(1)
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xu(1)

2D. Angeli and E. Sontag, Monotone control systems, 2003
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Monotone Dynamical Systems
Generalization to partial orders

Definition: Monotone systems

A dynamical system ẋ = f(x,w) is monotone if

xu(0) �K yw(0) and u �C w =⇒ xu(t) �K yw(t) for all time

where �K (�C) is the partial order with induced by the cone K (C).

Proper pointed cone

A proper pointed cone K ⊆ Rn satisfies

1 c ·K ⊆ K for every c ≥ 0

2 K is closed and convex

3 K is pointed (K ∩ (−K) = ∅)
4 K is proper int(K) 6= ∅

x �K y if and only if y − x ∈ K
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Monotone Dynamical Systems
Generalization to partial orders

Definition: Monotone systems

A dynamical system ẋ = f(x,w) is monotone if

xu(0) �K yw(0) and u �C w =⇒ xu(t) �K yw(t) for all time

where �K (�C) is the partial order with induced by the cone K (C).

A polyhedral cone has the form

K = {y ∈ Rn | HKy ≥ 0p}︸ ︷︷ ︸
halfspace rep

= {VKy | y ≥ 0p}︸ ︷︷ ︸
vertex rep

Kamke–Müller condition3

1 HK(∂f∂x (x,w) + α(x,w)In)VK ≥ 0p for some α(x,w)

2 HK
∂f
∂w (x,w)VC ≥ 0q

cSJ and S. Coogan, Monotonicity and Contraction on Polyhedral Cones, 2024.
S. Jafarpour (CU Boulder) Mixed Monotone Reachability March 20, 2025 13 / 46



Reachability of Monotone Systems
Hyper-rectangular over-approximations

Theorem (classical)4

For a monotone system with W = [w,w]

Rf (t, [x0, x0], [w,w]) ⊆ [xw(t), xw(t)]

where xw(·) (resp. xw(·)) is the trajectory with disturbance w(·) (resp.
w(·)) starting at x0 (resp. x0)

4MW Hirsch, H Smith. Monotone dynamical systems, 2006 [Book]
S. Jafarpour (CU Boulder) Mixed Monotone Reachability March 20, 2025 14 / 46



Reachability of Monotone Systems
Hyper-rectangular over-approximations

Theorem (classical)4

For a monotone system with W = [w,w]

Rf (t, [x0, x0], [w,w]) ⊆ [xw(t), xw(t)]

where xw(·) (resp. xw(·)) is the trajectory with disturbance w(·) (resp.
w(·)) starting at x0 (resp. x0)

Example:

d

dt

[
x1

x2

]
=

[
x3

2 − x1 + w
x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability estimates for monotone systems

Reachability Analysis for Monotone Systems. For a monotone system,

Reachable set ✓ [lower trajectory,upper trajectory].

Reachability estimates from monotonicity are tight.

S. Coogan 7/31

Monotone System:
"

ẋ1

ẋ2

#
=

"
x3

2 � x1 +w
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

w 2 [w,w] = [2.2,2.3]

T = 1
�1 0 1 2 3 4

�1

0

1

2

x

x

with w

with wOverapproximation

x1
x 2

4MW Hirsch, H Smith. Monotone dynamical systems, 2006 [Book]
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Reachability of Monotone Systems
Hyper-rectangular over-approximations

Theorem (classical)4

For a monotone system with W = [w,w]

Rf (t, [x0, x0], [w,w]) ⊆ [xw(t), xw(t)]

where xw(·) (resp. xw(·)) is the trajectory with disturbance w(·) (resp.
w(·)) starting at x0 (resp. x0)

Proof: xw(0) = x0 ≤ x(0) ≤ x0 = xw(0). By monotonicity of the system

xw(t) ≤ x(t) ≤ xw(t), for all t ≥ 0

=⇒ Rf (t, [x0, x0], [w,w]) ⊆ [xw(t), xw(t)]

4MW Hirsch, H Smith. Monotone dynamical systems, 2006 [Book]
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Reachability of Monotone Systems
Hyper-rectangular over-approximations

Theorem (classical)4

For a monotone system with W = [w,w]

Rf (t, [x0, x0], [w,w]) ⊆ [xw(t), xw(t)]

where xw(·) (resp. xw(·)) is the trajectory with disturbance w(·) (resp.
w(·)) starting at x0 (resp. x0)

does not hold for non-monotone systems

Example:

d

dt

[
x1

x2

]
=

[
x3

2 − x2 + w
x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability for nonmonotone systems

I Generally, cannot bound the reachable set between two extreme trajectories for
nonmonotone systems

S. Coogan 10/31

Nonmonotone System:
"

ẋ1

ẋ2

#
=

"
x2

2 +2
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

T = 1
�1 0 1 2 3 4 5

�1

0

1

2

3

x

x

Not Overapproximation

x1
x 2

4MW Hirsch, H Smith. Monotone dynamical systems, 2006 [Book]
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Mixed Monotone Theory
Embedding into higher dimensional systems

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t. for
every x ∈ [x, x] and w ∈ [w,w]

1 f(x,w) = d(x, x, w,w)

2 f(x,w) = d(x, x, w,w)

3 d(x, x, w,w) ≤ f(x,w)

4 f(x,w) ≤ d(x, x, w,w)
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Mixed Monotone Theory
Embedding into higher dimensional systems

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t. for
every x ∈ [x, x] and w ∈ [w,w]

1 f(x,w) = d(x, x, w,w)

2 f(x,w) = d(x, x, w,w)

3 d(x, x, w,w) ≤ f(x,w)

4 f(x,w) ≤ d(x, x, w,w)
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Mixed Monotone Theory
Embedding into higher dimensional systems

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t. for
every x ∈ [x, x] and w ∈ [w,w]

1 f(x,w) = d(x, x, w,w)

2 f(x,w) = d(x, x, w,w)

3 d(x, x, w,w) ≤ f(x,w)

4 f(x,w) ≤ d(x, x, w,w)

J-L. Gouze and L. P. Hadeler. Monotone flows and order intervals. Nonlinear World, 1994

G. Enciso, H. Smith, and E. Sontag. Nonmonotone systems decomposable into monotone
systems with negative feedback . Journal of Differential Equations, 2006.

H. Smith. Global stability for mixed monotone systems. Journal of Difference Equations
and Applications, 2008
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Mixed Monotone Theory
Embedding into higher dimensional systems

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t. for
every x ∈ [x, x] and w ∈ [w,w]

1 f(x,w) = d(x, x, w,w)

2 f(x,w) = d(x, x, w,w)

3 d(x, x, w,w) ≤ f(x,w)

4 f(x,w) ≤ d(x, x, w,w)

Computing decomposition function

close connection with inclusion function in Numerical Analysis5

mean-value inequality and interval arithmetic6

eL. Jaulin, et al. Applied Interval Analysis, 2001 [Book]
fA. Harapanahalli, SJ, S. Coogan, A toolbox for fast interval arithmetic in numpy, 2023
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Mixed Monotone Theory
Embedding into higher dimensional systems

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t. for
every x ∈ [x, x] and w ∈ [w,w]

1 f(x,w) = d(x, x, w,w)

2 f(x,w) = d(x, x, w,w)

3 d(x, x, w,w) ≤ f(x,w)

4 f(x,w) ≤ d(x, x, w,w)

In this talk: we use mixed monotone theory for reachability analysis
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Mixed Monotone Reachability
Embedding Systems

Theorem7

Assume W = [w,w] and X0 = [x0, x0] and

ẋ = d(x, x, w,w), x(0) = x0

ẋ = d(x, x, w,w), x(0) = x0

Then Rf (t,X0,W) ⊆ [x(t), x(t)]
<latexit sha1_base64="bqEDg/G6ubld0mAMeCEr+/MfUtA=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRbBVUnE17LoxmUF+4A2hMnkth06mYR5iDX0S9y4UMStn+LOv3HSZqGtBwYO59zDvXPClFGpXPfbKq2srq1vlDcrW9s7u1V7b78tEy0ItEjCEtENsQRGObQUVQy6qQAchww64fgm9zsPICRN+L2apODHeMjpgBKsjBTY1b7mEYg8nj1OAzewa27dncFZJl5BaqhAM7C/+lFCdAxcEYal7HluqvwMC0UJg2mlryWkmIzxEHqGchyD9LPZ4VPn2CiRM0iEeVw5M/V3IsOxlJM4NJMxViO56OXif15Pq8GVn1GeagWczBcNNHNU4uQtOBEVQBSbGIKJoOZWh4ywwESZriqmBG/xy8ukfVr3Lurnd2e1xnVRRxkdoiN0gjx0iRroFjVRCxGk0TN6RW/Wk/VivVsf89GSVWQO0B9Ynz8nDpNs</latexit>x0
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x0

<latexit sha1_base64="PJryx7FLuUDl+j8tb4+14oGAWG4=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSGVpUoQr7GChbFI9CE1UeU4TmvViSPbQVRRFhZ+hYUBhFj5Bzb+BifNAC1HsnR07rkPHy9mVCrL+jYWFpeWV1Yra9X1jc2tbXNntyN5IjBpY8646HlIEkYj0lZUMdKLBUGhx0jXG1/n9e49EZLy6E5NYuKGaBjRgGKktDQwD1KnGJIK4mcO19Z8UvqQ1dVxNjBrVsMqAOeJXZIaKNEamF+Oz3ESkkhhhqTs21as3BQJRTEjWdVJJIkRHqMh6WsaoZBINy0OyOCRVnwYcKFfpGCh/u5IUSjlJPS0M0RqJGdrufhfrZ+o4NJNaRQnikR4uihIGFQc5pFAnwqCFZtogrCg+laIR0ggrHRwVR2CPfvledI5adjnjbPb01rzqoyjAvbBIagDG1yAJrgBLdAGGDyCZ/AK3own48V4Nz6m1gWj7NkDf2B8/gDMZplo</latexit>

x(t)

<latexit sha1_base64="wTkf+lq+nid59xmG6GkbFLzVl5o=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBHqpiTia1l047KCfUBbymRy0w6dTMLMRCwhKzf+ihsXirj1G9z5N07aLLT1wMDhnPua40acKW3b39bC4tLyymphrbi+sbm1XdrZbaowlhQaNOShbLtEAWcCGpppDu1IAglcDi13dJ35rXuQioXiTo8j6AVkIJjPKNFG6pcOku5kSCLBS7ux8EBmo5KHtKKP036pbFftCfA8cXJSRjnq/dJX1wtpHIDQlBOlOo4d6V5CpGaUQ1rsxgoiQkdkAB1DBQlA9ZLJBSk+MoqH/VCaJzSeqL87EhIoNQ5cUxkQPVSzXib+53Vi7V/2EiaiWIOg00V+zLEOcZYJ9pgEqvnYEEIlM7diOiSSUG2SK5oQnNkvz5PmSdU5r57dnpZrV3kcBbSPDlEFOegC1dANqqMGougRPaNX9GY9WS/Wu/UxLV2w8p499AfW5w+RnpnU</latexit>

x(t)

<latexit sha1_base64="kAD23NsedfTDguS4u/9X4khHabc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUfCyLblxWsQ9oh5JJ77ShmcyYZAql9DvcuFDErR/jzr8xbWehrQcCh3PO5d6cIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cxvjlBpHstHM07Qj2hf8pAzaqzkPyBlA2rDRKPpFktu2Z2DrBIvIyXIUOsWvzq9mKURSsME1brtuYnxJ1QZzgROC51UY0LZkPaxbamkEWp/Mj96Ss6s0iNhrOyThszV3xMTGmk9jgKbjKgZ6GVvJv7ntVMTXvsTLpPUoGSLRWEqiInJrAHS4wqZEWNLKFPc3kpsB4oyY3sq2BK85S+vkkal7F2WL+4rpepNVkceTuAUzsGDK6jCHdSgDgye4Ble4c0ZOS/Ou/OxiOacbOYY/sD5/AFzwpHn</latexit>

Reachable set

a single trajectory of embedding system provides lower bound (x) and
upper bound (x) for the trajectories of the original system.

(Computational efficient): solve for one trajectory of embedding system

(Scalable): embedding system is 2n-dimensional

7SJ, et al. Efficient interaction-aware interval analysis of neural network feedback loops, 2024.
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Mixed Monotone Reachability
Embedding Systems

Theorem7

Assume W = [w,w] and X0 = [x0, x0] and

ẋ = d(x, x, w,w), x(0) = x0

ẋ = d(x, x, w,w), x(0) = x0

Then Rf (t,X0,W) ⊆ [x(t), x(t)]
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x(t)

<latexit sha1_base64="wTkf+lq+nid59xmG6GkbFLzVl5o=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBHqpiTia1l047KCfUBbymRy0w6dTMLMRCwhKzf+ihsXirj1G9z5N07aLLT1wMDhnPua40acKW3b39bC4tLyymphrbi+sbm1XdrZbaowlhQaNOShbLtEAWcCGpppDu1IAglcDi13dJ35rXuQioXiTo8j6AVkIJjPKNFG6pcOku5kSCLBS7ux8EBmo5KHtKKP036pbFftCfA8cXJSRjnq/dJX1wtpHIDQlBOlOo4d6V5CpGaUQ1rsxgoiQkdkAB1DBQlA9ZLJBSk+MoqH/VCaJzSeqL87EhIoNQ5cUxkQPVSzXib+53Vi7V/2EiaiWIOg00V+zLEOcZYJ9pgEqvnYEEIlM7diOiSSUG2SK5oQnNkvz5PmSdU5r57dnpZrV3kcBbSPDlEFOegC1dANqqMGougRPaNX9GY9WS/Wu/UxLV2w8p499AfW5w+RnpnU</latexit>

x(t)

<latexit sha1_base64="kAD23NsedfTDguS4u/9X4khHabc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUfCyLblxWsQ9oh5JJ77ShmcyYZAql9DvcuFDErR/jzr8xbWehrQcCh3PO5d6cIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cxvjlBpHstHM07Qj2hf8pAzaqzkPyBlA2rDRKPpFktu2Z2DrBIvIyXIUOsWvzq9mKURSsME1brtuYnxJ1QZzgROC51UY0LZkPaxbamkEWp/Mj96Ss6s0iNhrOyThszV3xMTGmk9jgKbjKgZ6GVvJv7ntVMTXvsTLpPUoGSLRWEqiInJrAHS4wqZEWNLKFPc3kpsB4oyY3sq2BK85S+vkkal7F2WL+4rpepNVkceTuAUzsGDK6jCHdSgDgye4Ble4c0ZOS/Ou/OxiOacbOYY/sD5/AFzwpHn</latexit>

Reachable set

a single trajectory of embedding system provides lower bound (x) and
upper bound (x) for the trajectories of the original system.

(Computational efficient): solve for one trajectory of embedding system

(Scalable): embedding system is 2n-dimensional

7SJ, et al. Efficient interaction-aware interval analysis of neural network feedback loops, 2024.
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Mixed Monotone Reachability
Embedding Systems

Theorem7

Assume W = [w,w] and X0 = [x0, x0] and

ẋ = d(x, x, w,w), x(0) = x0

ẋ = d(x, x, w,w), x(0) = x0

Then Rf (t,X0,W) ⊆ [x(t), x(t)]
<latexit sha1_base64="bqEDg/G6ubld0mAMeCEr+/MfUtA=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRbBVUnE17LoxmUF+4A2hMnkth06mYR5iDX0S9y4UMStn+LOv3HSZqGtBwYO59zDvXPClFGpXPfbKq2srq1vlDcrW9s7u1V7b78tEy0ItEjCEtENsQRGObQUVQy6qQAchww64fgm9zsPICRN+L2apODHeMjpgBKsjBTY1b7mEYg8nj1OAzewa27dncFZJl5BaqhAM7C/+lFCdAxcEYal7HluqvwMC0UJg2mlryWkmIzxEHqGchyD9LPZ4VPn2CiRM0iEeVw5M/V3IsOxlJM4NJMxViO56OXif15Pq8GVn1GeagWczBcNNHNU4uQtOBEVQBSbGIKJoOZWh4ywwESZriqmBG/xy8ukfVr3Lurnd2e1xnVRRxkdoiN0gjx0iRroFjVRCxGk0TN6RW/Wk/VivVsf89GSVWQO0B9Ynz8nDpNs</latexit>x0

<latexit sha1_base64="2sDsUD8TBlXKiXTUTmIaY4liIVw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtWDJppg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO63U1haXlldK66XNja3tnfKu3tNLRNFaINILlU7wJpyJmjDMMNpO1YURwGnrWB0nfmtB6o0k+LOjGPqR3ggWMgINla670prZtn0adJze+WKW3WnQIvEy0kFctR75a9uX5IkosIQjrXueG5s/BQrwwink1I30TTGZIQHtGOpwBHVfjq9eoKOrNJHoVT2CYOm6u9EiiOtx1FgJyNshnrey8T/vE5iwks/ZSJODBVktihMODISZRWgPlOUGD62BBPF7K2IDLHCxNiiSrYEb/7Li6R5UvXOq2e3p5XaVV5HEQ7gEI7BgwuowQ3UoQEEFDzDK7w5j86L8+58zEYLTp7Zhz9wPn8A8DqSzw==</latexit>

x0

<latexit sha1_base64="PJryx7FLuUDl+j8tb4+14oGAWG4=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSGVpUoQr7GChbFI9CE1UeU4TmvViSPbQVRRFhZ+hYUBhFj5Bzb+BifNAC1HsnR07rkPHy9mVCrL+jYWFpeWV1Yra9X1jc2tbXNntyN5IjBpY8646HlIEkYj0lZUMdKLBUGhx0jXG1/n9e49EZLy6E5NYuKGaBjRgGKktDQwD1KnGJIK4mcO19Z8UvqQ1dVxNjBrVsMqAOeJXZIaKNEamF+Oz3ESkkhhhqTs21as3BQJRTEjWdVJJIkRHqMh6WsaoZBINy0OyOCRVnwYcKFfpGCh/u5IUSjlJPS0M0RqJGdrufhfrZ+o4NJNaRQnikR4uihIGFQc5pFAnwqCFZtogrCg+laIR0ggrHRwVR2CPfvledI5adjnjbPb01rzqoyjAvbBIagDG1yAJrgBLdAGGDyCZ/AK3own48V4Nz6m1gWj7NkDf2B8/gDMZplo</latexit>

x(t)

<latexit sha1_base64="wTkf+lq+nid59xmG6GkbFLzVl5o=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBHqpiTia1l047KCfUBbymRy0w6dTMLMRCwhKzf+ihsXirj1G9z5N07aLLT1wMDhnPua40acKW3b39bC4tLyymphrbi+sbm1XdrZbaowlhQaNOShbLtEAWcCGpppDu1IAglcDi13dJ35rXuQioXiTo8j6AVkIJjPKNFG6pcOku5kSCLBS7ux8EBmo5KHtKKP036pbFftCfA8cXJSRjnq/dJX1wtpHIDQlBOlOo4d6V5CpGaUQ1rsxgoiQkdkAB1DBQlA9ZLJBSk+MoqH/VCaJzSeqL87EhIoNQ5cUxkQPVSzXib+53Vi7V/2EiaiWIOg00V+zLEOcZYJ9pgEqvnYEEIlM7diOiSSUG2SK5oQnNkvz5PmSdU5r57dnpZrV3kcBbSPDlEFOegC1dANqqMGougRPaNX9GY9WS/Wu/UxLV2w8p499AfW5w+RnpnU</latexit>

x(t)

<latexit sha1_base64="kAD23NsedfTDguS4u/9X4khHabc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUfCyLblxWsQ9oh5JJ77ShmcyYZAql9DvcuFDErR/jzr8xbWehrQcCh3PO5d6cIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cxvjlBpHstHM07Qj2hf8pAzaqzkPyBlA2rDRKPpFktu2Z2DrBIvIyXIUOsWvzq9mKURSsME1brtuYnxJ1QZzgROC51UY0LZkPaxbamkEWp/Mj96Ss6s0iNhrOyThszV3xMTGmk9jgKbjKgZ6GVvJv7ntVMTXvsTLpPUoGSLRWEqiInJrAHS4wqZEWNLKFPc3kpsB4oyY3sq2BK85S+vkkal7F2WL+4rpepNVkceTuAUzsGDK6jCHdSgDgye4Ble4c0ZOS/Ou/OxiOacbOYY/sD5/AFzwpHn</latexit>

Reachable set

a single trajectory of embedding system provides lower bound (x) and
upper bound (x) for the trajectories of the original system.

(Computational efficient): solve for one trajectory of embedding system

(Scalable): embedding system is 2n-dimensional
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Mixed Monotone Reachability
Sketch of Proof

The tight decomposition function is given by

F i(x, x, w,w) = min
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u),

F i(x, x, w,w) = max
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u)

<latexit sha1_base64="js0nlDYNNWcEpLuzHtXuuj0PzOw=">AAACDXicbVBLSwMxGMzWV62vVY9eglWoIGVXinoRil48VrAP6C5LNs22odkHSVbaLvsHvPhXvHhQxKt3b/4bs+0etHUgMMzMl+QbN2JUSMP41gpLyyura8X10sbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eJP57QfCBQ2DezmOiO2jfkA9ipFUkqMfWT4aOcnEofAKWqGKZjclo9ShKfQcWpmcxieOXjaqxhRwkZg5KYMcDUf/snohjn0SSMyQEF3TiKSdIC4pZiQtWbEgEcJD1CddRQPkE2En021SeKyUHvRCrk4g4VT9PZEgX4ix76qkj+RAzHuZ+J/XjaV3aSc0iGJJAjx7yIsZlCHMqoE9ygmWbKwIwpyqv0I8QBxhqQosqRLM+ZUXSeusap5Xa3e1cv06r6MIDsAhqAATXIA6uAUN0AQYPIJn8AretCftRXvXPmbRgpbP7IM/0D5/AATum4Y=</latexit>

max
zi=xi

fi(z, u)
<latexit sha1_base64="Z4XiJeN8skUyIVLmSmR4BXXgPsA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqBuh6MZlBfuAJoTJdNIOnUzCzERsQ7/Ajb/ixoUibl2782+ctFlo64ELh3Punbn3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w+vMb98TIWnE79QoJm6I+pwGFCOlJc8sOyHlXjr2KLyETsJ7RGRPpQ8Tj05g4NHK+CQ59sySVbWmgIvEzkkJ5Gh45pfTi3ASEq4wQ1J2bStWboqEopiRSdFJJIkRHqI+6WrKUUikm07PmcCyVnowiIQuruBU/T2RolDKUejrzhCpgZz3MvE/r5uo4MJNKY8TRTiefRQkDKoIZtnAHhUEKzbSBGFB9a4QD5BAWOkEizoEe/7kRdI6rdpn1dptrVS/yuMogENwBCrABuegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65KRzxyAPzA+fwDJB5vw</latexit>

min
zi=xi

fi(z, u)

<latexit sha1_base64="P5vfElbFddzyLeQWERJDsDNtVbc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6jSTIo7M4mpH+GhYCEj2FjpvietmWXTp2mf9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR29RSdWGWAQqnsEwbN1N+JFEdaT6LATkbYjPSil4n/ed3EhJd+ykScGCrIfFGYcGQkyipAA6YoMXxiCSaK2VsRGWGFibFFlWwJ3uKXl0nrrOqdV2u3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ88cwh84nz9GW5MH</latexit>

xi
<latexit sha1_base64="bVTWRzK/uJIIfpV73W6S+ReSQxo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JIUZdFNy4r2Ae0IUwm03boZBLmIdbQL3HjQhG3foo7/8ZJm4W2Hhg4nHMP984JU0alct1vq7S2vrG5Vd6u7Ozu7Vftg8OOTLTApI0TloheiCRhlJO2ooqRXioIikNGuuHkJve7D0RImvB7NU2JH6MRp0OKkTJSYFcHmkdE5PHscRbQwK65dXcOZ5V4BalBgVZgfw2iBOuYcIUZkrLvuanyMyQUxYzMKgMtSYrwBI1I31COYiL9bH74zDk1SuQME2EeV85c/Z3IUCzlNA7NZIzUWC57ufif19dqeOVnlKdaEY4Xi4aaOSpx8haciAqCFZsagrCg5lYHj5FAWJmuKqYEb/nLq6RzXvcu6o27Rq15XdRRhmM4gTPw4BKacAstaAMGDc/wCm/Wk/VivVsfi9GSVWSO4A+szx99IJOk</latexit>xi

The embedding system from tight decomposition is a monotone system on
R2n with respect to the southeast partial order ≤SE:

[
x
x̂

]
≤SE

[
y
ŷ

]
⇐⇒ x ≤ y and ŷ ≤ x̂

In terms of cones, ≤SE is induced by the cone Rn≥0 ×−Rn≥0.

By monotone reachability theorem:

[
x(t)
x(t)

]
≤SE

[
x(t)
x(t)

]
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Mixed Monotone Reachability
Sketch of Proof

The tight decomposition function is given by

F i(x, x, w,w) = min
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u),

F i(x, x, w,w) = max
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u)

<latexit sha1_base64="js0nlDYNNWcEpLuzHtXuuj0PzOw=">AAACDXicbVBLSwMxGMzWV62vVY9eglWoIGVXinoRil48VrAP6C5LNs22odkHSVbaLvsHvPhXvHhQxKt3b/4bs+0etHUgMMzMl+QbN2JUSMP41gpLyyura8X10sbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eJP57QfCBQ2DezmOiO2jfkA9ipFUkqMfWT4aOcnEofAKWqGKZjclo9ShKfQcWpmcxieOXjaqxhRwkZg5KYMcDUf/snohjn0SSMyQEF3TiKSdIC4pZiQtWbEgEcJD1CddRQPkE2En021SeKyUHvRCrk4g4VT9PZEgX4ix76qkj+RAzHuZ+J/XjaV3aSc0iGJJAjx7yIsZlCHMqoE9ygmWbKwIwpyqv0I8QBxhqQosqRLM+ZUXSeusap5Xa3e1cv06r6MIDsAhqAATXIA6uAUN0AQYPIJn8AretCftRXvXPmbRgpbP7IM/0D5/AATum4Y=</latexit>

max
zi=xi

fi(z, u)
<latexit sha1_base64="Z4XiJeN8skUyIVLmSmR4BXXgPsA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqBuh6MZlBfuAJoTJdNIOnUzCzERsQ7/Ajb/ixoUibl2782+ctFlo64ELh3Punbn3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w+vMb98TIWnE79QoJm6I+pwGFCOlJc8sOyHlXjr2KLyETsJ7RGRPpQ8Tj05g4NHK+CQ59sySVbWmgIvEzkkJ5Gh45pfTi3ASEq4wQ1J2bStWboqEopiRSdFJJIkRHqI+6WrKUUikm07PmcCyVnowiIQuruBU/T2RolDKUejrzhCpgZz3MvE/r5uo4MJNKY8TRTiefRQkDKoIZtnAHhUEKzbSBGFB9a4QD5BAWOkEizoEe/7kRdI6rdpn1dptrVS/yuMogENwBCrABuegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65KRzxyAPzA+fwDJB5vw</latexit>

min
zi=xi

fi(z, u)

<latexit sha1_base64="P5vfElbFddzyLeQWERJDsDNtVbc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6jSTIo7M4mpH+GhYCEj2FjpvietmWXTp2mf9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR29RSdWGWAQqnsEwbN1N+JFEdaT6LATkbYjPSil4n/ed3EhJd+ykScGCrIfFGYcGQkyipAA6YoMXxiCSaK2VsRGWGFibFFlWwJ3uKXl0nrrOqdV2u3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ88cwh84nz9GW5MH</latexit>

xi
<latexit sha1_base64="bVTWRzK/uJIIfpV73W6S+ReSQxo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JIUZdFNy4r2Ae0IUwm03boZBLmIdbQL3HjQhG3foo7/8ZJm4W2Hhg4nHMP984JU0alct1vq7S2vrG5Vd6u7Ozu7Vftg8OOTLTApI0TloheiCRhlJO2ooqRXioIikNGuuHkJve7D0RImvB7NU2JH6MRp0OKkTJSYFcHmkdE5PHscRbQwK65dXcOZ5V4BalBgVZgfw2iBOuYcIUZkrLvuanyMyQUxYzMKgMtSYrwBI1I31COYiL9bH74zDk1SuQME2EeV85c/Z3IUCzlNA7NZIzUWC57ufif19dqeOVnlKdaEY4Xi4aaOSpx8haciAqCFZsagrCg5lYHj5FAWJmuKqYEb/nLq6RzXvcu6o27Rq15XdRRhmM4gTPw4BKacAstaAMGDc/wCm/Wk/VivVsfi9GSVWSO4A+szx99IJOk</latexit>xi

The embedding system from tight decomposition is a monotone system on
R2n with respect to the southeast partial order ≤SE:

[
x
x̂

]
≤SE

[
y
ŷ

]
⇐⇒ x ≤ y and ŷ ≤ x̂

In terms of cones, ≤SE is induced by the cone Rn≥0 ×−Rn≥0.

By monotone reachability theorem:

[
x(t)
x(t)

]
≤SE

[
x(t)
x(t)

]

S. Jafarpour (CU Boulder) Mixed Monotone Reachability March 20, 2025 17 / 46



Mixed Monotone Reachability
Sketch of Proof

The tight decomposition function is given by

F i(x, x, w,w) = min
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u),

F i(x, x, w,w) = max
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u)

<latexit sha1_base64="js0nlDYNNWcEpLuzHtXuuj0PzOw=">AAACDXicbVBLSwMxGMzWV62vVY9eglWoIGVXinoRil48VrAP6C5LNs22odkHSVbaLvsHvPhXvHhQxKt3b/4bs+0etHUgMMzMl+QbN2JUSMP41gpLyyura8X10sbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eJP57QfCBQ2DezmOiO2jfkA9ipFUkqMfWT4aOcnEofAKWqGKZjclo9ShKfQcWpmcxieOXjaqxhRwkZg5KYMcDUf/snohjn0SSMyQEF3TiKSdIC4pZiQtWbEgEcJD1CddRQPkE2En021SeKyUHvRCrk4g4VT9PZEgX4ix76qkj+RAzHuZ+J/XjaV3aSc0iGJJAjx7yIsZlCHMqoE9ygmWbKwIwpyqv0I8QBxhqQosqRLM+ZUXSeusap5Xa3e1cv06r6MIDsAhqAATXIA6uAUN0AQYPIJn8AretCftRXvXPmbRgpbP7IM/0D5/AATum4Y=</latexit>

max
zi=xi

fi(z, u)
<latexit sha1_base64="Z4XiJeN8skUyIVLmSmR4BXXgPsA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqBuh6MZlBfuAJoTJdNIOnUzCzERsQ7/Ajb/ixoUibl2782+ctFlo64ELh3Punbn3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w+vMb98TIWnE79QoJm6I+pwGFCOlJc8sOyHlXjr2KLyETsJ7RGRPpQ8Tj05g4NHK+CQ59sySVbWmgIvEzkkJ5Gh45pfTi3ASEq4wQ1J2bStWboqEopiRSdFJJIkRHqI+6WrKUUikm07PmcCyVnowiIQuruBU/T2RolDKUejrzhCpgZz3MvE/r5uo4MJNKY8TRTiefRQkDKoIZtnAHhUEKzbSBGFB9a4QD5BAWOkEizoEe/7kRdI6rdpn1dptrVS/yuMogENwBCrABuegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65KRzxyAPzA+fwDJB5vw</latexit>

min
zi=xi

fi(z, u)

<latexit sha1_base64="P5vfElbFddzyLeQWERJDsDNtVbc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6jSTIo7M4mpH+GhYCEj2FjpvietmWXTp2mf9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR29RSdWGWAQqnsEwbN1N+JFEdaT6LATkbYjPSil4n/ed3EhJd+ykScGCrIfFGYcGQkyipAA6YoMXxiCSaK2VsRGWGFibFFlWwJ3uKXl0nrrOqdV2u3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ88cwh84nz9GW5MH</latexit>

xi
<latexit sha1_base64="bVTWRzK/uJIIfpV73W6S+ReSQxo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JIUZdFNy4r2Ae0IUwm03boZBLmIdbQL3HjQhG3foo7/8ZJm4W2Hhg4nHMP984JU0alct1vq7S2vrG5Vd6u7Ozu7Vftg8OOTLTApI0TloheiCRhlJO2ooqRXioIikNGuuHkJve7D0RImvB7NU2JH6MRp0OKkTJSYFcHmkdE5PHscRbQwK65dXcOZ5V4BalBgVZgfw2iBOuYcIUZkrLvuanyMyQUxYzMKgMtSYrwBI1I31COYiL9bH74zDk1SuQME2EeV85c/Z3IUCzlNA7NZIzUWC57ufif19dqeOVnlKdaEY4Xi4aaOSpx8haciAqCFZsagrCg5lYHj5FAWJmuKqYEb/nLq6RzXvcu6o27Rq15XdRRhmM4gTPw4BKacAstaAMGDc/wCm/Wk/VivVsfi9GSVWSO4A+szx99IJOk</latexit>xi

The embedding system from tight decomposition is a monotone system on
R2n with respect to the southeast partial order ≤SE:

[
x
x̂

]
≤SE

[
y
ŷ

]
⇐⇒ x ≤ y and ŷ ≤ x̂

In terms of cones, ≤SE is induced by the cone Rn≥0 ×−Rn≥0.

By monotone reachability theorem:

[
x(t)
x(t)

]
≤SE

[
x(t)
x(t)

]
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Mixed Monotone Reachability
Sketch of Proof

For every other decomposition function d, d,

(tight decomposition) F (x, x, w,w) ≥ d(x, x, w,w)

(tight decomposition) F (x, x, w,w) ≤ d(x, x, w,w)

Compare two dynamical systems using classical monotone comparison results8

d

dt

[
x
x

]
=

[
F (x, x, w,w)

F (x, x, w,w)

]
,

d

dt

[
y

y

]
=

[
d(y, y, w,w)

d(y, y, w,w)

]

This leads to
[
x(t)
x(t)

]
≤SE

[
y(t)
y(t)

]
x(t) ∈ [x(t), x(t)] ⊆ [y(t), y(t)].

8A. N. Michel, et al. Stability of dynamical systems: Continuous, discontinuous, and discrete systems, 2008
S. Jafarpour (CU Boulder) Mixed Monotone Reachability March 20, 2025 18 / 46



Outline of this talk

Reachability Analysis

Mixed Monotonicity Reachability

Safety of Learning-enabled Systems

Future Research Directions
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Learning-enabled Systems
Challenges in safety assurance

Extremely fragile wrt input perturbations Adversarial Perturbations9

Small changes in the inputy
Large changes in the output

Safety of learning-based systems

Input perturbation set U and unsafe output domain S:

N(U) ∩ S = ∅.

<latexit sha1_base64="Dj96JhijXyqQ1LF4s6VoJbVKYLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP5JuNAg==</latexit>u
<latexit sha1_base64="gF9Knm+yq2kj78BOxvU0+6Wq9eQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyWRoi6LblxJBfuANpTJdNIOnUzizKRQQr/DjQtF3Pox7vwbJ2kW2npg4HDOvdwzx4s4U9q2v63C2vrG5lZxu7Szu7d/UD48aqswloS2SMhD2fWwopwJ2tJMc9qNJMWBx2nHm9ymfmdKpWKheNSziLoBHgnmM4K1kdx+gPVY+cn9vBqfD8oVu2ZnQKvEyUkFcjQH5a/+MCRxQIUmHCvVc+xIuwmWmhFO56V+rGiEyQSPaM9QgQOq3CQLPUdnRhkiP5TmCY0y9fdGggOlZoFnJrOQy14q/uf1Yu1fuwkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7Yuac1mrP9QrjZu8jiKcwClUwYEraMAdNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A4KvkfA=</latexit>

N(u)

large # of parameters with nonlinearity

computationally efficient methods to
over-approximate N(U).

<latexit sha1_base64="7fMjjspYJqj6rBTXZzwL1gflFcc="></latexit>x1
<latexit sha1_base64="y4stGcAZQHIdpxPt+YpUB//Xd4U="></latexit>x2

<latexit sha1_base64="GwZ/ezlbxyvcUgpaf7X/z7ta8p0="></latexit>x3
<latexit sha1_base64="I6AwzQh7ehdsQTKCZKiYjIX42cQ="></latexit>xk

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

<latexit sha1_base64="FjL9Fjx4RkjZslPvPXoPLXWZ67A=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KkkRdVkUxGUF+4A2lMnkph06mYSZiaWEght/xY0LRdz6E+78G6dtFtp6YJjDOfdy7z1+wpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2XLJwo4E1DXTHNoJRJI5HNo+oPrid98AKlYLO71KAEvIj3BQkaJNlLXPrwBCMJYDokMsIBUEm4+PYzloGuXnLIzBV4kbk5KKEeta391gpimEQhNOVGq7TqJ9jIiNaMcxsVOqiAhdEB60DZUkAiUl01vGOMTowTYbGKe0Hiq/u7ISKTUKPJNZUR0X817E/E/r53q8NLLmEhSDYLOBoUpxzrGk0BwwCRQzUeGECqZ2RXTPpGEahNb0YTgzp+8SBqVsntePrurlKpXeRwFdISO0Sly0QWqoltUQ3VE0SN6Rq/ozXqyXqx362NWumTlPQfoD6zPH0btl/A=</latexit>

Feedforward neural network
<latexit sha1_base64="8mgM7H40vvHRwcTbGDi0wsr049Q=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZIuqy6EZ3FewD2qFk0kwbmkmG5I5Shm78FTcuFHHrZ7jzb0zbWWjrgZDDOfdy7z1hIrgBz/t2lpZXVtfWCxvFza3tnV13b79hVKopq1MllG6FxDDBJasDB8FaiWYkDgVrhsPrid98YNpwJe9hlLAgJn3JI04JWKnrHt7GdgzlgCVLNRH2g0elh1235JW9KfAi8XNSQjlqXfer01M0jZkEKogxbd9LIMiIBk4FGxc7qWEJoUPSZ21LJYmZCbLpAWN8YpUejpS2TwKeqr87MhIbM4pDWxkTGJh5byL+57VTiC6DjMskBSbpbFCUCgwKT9LAPa4ZBTGyhFDN7a6YDogmFGxmRRuCP3/yImlUyv55+eyuUqpe5XEU0BE6RqfIRxeoim5QDdURRWP0jF7Rm/PkvDjvzsesdMnJew7QHzifP/F9lqQ=</latexit>

Implicit neural network

<latexit sha1_base64="69c6Nq7NSSvDBBBC3JiUYqmPuik=">AAAB1nicbZA7TwJBFIXv+ER8oZY2G4mJFdk1vkqijSUk8khgQ2aHC0yYnd3MzBI3G+yMhY2F/h//hv/GAbcBPNXJ/c5N7rlBLLg2rvtD1tY3Nre2CzvF3b39g8PS0XFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBeOHGW9NUGkeySeTxuiHdCj5gDNq7Kie9kplt+LO5awaLzdlyFXrlb67/YglIUrDBNW647mx8TOqDGcCp8VuojGmbEyH2OlPeKwlDVH72fP81gWe0VDrNAymznlIzUgvs9nwP9ZJzODOz7iME4OS2Yhlg0Q4JnJmHZ0+V8iMSK2hTHF7mcNGVFFm7CeKtrK3XHDVNC8r3k3lun5Vrt7n5QtwCmdwAR7cQhUeoQYNYIDwDp/wRdrkhbySt7/oGsl3TmBB5OMXqZ+GeQ==</latexit>y

<latexit sha1_base64="iHCxud80mGvKGGRV37YZ1v9i9kg=">AAAB+nicbZC7TgJBFIbP4g3xhlraTCQmVmTXoFASbSwxkUsCGzI7HGDC7CUzs0Sy8gC+hp2xsLHQztfwbRxwGy5/9eX8/2TOf7xIcKVt+9fKbGxube9kd3N7+weHR/njk4YKY8mwzkIRypZHFQoeYF1zLbAVSaS+J7Dpje5mfnOMUvEweNSTCF2fDgLe54xqM+rmC6VyhXQ091ERx7bXoknZRXsusgpOCgVIVevmfzq9kMU+BpoJqlTbsSPtJlRqzgROc51YYUTZiA6w3RvzSAXU/OQmT/M+C35CfaUmvjclFz7VQ7XszYbrvHas+xU34UEUawyYiRivHwuiQzK7A+lxiUyLiQHKJDebETakkjJtrpUzlZ3lgqvQuCo6N8Xrh1KhepuWz8IZnMMlOFCGKtxDDerA4AU+4Au+rWfr1Xqz3v+jGSt9cwoLsj7/AAoikeU=</latexit>

478 ⇥ 100 ⇥ 100 ⇥ 10

<latexit sha1_base64="luyDwZEDuKAuwZOaF4JYphPwTPE=">AAACJHicbZDNTsJAFIWn+If1r+rSzcTWxBVpSUTdEd24McFEkIRWMh2mMGHaTjpTIml4HV/AF/AB3BkXbFzoizjFugA8q5N7vpvcc33OqJC2PdVKK6tr6xvlTX1re2d3z9g/aIk4TTBp4pjFSdtHgjAakaakkpE2TwgKfUYe/OF1nj+MSCJoHN3LMSdeiPoRDShGUo26xq3lmhaMA8hRgkIiFQotV9AQXtpKluvqfwTCko5mawqWiowELFjHfsxq9sTqGqZdsWeCy8YpjAkKNbrGq9uLcRqSSGKGhOg4NpdehhJJMSMT3U0F4QgPUZ90eiPKRaSOFF72NGs+l2coFGIc+hN4EiI5EItZPvwv66QyuPAyGvFUkggrRGVByqCMYf4x2KMJwZKNlUE4oeoyiAfqWzh/lq4qO4sFl02rWnFqlbO7qlm/KsqXwRE4BqfAAeegDm5AAzQBBi9gCr7At/asvWnv2scvWtKKnUMwJ+3zB7AeoSg=</latexit>

# of parameters ⇠ 90000
# of activation patterns ⇠ 1060

11C. Szegedy, et al. Intriguing properties of neural networks, 2014
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Learning-enabled Systems
Challenges in safety assurance

Extremely fragile wrt input perturbations

Image credit: MIT CSAIL

22 / 50

Safety of learning-based systems

Input perturbation set U and unsafe output domain S:

N(U) ∩ S = ∅.

<latexit sha1_base64="Dj96JhijXyqQ1LF4s6VoJbVKYLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP5JuNAg==</latexit>u
<latexit sha1_base64="gF9Knm+yq2kj78BOxvU0+6Wq9eQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyWRoi6LblxJBfuANpTJdNIOnUzizKRQQr/DjQtF3Pox7vwbJ2kW2npg4HDOvdwzx4s4U9q2v63C2vrG5lZxu7Szu7d/UD48aqswloS2SMhD2fWwopwJ2tJMc9qNJMWBx2nHm9ymfmdKpWKheNSziLoBHgnmM4K1kdx+gPVY+cn9vBqfD8oVu2ZnQKvEyUkFcjQH5a/+MCRxQIUmHCvVc+xIuwmWmhFO56V+rGiEyQSPaM9QgQOq3CQLPUdnRhkiP5TmCY0y9fdGggOlZoFnJrOQy14q/uf1Yu1fuwkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7Yuac1mrP9QrjZu8jiKcwClUwYEraMAdNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A4KvkfA=</latexit>

N(u)

large # of parameters with nonlinearity

computationally efficient methods to
over-approximate N(U).

<latexit sha1_base64="7fMjjspYJqj6rBTXZzwL1gflFcc="></latexit>x1
<latexit sha1_base64="y4stGcAZQHIdpxPt+YpUB//Xd4U="></latexit>x2

<latexit sha1_base64="GwZ/ezlbxyvcUgpaf7X/z7ta8p0="></latexit>x3
<latexit sha1_base64="I6AwzQh7ehdsQTKCZKiYjIX42cQ="></latexit>xk

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

<latexit sha1_base64="FjL9Fjx4RkjZslPvPXoPLXWZ67A=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KkkRdVkUxGUF+4A2lMnkph06mYSZiaWEght/xY0LRdz6E+78G6dtFtp6YJjDOfdy7z1+wpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2XLJwo4E1DXTHNoJRJI5HNo+oPrid98AKlYLO71KAEvIj3BQkaJNlLXPrwBCMJYDokMsIBUEm4+PYzloGuXnLIzBV4kbk5KKEeta391gpimEQhNOVGq7TqJ9jIiNaMcxsVOqiAhdEB60DZUkAiUl01vGOMTowTYbGKe0Hiq/u7ISKTUKPJNZUR0X817E/E/r53q8NLLmEhSDYLOBoUpxzrGk0BwwCRQzUeGECqZ2RXTPpGEahNb0YTgzp+8SBqVsntePrurlKpXeRwFdISO0Sly0QWqoltUQ3VE0SN6Rq/ozXqyXqx362NWumTlPQfoD6zPH0btl/A=</latexit>

Feedforward neural network
<latexit sha1_base64="8mgM7H40vvHRwcTbGDi0wsr049Q=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZIuqy6EZ3FewD2qFk0kwbmkmG5I5Shm78FTcuFHHrZ7jzb0zbWWjrgZDDOfdy7z1hIrgBz/t2lpZXVtfWCxvFza3tnV13b79hVKopq1MllG6FxDDBJasDB8FaiWYkDgVrhsPrid98YNpwJe9hlLAgJn3JI04JWKnrHt7GdgzlgCVLNRH2g0elh1235JW9KfAi8XNSQjlqXfer01M0jZkEKogxbd9LIMiIBk4FGxc7qWEJoUPSZ21LJYmZCbLpAWN8YpUejpS2TwKeqr87MhIbM4pDWxkTGJh5byL+57VTiC6DjMskBSbpbFCUCgwKT9LAPa4ZBTGyhFDN7a6YDogmFGxmRRuCP3/yImlUyv55+eyuUqpe5XEU0BE6RqfIRxeoim5QDdURRWP0jF7Rm/PkvDjvzsesdMnJew7QHzifP/F9lqQ=</latexit>

Implicit neural network

<latexit sha1_base64="69c6Nq7NSSvDBBBC3JiUYqmPuik=">AAAB1nicbZA7TwJBFIXv+ER8oZY2G4mJFdk1vkqijSUk8khgQ2aHC0yYnd3MzBI3G+yMhY2F/h//hv/GAbcBPNXJ/c5N7rlBLLg2rvtD1tY3Nre2CzvF3b39g8PS0XFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBeOHGW9NUGkeySeTxuiHdCj5gDNq7Kie9kplt+LO5awaLzdlyFXrlb67/YglIUrDBNW647mx8TOqDGcCp8VuojGmbEyH2OlPeKwlDVH72fP81gWe0VDrNAymznlIzUgvs9nwP9ZJzODOz7iME4OS2Yhlg0Q4JnJmHZ0+V8iMSK2hTHF7mcNGVFFm7CeKtrK3XHDVNC8r3k3lun5Vrt7n5QtwCmdwAR7cQhUeoQYNYIDwDp/wRdrkhbySt7/oGsl3TmBB5OMXqZ+GeQ==</latexit>y

<latexit sha1_base64="iHCxud80mGvKGGRV37YZ1v9i9kg=">AAAB+nicbZC7TgJBFIbP4g3xhlraTCQmVmTXoFASbSwxkUsCGzI7HGDC7CUzs0Sy8gC+hp2xsLHQztfwbRxwGy5/9eX8/2TOf7xIcKVt+9fKbGxube9kd3N7+weHR/njk4YKY8mwzkIRypZHFQoeYF1zLbAVSaS+J7Dpje5mfnOMUvEweNSTCF2fDgLe54xqM+rmC6VyhXQ091ERx7bXoknZRXsusgpOCgVIVevmfzq9kMU+BpoJqlTbsSPtJlRqzgROc51YYUTZiA6w3RvzSAXU/OQmT/M+C35CfaUmvjclFz7VQ7XszYbrvHas+xU34UEUawyYiRivHwuiQzK7A+lxiUyLiQHKJDebETakkjJtrpUzlZ3lgqvQuCo6N8Xrh1KhepuWz8IZnMMlOFCGKtxDDerA4AU+4Au+rWfr1Xqz3v+jGSt9cwoLsj7/AAoikeU=</latexit>

478 ⇥ 100 ⇥ 100 ⇥ 10

<latexit sha1_base64="luyDwZEDuKAuwZOaF4JYphPwTPE=">AAACJHicbZDNTsJAFIWn+If1r+rSzcTWxBVpSUTdEd24McFEkIRWMh2mMGHaTjpTIml4HV/AF/AB3BkXbFzoizjFugA8q5N7vpvcc33OqJC2PdVKK6tr6xvlTX1re2d3z9g/aIk4TTBp4pjFSdtHgjAakaakkpE2TwgKfUYe/OF1nj+MSCJoHN3LMSdeiPoRDShGUo26xq3lmhaMA8hRgkIiFQotV9AQXtpKluvqfwTCko5mawqWiowELFjHfsxq9sTqGqZdsWeCy8YpjAkKNbrGq9uLcRqSSGKGhOg4NpdehhJJMSMT3U0F4QgPUZ90eiPKRaSOFF72NGs+l2coFGIc+hN4EiI5EItZPvwv66QyuPAyGvFUkggrRGVByqCMYf4x2KMJwZKNlUE4oeoyiAfqWzh/lq4qO4sFl02rWnFqlbO7qlm/KsqXwRE4BqfAAeegDm5AAzQBBi9gCr7At/asvWnv2scvWtKKnUMwJ+3zB7AeoSg=</latexit>

# of parameters ⇠ 90000
# of activation patterns ⇠ 1060

11C. Szegedy, et al. Intriguing properties of neural networks, 2014
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Learning-enabled Systems
Challenges in safety assurance

Extremely fragile wrt input perturbations

Image credit: MIT CSAIL

22 / 50

Safety of learning-based systems

Input perturbation set U and unsafe output domain S:

N(U) ∩ S = ∅.

<latexit sha1_base64="Dj96JhijXyqQ1LF4s6VoJbVKYLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP5JuNAg==</latexit>u
<latexit sha1_base64="gF9Knm+yq2kj78BOxvU0+6Wq9eQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyWRoi6LblxJBfuANpTJdNIOnUzizKRQQr/DjQtF3Pox7vwbJ2kW2npg4HDOvdwzx4s4U9q2v63C2vrG5lZxu7Szu7d/UD48aqswloS2SMhD2fWwopwJ2tJMc9qNJMWBx2nHm9ymfmdKpWKheNSziLoBHgnmM4K1kdx+gPVY+cn9vBqfD8oVu2ZnQKvEyUkFcjQH5a/+MCRxQIUmHCvVc+xIuwmWmhFO56V+rGiEyQSPaM9QgQOq3CQLPUdnRhkiP5TmCY0y9fdGggOlZoFnJrOQy14q/uf1Yu1fuwkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7Yuac1mrP9QrjZu8jiKcwClUwYEraMAdNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A4KvkfA=</latexit>
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large # of parameters with nonlinearity
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over-approximate N(U).

<latexit sha1_base64="7fMjjspYJqj6rBTXZzwL1gflFcc="></latexit>x1
<latexit sha1_base64="y4stGcAZQHIdpxPt+YpUB//Xd4U="></latexit>x2

<latexit sha1_base64="GwZ/ezlbxyvcUgpaf7X/z7ta8p0="></latexit>x3
<latexit sha1_base64="I6AwzQh7ehdsQTKCZKiYjIX42cQ="></latexit>xk

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

<latexit sha1_base64="FjL9Fjx4RkjZslPvPXoPLXWZ67A=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KkkRdVkUxGUF+4A2lMnkph06mYSZiaWEght/xY0LRdz6E+78G6dtFtp6YJjDOfdy7z1+wpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2XLJwo4E1DXTHNoJRJI5HNo+oPrid98AKlYLO71KAEvIj3BQkaJNlLXPrwBCMJYDokMsIBUEm4+PYzloGuXnLIzBV4kbk5KKEeta391gpimEQhNOVGq7TqJ9jIiNaMcxsVOqiAhdEB60DZUkAiUl01vGOMTowTYbGKe0Hiq/u7ISKTUKPJNZUR0X817E/E/r53q8NLLmEhSDYLOBoUpxzrGk0BwwCRQzUeGECqZ2RXTPpGEahNb0YTgzp+8SBqVsntePrurlKpXeRwFdISO0Sly0QWqoltUQ3VE0SN6Rq/ozXqyXqx362NWumTlPQfoD6zPH0btl/A=</latexit>

Feedforward neural network
<latexit sha1_base64="8mgM7H40vvHRwcTbGDi0wsr049Q=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZIuqy6EZ3FewD2qFk0kwbmkmG5I5Shm78FTcuFHHrZ7jzb0zbWWjrgZDDOfdy7z1hIrgBz/t2lpZXVtfWCxvFza3tnV13b79hVKopq1MllG6FxDDBJasDB8FaiWYkDgVrhsPrid98YNpwJe9hlLAgJn3JI04JWKnrHt7GdgzlgCVLNRH2g0elh1235JW9KfAi8XNSQjlqXfer01M0jZkEKogxbd9LIMiIBk4FGxc7qWEJoUPSZ21LJYmZCbLpAWN8YpUejpS2TwKeqr87MhIbM4pDWxkTGJh5byL+57VTiC6DjMskBSbpbFCUCgwKT9LAPa4ZBTGyhFDN7a6YDogmFGxmRRuCP3/yImlUyv55+eyuUqpe5XEU0BE6RqfIRxeoim5QDdURRWP0jF7Rm/PkvDjvzsesdMnJew7QHzifP/F9lqQ=</latexit>

Implicit neural network

<latexit sha1_base64="69c6Nq7NSSvDBBBC3JiUYqmPuik=">AAAB1nicbZA7TwJBFIXv+ER8oZY2G4mJFdk1vkqijSUk8khgQ2aHC0yYnd3MzBI3G+yMhY2F/h//hv/GAbcBPNXJ/c5N7rlBLLg2rvtD1tY3Nre2CzvF3b39g8PS0XFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBeOHGW9NUGkeySeTxuiHdCj5gDNq7Kie9kplt+LO5awaLzdlyFXrlb67/YglIUrDBNW647mx8TOqDGcCp8VuojGmbEyH2OlPeKwlDVH72fP81gWe0VDrNAymznlIzUgvs9nwP9ZJzODOz7iME4OS2Yhlg0Q4JnJmHZ0+V8iMSK2hTHF7mcNGVFFm7CeKtrK3XHDVNC8r3k3lun5Vrt7n5QtwCmdwAR7cQhUeoQYNYIDwDp/wRdrkhbySt7/oGsl3TmBB5OMXqZ+GeQ==</latexit>y

<latexit sha1_base64="iHCxud80mGvKGGRV37YZ1v9i9kg=">AAAB+nicbZC7TgJBFIbP4g3xhlraTCQmVmTXoFASbSwxkUsCGzI7HGDC7CUzs0Sy8gC+hp2xsLHQztfwbRxwGy5/9eX8/2TOf7xIcKVt+9fKbGxube9kd3N7+weHR/njk4YKY8mwzkIRypZHFQoeYF1zLbAVSaS+J7Dpje5mfnOMUvEweNSTCF2fDgLe54xqM+rmC6VyhXQ091ERx7bXoknZRXsusgpOCgVIVevmfzq9kMU+BpoJqlTbsSPtJlRqzgROc51YYUTZiA6w3RvzSAXU/OQmT/M+C35CfaUmvjclFz7VQ7XszYbrvHas+xU34UEUawyYiRivHwuiQzK7A+lxiUyLiQHKJDebETakkjJtrpUzlZ3lgqvQuCo6N8Xrh1KhepuWz8IZnMMlOFCGKtxDDerA4AU+4Au+rWfr1Xqz3v+jGSt9cwoLsj7/AAoikeU=</latexit>

478 ⇥ 100 ⇥ 100 ⇥ 10

<latexit sha1_base64="luyDwZEDuKAuwZOaF4JYphPwTPE=">AAACJHicbZDNTsJAFIWn+If1r+rSzcTWxBVpSUTdEd24McFEkIRWMh2mMGHaTjpTIml4HV/AF/AB3BkXbFzoizjFugA8q5N7vpvcc33OqJC2PdVKK6tr6xvlTX1re2d3z9g/aIk4TTBp4pjFSdtHgjAakaakkpE2TwgKfUYe/OF1nj+MSCJoHN3LMSdeiPoRDShGUo26xq3lmhaMA8hRgkIiFQotV9AQXtpKluvqfwTCko5mawqWiowELFjHfsxq9sTqGqZdsWeCy8YpjAkKNbrGq9uLcRqSSGKGhOg4NpdehhJJMSMT3U0F4QgPUZ90eiPKRaSOFF72NGs+l2coFGIc+hN4EiI5EItZPvwv66QyuPAyGvFUkggrRGVByqCMYf4x2KMJwZKNlUE4oeoyiAfqWzh/lq4qO4sFl02rWnFqlbO7qlm/KsqXwRE4BqfAAeegDm5AAzQBBi9gCr7At/asvWnv2scvWtKKnUMwJ+3zB7AeoSg=</latexit>

# of parameters ⇠ 90000
# of activation patterns ⇠ 1060

11C. Szegedy, et al. Intriguing properties of neural networks, 2014
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Learning-enabled Systems
Challenges in safety assurance

Extremely fragile wrt input perturbations

Image credit: MIT CSAIL

22 / 50

Safety of learning-based systems

Input perturbation set U and unsafe output domain S:

N(U) ∩ S = ∅.

<latexit sha1_base64="Dj96JhijXyqQ1LF4s6VoJbVKYLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP5JuNAg==</latexit>u
<latexit sha1_base64="gF9Knm+yq2kj78BOxvU0+6Wq9eQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyWRoi6LblxJBfuANpTJdNIOnUzizKRQQr/DjQtF3Pox7vwbJ2kW2npg4HDOvdwzx4s4U9q2v63C2vrG5lZxu7Szu7d/UD48aqswloS2SMhD2fWwopwJ2tJMc9qNJMWBx2nHm9ymfmdKpWKheNSziLoBHgnmM4K1kdx+gPVY+cn9vBqfD8oVu2ZnQKvEyUkFcjQH5a/+MCRxQIUmHCvVc+xIuwmWmhFO56V+rGiEyQSPaM9QgQOq3CQLPUdnRhkiP5TmCY0y9fdGggOlZoFnJrOQy14q/uf1Yu1fuwkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7Yuac1mrP9QrjZu8jiKcwClUwYEraMAdNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A4KvkfA=</latexit>

N(u)

large # of parameters with nonlinearity

computationally efficient methods to
over-approximate N(U).

<latexit sha1_base64="7fMjjspYJqj6rBTXZzwL1gflFcc="></latexit>x1
<latexit sha1_base64="y4stGcAZQHIdpxPt+YpUB//Xd4U="></latexit>x2

<latexit sha1_base64="GwZ/ezlbxyvcUgpaf7X/z7ta8p0="></latexit>x3
<latexit sha1_base64="I6AwzQh7ehdsQTKCZKiYjIX42cQ="></latexit>xk

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

<latexit sha1_base64="FjL9Fjx4RkjZslPvPXoPLXWZ67A=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KkkRdVkUxGUF+4A2lMnkph06mYSZiaWEght/xY0LRdz6E+78G6dtFtp6YJjDOfdy7z1+wpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxamkUKcxj2XLJwo4E1DXTHNoJRJI5HNo+oPrid98AKlYLO71KAEvIj3BQkaJNlLXPrwBCMJYDokMsIBUEm4+PYzloGuXnLIzBV4kbk5KKEeta391gpimEQhNOVGq7TqJ9jIiNaMcxsVOqiAhdEB60DZUkAiUl01vGOMTowTYbGKe0Hiq/u7ISKTUKPJNZUR0X817E/E/r53q8NLLmEhSDYLOBoUpxzrGk0BwwCRQzUeGECqZ2RXTPpGEahNb0YTgzp+8SBqVsntePrurlKpXeRwFdISO0Sly0QWqoltUQ3VE0SN6Rq/ozXqyXqx362NWumTlPQfoD6zPH0btl/A=</latexit>

Feedforward neural network
<latexit sha1_base64="8mgM7H40vvHRwcTbGDi0wsr049Q=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZIuqy6EZ3FewD2qFk0kwbmkmG5I5Shm78FTcuFHHrZ7jzb0zbWWjrgZDDOfdy7z1hIrgBz/t2lpZXVtfWCxvFza3tnV13b79hVKopq1MllG6FxDDBJasDB8FaiWYkDgVrhsPrid98YNpwJe9hlLAgJn3JI04JWKnrHt7GdgzlgCVLNRH2g0elh1235JW9KfAi8XNSQjlqXfer01M0jZkEKogxbd9LIMiIBk4FGxc7qWEJoUPSZ21LJYmZCbLpAWN8YpUejpS2TwKeqr87MhIbM4pDWxkTGJh5byL+57VTiC6DjMskBSbpbFCUCgwKT9LAPa4ZBTGyhFDN7a6YDogmFGxmRRuCP3/yImlUyv55+eyuUqpe5XEU0BE6RqfIRxeoim5QDdURRWP0jF7Rm/PkvDjvzsesdMnJew7QHzifP/F9lqQ=</latexit>

Implicit neural network

<latexit sha1_base64="69c6Nq7NSSvDBBBC3JiUYqmPuik=">AAAB1nicbZA7TwJBFIXv+ER8oZY2G4mJFdk1vkqijSUk8khgQ2aHC0yYnd3MzBI3G+yMhY2F/h//hv/GAbcBPNXJ/c5N7rlBLLg2rvtD1tY3Nre2CzvF3b39g8PS0XFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBeOHGW9NUGkeySeTxuiHdCj5gDNq7Kie9kplt+LO5awaLzdlyFXrlb67/YglIUrDBNW647mx8TOqDGcCp8VuojGmbEyH2OlPeKwlDVH72fP81gWe0VDrNAymznlIzUgvs9nwP9ZJzODOz7iME4OS2Yhlg0Q4JnJmHZ0+V8iMSK2hTHF7mcNGVFFm7CeKtrK3XHDVNC8r3k3lun5Vrt7n5QtwCmdwAR7cQhUeoQYNYIDwDp/wRdrkhbySt7/oGsl3TmBB5OMXqZ+GeQ==</latexit>y

<latexit sha1_base64="iHCxud80mGvKGGRV37YZ1v9i9kg=">AAAB+nicbZC7TgJBFIbP4g3xhlraTCQmVmTXoFASbSwxkUsCGzI7HGDC7CUzs0Sy8gC+hp2xsLHQztfwbRxwGy5/9eX8/2TOf7xIcKVt+9fKbGxube9kd3N7+weHR/njk4YKY8mwzkIRypZHFQoeYF1zLbAVSaS+J7Dpje5mfnOMUvEweNSTCF2fDgLe54xqM+rmC6VyhXQ091ERx7bXoknZRXsusgpOCgVIVevmfzq9kMU+BpoJqlTbsSPtJlRqzgROc51YYUTZiA6w3RvzSAXU/OQmT/M+C35CfaUmvjclFz7VQ7XszYbrvHas+xU34UEUawyYiRivHwuiQzK7A+lxiUyLiQHKJDebETakkjJtrpUzlZ3lgqvQuCo6N8Xrh1KhepuWz8IZnMMlOFCGKtxDDerA4AU+4Au+rWfr1Xqz3v+jGSt9cwoLsj7/AAoikeU=</latexit>
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<latexit sha1_base64="luyDwZEDuKAuwZOaF4JYphPwTPE=">AAACJHicbZDNTsJAFIWn+If1r+rSzcTWxBVpSUTdEd24McFEkIRWMh2mMGHaTjpTIml4HV/AF/AB3BkXbFzoizjFugA8q5N7vpvcc33OqJC2PdVKK6tr6xvlTX1re2d3z9g/aIk4TTBp4pjFSdtHgjAakaakkpE2TwgKfUYe/OF1nj+MSCJoHN3LMSdeiPoRDShGUo26xq3lmhaMA8hRgkIiFQotV9AQXtpKluvqfwTCko5mawqWiowELFjHfsxq9sTqGqZdsWeCy8YpjAkKNbrGq9uLcRqSSGKGhOg4NpdehhJJMSMT3U0F4QgPUZ90eiPKRaSOFF72NGs+l2coFGIc+hN4EiI5EItZPvwv66QyuPAyGvFUkggrRGVByqCMYf4x2KMJwZKNlUE4oeoyiAfqWzh/lq4qO4sFl02rWnFqlbO7qlm/KsqXwRE4BqfAAeegDm5AAzQBBi9gCr7At/asvWnv2scvWtKKnUMwJ+3zB7AeoSg=</latexit>
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Generalized Neural Networks
Definition via fixed-point equations

x1 x2 x3 xk

u y

x
u y

Feedforward neural network Implicit neural network

x1 x2 x3 xk

u y

x
u y

Feedforward neural network Implicit neural network

Feedforward neural networks:

xi+1 = Φ(Aix
i + bi), x0 = u

y = Akx
k + bk

Generalized neural networks:

x = Φ(Ax+Bu+ b)

y = Cx+ c

Φ(y1, . . . , yn) = (φ1(y1), . . . , φn(yn))> is a diagonal activation function

activation functions are slope-restricted in [0, 1], i.e., 0 ≤ φi(x)−φi(y)
x−y ≤ 1 for all x, y ∈ R

Notion of Layer: output is defined implicitly as a function of input

e.g., fixed-point equation, differential equations, optimization problem

1 S. Bai, J. Z. Kolter, and V. Koltun. Deep equilibrium models, NeurIPS, 2019

2 L. El Ghaoui, F. Gu, B. Travacca, A. Askari, and A. Y. Tsai. Implicit deep learning. SIMODS, 2019
Advantages: Representation, Performance, Memory
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Generalized Neural Networks
A dynamical system perspective

Main Questions

x = Φ(Ax+Bu+ b)

u = Cx+ c

1 Existence and computation of solutions?

2 How to estimate the input-output x 7→ u robustness?

Key insight

Fixed-point equation ⇐⇒ Dynamical system

x = Φ(Ax+Bu+ b) ẋ = −x+ Φ(Ax+Bu+ b)

fixed-points ⇐⇒ equilibrium points

robustness ⇐⇒ reachability (t =∞)

We can use tools from dynamical systems to study generalized neural networks
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Embedding Neural Network
Mixed Monotone Reachability

Metzler/non-Metzler decomposition: A = dAeMzl + bAcMzl

Example: A =

[
2 −1
1 −3

]
=⇒ dAeMzl =

[
2 0
1 −3

]
bAcMzl =

[
0 −1
0 0

]

Dynamical system perspective

Original system u ∈ [u, u] Tight embedding system

ẋ = −x+ Φ(Ax+Bu+ b) =⇒
[
ẋ
ẋ

]
= −

[
x
x

]
+

[
Φ(dAeMzlx+ bAcMzlx+ [B]+u+ [B]−u+ b)
Φ(dAeMzlx+ bAcMzlx+ [B]+u+ [B]−u+ b)

]

Theorem10

If maxi{aii +
∑

i 6=j |aij |} < 1 and u ∈ [u, u]

1 tight embedding system has a unique equilibrium point

[
x∗

x∗

]

2 ([C]+ [C]−)

[
x∗

x∗

]
+ c ≤ y ≤ ([C]− [C]+)

[
x∗

x∗

]
+ c

12SJ, et al. Robust implicit networks via non-Euclidean contractions, 2022
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ẋ

]
= −

[
x
x

]
+

[
Φ(dAeMzlx+ bAcMzlx+ [B]+u+ [B]−u+ b)
Φ(dAeMzlx+ bAcMzlx+ [B]+u+ [B]−u+ b)

]

Theorem10

If maxi{aii +
∑

i 6=j |aij |} < 1 and u ∈ [u, u]

1 tight embedding system has a unique equilibrium point

[
x∗

x∗

]

2 ([C]+ [C]−)

[
x∗

x∗

]
+ c ≤ y ≤ ([C]− [C]+)

[
x∗

x∗

]
+ c

12SJ, et al. Robust implicit networks via non-Euclidean contractions, 2022
S. Jafarpour (CU Boulder) Mixed Monotone Reachability March 20, 2025 23 / 46



Embedding Neural Network
Mixed Monotone Reachability

Metzler/non-Metzler decomposition: A = dAeMzl + bAcMzl

Example: A =

[
2 −1
1 −3

]
=⇒ dAeMzl =

[
2 0
1 −3

]
bAcMzl =

[
0 −1
0 0

]

Dynamical system perspective

Original system u ∈ [u, u] Tight embedding system
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Numerical Experiments
MNIST dataset classification

MNIST dataset: 28× 28 pixel handwritten digits between 0− 9.

Generalized NN with n = 100.

ε = size of perturbation, U = [u− ε1784, u+ ε1784].

Lipschitz Approach

N(U) ⊂ [y − L∞ε, y + L∞ε]

Mixed Monotone Approach

N(U) ⊂ [y(ε), y(ε)]
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Lipschitz, Lip= 1468.2
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Outline of this talk

Reachability Analysis

Mixed Monotonicity Reachability

Safety of Learning-enabled Systems

Future Research Directions
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Future Research Directions
Reachability of stochastic dynamical systems

Mixed monotone reachability: uncertainty w ∈ W = [w,w] are treated
as worst-case using w and w

In many applications, we get some statistical knowledge of uncertainty V

Use data to approximate a probability distribution V ∼ D

Stochastic dynamical system:

dX = f(X,w)dt+ dV where V ∼ D

Question: how to incorporate this stochastic uncertainty in reachability?

Separation Strategy: a suitable Lyapunov function to separate the
stochastic noise and deterministic disturbance

10SJ, Z. Liu, and Y. Chen, “Probabilistic Reachability of Stochastic Systems”, submitted to TAC 2024
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Future Research Directions
Reachability of interconnected hybrid systems

Reachability of large-scale interconnected hybrid systems
Example: power grids

Mixed monotone reachability for hybrid and switched systems

Pattern of interconnection structure in embedding system

Coupled oscillator model of power grids

θ̇i = ωi
Miω̇i = pi −Diωi +

∑n
j=1 aij sin(θj − θi)

where aij = |Yij |ViVj is the active power capacity of line (i, j)
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Question: how to choose a suitable cone K for Mixed monotone reachability?

Question: how to extend Mixed monotone reachability to infinite dimensional spaces?11

11SJ, P. Cisneros, F. Bullo, Contraction Theory for Dynamical Systems on Hilbert Spaces, 2022
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Future Research Directions
Safety beyond reachability

Safety using Barrier and Lyapunov functions for monotone systems

Barrier function B : Rn → R for dynamical system ẋ = f(x,w):

B(x) ≤ 0 for all x ∈ X0

B(x) > 0 for all x ∈ U
∂B

∂x
(x)f(x,w) ≤ 0 for all w ∈ [w,w] and x s.t. B(x) = 0

Then system is always safe (never enters the unsafe region)

Barrier introduce a functional perspective toward safety analysis

Numerous efficient methods for finding B in the literature

Question: Does monotonicity of ẋ = f(x,w) impose any structure on B?
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Question: Does monotonicity of ẋ = f(x,w) impose any structure on B?

S. Jafarpour (CU Boulder) Mixed Monotone Reachability March 20, 2025 28 / 46



Future Research Directions
Safety beyond reachability

Safety using Barrier and Lyapunov functions for monotone systems

Barrier function B : Rn → R for dynamical system ẋ = f(x,w):
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Teaching Interests
Plans and vision for teaching

1550: Differential and Integral Calculus

2030 Discrete Dynamical Systems

2065 Elementary Differential Equations

2070 Mathematical Methods in Engineering

2090 Elementary Differential Equations and Linear Algebra

4025 Optimization Theory and Applications

4027 Differential Equations

7320 Ordinary Differential Equations

1 Contraction theory for dynamical systems and optimization algorithms
topics: monotone operator theory, normed spaces, dynamical systems

2 Dynamical systems on networks
topics: Nonlinear dynamical systems, algebraic graph theory, matrix theory
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Thank you for your attention!



Back up Slides



Kamke– Müller condition
Non-differentiable vector fields

A system ẋ = f(x,w) satisfies Kamke– Müller condition if, for every x ≤ y,
every u ≤ w, and every i ∈ {1, . . . , n},

xi = yi =⇒ fi(x, u) ≤ fi(y, w)
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Embedding System for Linear Dynamical System
A structure preserving decomposition

Metzler/non-Metzler decomposition: A = dAeMzl + bAcMzl

Example: A =




2 0 −1
1 −3 0
0 0 1


 =⇒ dAeMzl =




2 0 0
1 −3 0
0 0 1


 bAcMzl =




0 0 −1
0 0 0
0 0 0




Linear systems

Original system

ẋ = Ax+Bw

Embedding system

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

x1

x2 x3

x1x1

x2 x2 x3 x3

x1

x2 x3

x1x1

x2 x2 x3 x3
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Mixed Monotone Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?
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Mixed Monotone Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Assume f : R→ R is scalar:

Mean-value Inequality

f(x) +
[
minz∈[x,x]

∂f
∂x

]
(x− x) ≤ f(x) ≤ f(x) +

[
maxz∈[x,x]

∂f
∂x

]
(x− x)

where [A]+ = max{A, 0} and [A]− = min{A, 0}.
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How to compute a decomposition function for a system?

Assume f : R→ R is scalar:

Mean-value Inequality

f(x) +

[
min
z∈[x,x]

∂f

∂x

]−
(x− x)

︸ ︷︷ ︸
d(x,x)

≤ f(x) ≤ f(x) +

[
max
z∈[x,x]

∂f

∂x

]+

(x− x)

︸ ︷︷ ︸
d(x,x)

where [A]+ = max{A, 0} and [A]− = min{A, 0}.
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Mixed Monotone Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Assume f : R→ R is scalar:

Mean-value Inequality

f(x) +

[
min
z∈[x,x]

∂f

∂x

]−
(x− x)

︸ ︷︷ ︸
d(x,x)

≤ f(x) ≤ f(x) +

[
max
z∈[x,x]

∂f

∂x

]+

(x− x)

︸ ︷︷ ︸
d(x,x)

where [A]+ = max{A, 0} and [A]− = min{A, 0}.

The effect of x on d(x, x) is competitive.

The effect of x on d(x, x) is cooperative.
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Mixed Monotone Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Assume f : R→ R is scalar:

Mean-value Inequality

f(x) +

[
min
z∈[x,x]

∂f

∂x

]−
(x− x)

︸ ︷︷ ︸
d(x,x)

≤ f(x) ≤ f(x) +

[
max
z∈[x,x]

∂f

∂x

]+

(x− x)

︸ ︷︷ ︸
d(x,x)

where [A]+ = max{A, 0} and [A]− = min{A, 0}.

The effect of x on d(x, x) is competitive.

The effect of x on d(x, x) is cooperative.

Punchline

sign pattern of ∂f
∂x separates cooperative and competitive effect of states.
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Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Theorem12

Jacobian-based: ẋ = f(x, u) such that ∂f
∂x ∈ [J [x,x], J [x,x]] and ∂f

∂u ∈ [J [u,u], J [u,u]], then

[
d(x, x, u, u)

d(x, x, u, u)

]
=

[
−[M ]− [M ]−

−[M ]+ [M ]+

] [
x
x

]
+

[
−[N ]− [N ]−

−[N ]+ [N ]+

] [
u
u

]
+

[
f(x, u)
f(x, u)

]

x 7→ R1 7→ R2 7→ . . . 7→ Rn 7→ x, then the i-th column of M is minz∈Ri,w∈[u,u]
∂fi
∂x (z, w)

Interval analysis for computing Jacobian bounds.

Use tools and techniques from interval analysis.
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Contraction Theory
Logarithmic norm and weak pairings

Differential condition

Logarithmic norm

Given a matrix A ∈ Rn×n and a norm ‖ · ‖:

µ‖·‖(A) := lim
h→0+

‖In + hA‖ − 1

h

Directional derivative of norm ‖ · ‖ in
direction of A,

µ2(A) = 1
2λmax(A+A>)

µ1(A) = max
j

(
ajj +

∑
i 6=j
|aij |

)

µ∞(A) = max
i

(
aii +

∑
j 6=i
|aij |

)

Integral condition

Weak pairing13

Given a norm ‖ · ‖, the associated weak
pairing is J·, ·K : Rn × Rn → R:

Subadditive and weakly homogeneity

Positive definite

Cauchy-Schwarz inequality

Jx, xK = ‖x‖2

Jx, yK2 = y>x

Jx, yK1 = sign(y)>x

Jx, yK∞ = maxi∈I∞(x) xiyi

I∞(x) = {i | |xi| = ‖x‖∞}

1A. Davydov, SJ, F. Bullo, Non-Euclidean contraction theory for robust nonlinear stability, 2022
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Contraction theory
Characterization for non-Euclidean norms

Theorem14

ẋ = f(x, u) is contracting wrt ‖ · ‖ with rate c iff

Differential: µ‖·‖(Dxf(x, u)) ≤ −c, for all x, u

Integral: Jf(x, u)− f(y, u), x− yK ≤ −c‖x− y‖2, for all x, y, u

2 A. Davydov, S. Jafarpour, F. Bullo, TAC 2022
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Contraction theory
Characterization for non-Euclidean norms

Theorem

ẋ = f(x, u) is contracting wrt ‖ · ‖ with rate c iff

Differential: µ‖·‖(Dxf(x, u)) ≤ −c, for all x, u

Integral: Jf(x, u)− f(y, u), x− yK ≤ −c‖x− y‖2, for all x, y, u

Connection between contraction theory and monotone operator theory

f is a contracting vector field wrt to ‖ · ‖2
iff

−f is a strongly monotone operator wrt to the inner product 〈·, ·〉.
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Contraction theory
Characterization for non-Euclidean norms

Theorem

ẋ = f(x, u) is contracting wrt ‖ · ‖ with rate c iff

Differential: µ‖·‖(Dxf(x, u)) ≤ −c, for all x, u

Integral: Jf(x, u)− f(y, u), x− yK ≤ −c‖x− y‖2, for all x, y, u

Connection between contraction theory and monotone operator theory

f is a contracting vector field wrt to ‖ · ‖
iff

−f is a strongly monotone operator wrt to the weak pairing J·, ·K.
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Generalized neural networks
Origin and motivations

Origins:

Generalizing feedforward neural networks to fully-connected synaptic matrices

Intuition: zi+1 = φi(Aiz
i + bi) ⇐⇒ z = Φ(Ax+Bu+b), where A has

upper diagonal structure.

Aupper-diagonal = Acomplete =
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Generalized neural networks
Origin and motivations

comparable accuracy to traditional neural networks with significant memory reduction

Intuition: generalized neural network = weight-tied infinite-layer network

x1 x2 x3 xku y
A A A

zi+1 = φi(Az
i +Bix+ bi) =⇒ limi→∞ z

i = x∗ solution to the
generalized neural network

suitable for learning constrained optimization problems

Intuition: casting KKT condition as an implicit layer
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Generalized neural networks
Origin and Motivations

vanishing and exploding gradient

Intuition: the notion of “autapse” (time-delayed self-feedback) from neuroscience

Aupper-diagonal = AAutapse =

suitable for learning stiff problems or problems with discontinuity
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Generalized Structure
Comparison with feedforward neural networks

Feedforward neural networks:

z(`+1) = Φ(A`z
(`) + b`), z(0) = x

u = Akz
(k) + bk

Generalized neural networks:

z = Φ(Az +Bx+ b)

u = Cz + c
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Implicit Neural Networks
Feedforward neural networks as an INN

A large and flexible class of neural networks:
includes feedforward neural networks

xi+1 = �(Aix
i + bi), for all i 2 {0, . . . , k � 1}

y = Akxk + bk, u = x0

The equivalent INN is given by:
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Implicit Neural Networks
Feedforward neural networks as an INN

A large and flexible class of neural networks:
includes feedforward neural networks

xi+1 = �(Aix
i + bi), for all i 2 {0, . . . , k � 1}

y = Akxk + bk, u = x0
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Implicit Neural Networks
Feedforward neural networks as an INN

A large and flexible class of neural networks:
includes feedforward neural networks

xi+1 = �(Aix
i + bi), for all i 2 {0, . . . , k � 1}

y = Akxk + bk, u = x0
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Training generalized neural networks
Promoting robustness via regularization

1 loss function L and training data (x̂i, ûi)
N
i=1

2 ε = size of `∞-perturbation in input: X = [x− ε1r︸ ︷︷ ︸
x

, x+ ε1r︸ ︷︷ ︸
x

]

Training generalized neural networks

min
A,B,b,c

N∑

i=1

L(ûi, Czi + c)

zi = Φ(Azi +Bûi + b),

aii +
∑

j=1

|aij | ≤ γ well-posedness

Training FFNNs

min
A,B,b,c

N∑

i=1

L(ûi, Cz
(k)
i + c)

z
(`+1)
i = Φ(A`z

(`)
i + b`), ` ∈ {1, . . . , k − 1}

R(u(ε), u(ε)) uses y(ε) and u(ε) to estimate robustness margin

κ, ε, γ are hyperparameters
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i=1

2 ε = size of `∞-perturbation in input: X = [x− ε1r︸ ︷︷ ︸
x

, x+ ε1r︸ ︷︷ ︸
x

]

output u ∈ [u(ε), u(ε)]

Training generalized neural networks

min
A,B,b,c

N∑

i=1

L(ûi, Czi + c) + κR(ui(ε), ui(ε))︸ ︷︷ ︸
robustness

zi = Φ(Azi +Bûi + b),

aii +
∑

j=1

|aij | ≤ γ < 1 well-posedness

Training FFNNs (S. Gowal, et. al., 2018)

min
A,B,b,c

N∑

i=1

L(ûi, Cz
(k)
i + c) + κR(ui(ε), ui(ε))︸ ︷︷ ︸

robustness

z
(`+1)
i = Φ(A`z

(`)
i + b`), ` ∈ {1, . . . , k − 1}

R(u(ε), u(ε)) uses y(ε) and u(ε) to estimate robustness margin
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Accuracy of Mixed Monotone Reachability
How accurate are hyper-rectangular over-approximations?

Monotone reachability is tight

d

dt

[
x1

x2

]
=

[
x3

2 − x1 + w
x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability estimates for monotone systems

Reachability Analysis for Monotone Systems. For a monotone system,

Reachable set ✓ [lower trajectory,upper trajectory].

Reachability estimates from monotonicity are tight.

S. Coogan 7/31

Monotone System:
"

ẋ1

ẋ2

#
=

"
x3

2 � x1 +w
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

w 2 [w,w] = [2.2,2.3]

T = 1
�1 0 1 2 3 4

�1

0

1

2

x

x

with w

with wOverapproximation

x1

x 2

Question: how accurate is mixed monotone reachability?

Accuracy = the distance between trajectories of embedding system

[
x∗(t)
x∗(t)

]
and

[
x(t)
x(t)

]
traj of embedding system =⇒ provide bounds on ‖x∗(t)− x(t)‖ and ‖x∗(t)− x(t)‖
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ẋ2

#
=

"
x3

2 � x1 +w
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

w 2 [w,w] = [2.2,2.3]

T = 1
�1 0 1 2 3 4

�1

0

1

2

x

x

with w

with wOverapproximation

x1

x 2

Question: how accurate is mixed monotone reachability?

Accuracy = the distance between trajectories of embedding system

[
x∗(t)
x∗(t)

]
and

[
x(t)
x(t)

]
traj of embedding system =⇒ provide bounds on ‖x∗(t)− x(t)‖ and ‖x∗(t)− x(t)‖

S. Jafarpour (CU Boulder) Mixed Monotone Reachability March 20, 2025 43 / 46



Accuracy of Mixed Monotone Reachability
How accurate are hyper-rectangular over-approximations?

Monotone reachability is tight

d

dt

[
x1

x2

]
=

[
x3

2 − x1 + w
x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability estimates for monotone systems

Reachability Analysis for Monotone Systems. For a monotone system,

Reachable set ✓ [lower trajectory,upper trajectory].

Reachability estimates from monotonicity are tight.

S. Coogan 7/31

Monotone System:
"

ẋ1
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Contraction Theory
A framework for stability analysis

Definition: Contracting systems

ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c if

‖xw(t)− yw(t)‖ ≤ ect‖xw(0)− yw(0)‖, for all w ∈ W, t ≥ 0.

Highly regular properties

existence of a globally stable equilibrium point

efficient equilibrium point computation

input-output robustness

entrainment to periodic orbits
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How to characterize contractivity using vector fields?
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Contraction Theory
A framework for stability analysis

Definition: Contracting systems

ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c if

‖xw(t)− yw(t)‖ ≤ ect‖xw(0)− yw(0)‖, for all w ∈ W, t ≥ 0.

Highly regular properties

existence of a globally stable equilibrium point

efficient equilibrium point computation

input-output robustness

entrainment to periodic orbits
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<latexit sha1_base64="wi0Ie671B5q+pQnuDOsZDzQkN+I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKcyEaJJbwIvHiOYByRJmJ7PJkNkHM7PCEvIJXjwo4tUv8ubfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDzq6ChRjLdZJCPV86jmUoS8bYSRvBcrTgNP8q43vcr87j1XWkThnUlj7gZ0HApfMGqsdJsO8bBYwmWMMSEEZYTULrEljUa9QuqIZJZFCVZoDYvvg1HEkoCHhkmqdZ/g2Lgzqoxgks8Lg0TzmLIpHfO+pSENuHZni1Pn6MwqI+RHylZo0EL9PjGjgdZp4NnOgJqJ/u1l4l9ePzF+3Z2JME4MD9lykZ9IZCKU/Y1GQnFmZGoJZUrYWxGbUEWZsekUbAhfn6L/SadSJhdlfFMtNaurOPJwAqdwDgRq0IRraEEbGIzhAZ7g2ZHOo/PivC5bc85q5hh+wHn7BFXEjcw=</latexit>y0

y(t)
<latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit>

x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="ep+4VGlKV1k76QkZ9DOdG4ACxeY=">AAACCHicbVC7TsNAEDyHVwgvAyUFJxIkGiI7BVBG0FAGiTykxETnyzk55Xy27tagyEpJw6/QUIAQLZ9Ax99wSVxAwkgrjWZ2tbvjx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFMcMnqwEGwVqwYCX3Bmv7wauI375nSPJK3MIqZF5K+5AGnBIzUtQ8TyQH3uB7iBw4DrEiPJxqX2F16SmFc6tpFp+xMgReJm5EiylDr2l+dXkSTkEmggmjddp0YvJQo4FSwcaGTaBYTOiR91jZUkpBpL50+MsbHRunhIFKmJOCp+nsiJaHWo9A3nSGBgZ73JuJ/XjuB4MJLuYwTYJLOFgWJwBDhSSomAMUoiJEhhCpubsV0QBShYLIrmBDc+ZcXSaNSds/KlZtKsXqZxZFHB+gInSAXnaMqukY1VEcUPaJn9IrerCfrxXq3PmatOSub2Ud/YH3+AK5XmRw=</latexit>

unit disk with radius e�ct

<latexit sha1_base64="CePEb9FifnRKW6a7JN7QyV4El50="></latexit>

`1
<latexit sha1_base64="wLGhrPh6nAoRw1TaCIs8E60MsDI="></latexit>

`2
<latexit sha1_base64="08RwU98XUA8yyc2GvpS6ThlsQWk="></latexit>

`1
<latexit sha1_base64="4WKuB8iDJNhJExJ80io1IHfhKrc="></latexit>

`5

<latexit sha1_base64="vkrOFlGv1HG4K+dljrdsARvrR1o="></latexit>

`9

How to characterize contractivity using vector fields?
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Contraction Theory
A framework for stability analysis

Definition: Contracting systems

ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c if

‖xw(t)− yw(t)‖ ≤ ect‖xw(0)− yw(0)‖, for all w ∈ W, t ≥ 0.

Highly regular properties

existence of a globally stable equilibrium point

efficient equilibrium point computation

input-output robustness

entrainment to periodic orbits

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="wi0Ie671B5q+pQnuDOsZDzQkN+I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKcyEaJJbwIvHiOYByRJmJ7PJkNkHM7PCEvIJXjwo4tUv8ubfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDzq6ChRjLdZJCPV86jmUoS8bYSRvBcrTgNP8q43vcr87j1XWkThnUlj7gZ0HApfMGqsdJsO8bBYwmWMMSEEZYTULrEljUa9QuqIZJZFCVZoDYvvg1HEkoCHhkmqdZ/g2Lgzqoxgks8Lg0TzmLIpHfO+pSENuHZni1Pn6MwqI+RHylZo0EL9PjGjgdZp4NnOgJqJ/u1l4l9ePzF+3Z2JME4MD9lykZ9IZCKU/Y1GQnFmZGoJZUrYWxGbUEWZsekUbAhfn6L/SadSJhdlfFMtNaurOPJwAqdwDgRq0IRraEEbGIzhAZ7g2ZHOo/PivC5bc85q5hh+wHn7BFXEjcw=</latexit>y0

y(t)
<latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit>

x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="ep+4VGlKV1k76QkZ9DOdG4ACxeY=">AAACCHicbVC7TsNAEDyHVwgvAyUFJxIkGiI7BVBG0FAGiTykxETnyzk55Xy27tagyEpJw6/QUIAQLZ9Ax99wSVxAwkgrjWZ2tbvjx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFMcMnqwEGwVqwYCX3Bmv7wauI375nSPJK3MIqZF5K+5AGnBIzUtQ8TyQH3uB7iBw4DrEiPJxqX2F16SmFc6tpFp+xMgReJm5EiylDr2l+dXkSTkEmggmjddp0YvJQo4FSwcaGTaBYTOiR91jZUkpBpL50+MsbHRunhIFKmJOCp+nsiJaHWo9A3nSGBgZ73JuJ/XjuB4MJLuYwTYJLOFgWJwBDhSSomAMUoiJEhhCpubsV0QBShYLIrmBDc+ZcXSaNSds/KlZtKsXqZxZFHB+gInSAXnaMqukY1VEcUPaJn9IrerCfrxXq3PmatOSub2Ud/YH3+AK5XmRw=</latexit>

unit disk with radius e�ct

<latexit sha1_base64="CePEb9FifnRKW6a7JN7QyV4El50="></latexit>

`1
<latexit sha1_base64="wLGhrPh6nAoRw1TaCIs8E60MsDI="></latexit>

`2
<latexit sha1_base64="08RwU98XUA8yyc2GvpS6ThlsQWk="></latexit>

`1
<latexit sha1_base64="4WKuB8iDJNhJExJ80io1IHfhKrc="></latexit>

`5

<latexit sha1_base64="vkrOFlGv1HG4K+dljrdsARvrR1o="></latexit>

`9

How to characterize contractivity using vector fields?
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Contraction Theory and Matrix Measures
Definition and Characterization

Definition: Matrix measure

Given a matrix A ∈ Rn×n and a norm ‖ · ‖:

µ‖·‖(A) := lim
h→0+

‖In + hA‖ − 1

h

µ2(A) = 1
2λmax(A+A>)

µ1(A) = max
j

(
ajj +

∑
i 6=j
|aij |

)

µ∞(A) = max
i

(
aii +

∑
j 6=i
|aij |

)

directional derivative of matrix norm ‖ · ‖ in direction of A at point In.

In the literature: one-sided Lipschitz constant, logarithmic norm

Theorem (Classical result)15

ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c iff

µ‖·‖(
∂f
∂x (x,w)) ≤ c, for all x,w

9W. Lohmiller and J. Slotine, On Contraction Analysis for Nonlinear Systems, 1998
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Embedding Systems
Contraction rate wrt `∞-norm

Theorem16

Let d
dt

[
x
x

]
=

[
F (x, x, w,w)

F (x, x, w,w)

]
:= e(x, x, w,w) be the embedding system from the tight

decomposition function for ẋ = f(x,w). For x ∈ [x, x], w ∈ [w,w]

µ∞

(
∂f
∂x (x,w)

)
≤ c ⇐⇒ µ∞

(
∂e

∂[xx ]
(x, x, w,w)

)
≤ c

10SJ and S. Coogan, Monotoncity and contraction on polyhedral cones, 2024
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Contraction rate wrt `∞-norm

Theorem16
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dt
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x
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=
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F (x, x, w,w)

]
:= e(x, x, w,w) be the embedding system from the tight

decomposition function for ẋ = f(x,w). For x ∈ [x, x], w ∈ [w,w]

µ∞

(
∂f
∂x (x,w)

)
≤ c ⇐⇒ µ∞

(
∂e

∂[xx ]
(x, x, w,w)

)
≤ c

hyper-rectangles evolve with `∞ contraction rate of original system

Red = Mixed Monotone hyper-rectangle

Gray = contraction tube

x⇤(t)

x(t)

x(t) ∥∥∥∥
[
x∗(t)
x∗(t)

]
−
[
x(t)
x(t)

]∥∥∥∥
∞
≤ ect

∥∥∥∥
[
x∗(0)
x∗(0)

]
−
[
x(0)
x(0)

]∥∥∥∥
∞

10SJ and S. Coogan, Monotoncity and contraction on polyhedral cones, 2024
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Embedding Systems
Contraction rate wrt `∞-norm

Theorem16

Let d
dt

[
x
x

]
=

[
F (x, x, w,w)

F (x, x, w,w)

]
:= e(x, x, w,w) be the embedding system from the tight

decomposition function for ẋ = f(x,w). For x ∈ [x, x], w ∈ [w,w]

µ∞

(
∂f
∂x (x,w)

)
≤ c ⇐⇒ µ∞

(
∂e

∂[xx ]
(x, x, w,w)

)
≤ c

hyper-rectangles evolve with `∞ contraction rate of original system

Red = Mixed Monotone hyper-rectangle

Gray = contraction tube

x⇤(t)

x(t)

x(t) ‖x∗(t)− x(t)‖∞ ≤ ectL
‖x∗(t)− x(t)‖∞ ≤ ectL

L = max{‖x∗(0)− x(0)‖∞, ‖x∗(0)− x(0)‖∞}
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S. Jafarpour (CU Boulder) Mixed Monotone Reachability March 20, 2025 46 / 46



Embedding Systems
Contraction rate wrt `∞-norm
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Idea of proof

connecting the order structure and metric structure of system

Definition: Gauge norm

Given a pointed proper cone K, ‖v‖K = inf{λ ≥ 0 | −λ1n �K v �K λ1n}

`∞-norm is the gauge norm for the proper pointed cone Rn≥0.
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