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Critical Transitions in Complex Systems
Motivation and Examples

Many complex systems have critical thresholds or tipping points:

Small condition change =⇒ a large shift in state of system

Examples

spontaneous systemic failure such as epileptic seizures (Litt, B. et al., 2001 and McSharry,
P. E. et al. 2003)
crashes in financial markets (Kambhu, J. et al., 2007 and May, R. M. et al., 2008)
abrupt shifts in ocean circulations (Lenton, T. M. et al., 2008)
catastrophic shifts in wildlife populations (Scheffer, M. et al., 2009)

Lake Zwemlust Experiment:
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Critical Transitions in Complex Systems
Challenges in detection and localization

Main Challenge

It is difficult to predict when and where these critical transitions occur

Why?

Models of complex systems are often inaccurate or unknown
(impossible to find critical transitions using extensive simulations)

Complex systems exhibit little structural changes before transitions
(even in the vicinity of abrupt state transitions)

In this talk: Dynamical system perspective toward critical transitions.
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Critical Transitions in Complex Systems
A dynamical system perspective

Evolution of complex system: ẋ = f(x, η)

x: system states η: conditions

Critical transitions

Abrupt changes in the stable equilibrium x∗(η) (i.e., the stable solution of
f(x∗(η), η) = 0) induced by small changes in η.

In this talk: we focus on bifurcations (cases (c))
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Indicators of Critical Transitions
Critical slowing down

Question:

How can we detect these transitions caused by bifurcations?

Phenomenon of critical slowing down

Critical slowing down:

As a complex system get closer to critical transitions, it becomes
increasingly slow to recover from small perturbations

[Early work] Wissel, C. A universal law of the characteristic return time near thresholds. Oecologia 65,

101–107 (1984).

[In ecology] Carpenter, S. R. & Brock, W. A. Rising variance: a leading indicator of ecological transition.

Ecol. Lett. 9, 308–315 (2006).

[In climat change] Dakos, V. et al. Slowing down as an early warning signal for abrupt climate change.

Proc. Natl Acad. Sci. USA 105, 14308–14312 (2008).

[more than 6000 citations!] Scheffer M. et al., Early-warning signals for critical transitions, Nat. Rev., Vol

461, (2009)
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Critical Transitions in Coupled Oscillators
Kuramoto oscillators

Pendulum clocks: “an odd kind of sympathy”
[Christiaan Huygens, Horologium Oscillatorium, 1673]

Models for coupled oscillators:
[Arthur T. Winfree, 1967 and Yoshiki Kuramoto 1975]

Kuramoto model

1 two oscillators with phases θ1 and θ2,

2 with natural frequencies ω1(η) and ω2(η),

3 coupling with strength K:

θ̇1 = ω1(η)−K sin(θ1 − θ2),
θ̇2 = ω2(η)−K sin(θ2 − θ1)

Reduced-order: φ̇ = ω(η)− 2K sin(φ) φ := θ1 − θ2 and ω(η) := ω1(η)− ω2(η)
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Critical Transitions in Coupled Oscillators
Equilibrium points and bifurcations

Model: φ̇ = ω(η)− 2K sin(φ)

Equilibrium analysis

ω(η)
2K < 1: one stable and one unstable equilibrium point
ω(η)
2K = 1: one unstable equilibrium point
ω(η)
2K > 1: no equilibrium point

𝜋

2
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ത𝜙𝑠
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𝑘 ത𝜙𝑢 = 𝜋 − arcsin
𝜔

𝑘

(𝑎) (𝑏) (𝑐) (𝑑)

Change in the condition η leads to a saddle-node bifurcation.
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Critical Slowing Down in Coupled Oscillators
Rate of recovery from perturbations

Key detection idea: Dramatic increase in rate of recovery form small perturbations

Original Dynamics: ẋ = f(x, η)

Close to equilibrium point x ≈ x∗(η) + ε: d(x∗(η)+ε)
dt = f(x∗(η) + ε, η)

Perturbation Dynamics: ε̇ ≈ Dxf(x∗(η)) ε

Perturbation for coupled oscillators:

ε̇ ≈ −2K cos(arcsin(ω(η)2K ))ε

when ω(η)
2K < 1, ε = 0 is exponentially stable with

rate 2K cos(arcsin(ω(η)2K )).

As ω(η)
2K → 1 we have 2K cos(arcsin(ω(η)2K ))→ 0.

𝑇𝑖𝑚𝑒 (𝑠)

𝜖

ഥ𝜔

2𝑘
= 0.5

ഥ𝜔

2𝑘
= 0.75

ഥ𝜔

2𝑘
= 0.9

𝜖

𝑇𝑖𝑚𝑒 (𝑠)

Negative perturbation

Positive 
perturbation

At bifurcation:
ഥ𝜔

2𝑘
= 1
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Complex Network Systems
Inherent network structure

Many complex systems possess an inherent network structure

In many complex systems, although the model may be inaccurate,
we know the underlying network structure.

Power grids Traffic networks Water supply network

Question: exploit the network structure to detect and localize critical transitions?

Network Critical Slowing Down
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Renewable Power Grids
Active power dynamics

1 inverters �� and loads •◦

2 physics:
1 Kirchhoff and Ohm laws

2 quasi-sync: voltage and phase Vi, θi
active power pi

3 simplifying assumptions:
1 lossless and inductive lines with admittances Yij
2 decoupling of phase and voltage dynamics

2

10

30 25

8

37

29

9

38

23

7

36

22

6

35

19

4

33
20

5

34

10

3

32

6

2

31

1

8

7

5

4

3

18

17

26

27
28

24

21

16

1514

13

12

11

1

39

9

New England IEEE 39-bus

S. Jafarpour (CU Boulder) Network Critical Slowing Down 11 / 25



Renewable Power Grids
Active power dynamics

1 inverters �� and loads •◦
2 physics:

1 Kirchhoff and Ohm laws

2 quasi-sync: voltage and phase Vi, θi
active power pi

3 simplifying assumptions:
1 lossless and inductive lines with admittances Yij
2 decoupling of phase and voltage dynamics

2

10

30 25

8

37

29

9

38

23

7

36

22

6

35

19

4

33
20

5

34

10

3

32

6

2

31

1

8

7

5

4

3

18

17

26

27
28

24

21

16

1514

13

12

11

1

39

9

New England IEEE 39-bus

S. Jafarpour (CU Boulder) Network Critical Slowing Down 11 / 25



Renewable Power Grids
Active power dynamics

1 inverters �� and loads •◦
2 physics:

1 Kirchhoff and Ohm laws

2 quasi-sync: voltage and phase Vi, θi
active power pi

3 simplifying assumptions:
1 lossless and inductive lines with admittances Yij
2 decoupling of phase and voltage dynamics

2

10

30 25

8

37

29

9

38

23

7

36

22

6

35

19

4

33
20

5

34

10

3

32

6

2

31

1

8

7

5

4

3

18

17

26

27
28

24

21

16

1514

13

12

11

1

39

9

New England IEEE 39-bus

S. Jafarpour (CU Boulder) Network Critical Slowing Down 11 / 25



Renewable Power Grids
Active power dynamics

Structure-Preserving Model [A. Bergen & D. Hill, 1981]:

Active power dynamics

Inverters: Λiθ̇i = pi(η)−∑j aij sin(θi − θj)
Loads: τiθ̇i = pi(η)−∑j aij sin(θi − θj)

where

Active power capacity of line (i, j): aij = |Yij |ViVj
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Renewable Power Grids
Primer on algebraic graph theory

Weighted undirected graph with n nodes and m edges:

Incidence matrix: n×m matrix B s.t. (B>p(η))(ij) = p(η)i − p(η)j

Edge weight matrix: m×m diagonal matrix A
Laplacian matrix: L = BAB>
Time-scale matrix: D = diag({Λi}, {τi})

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>
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<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="nDmWW7jiBXv2Tl53FDex+OI115k=">AAAB43icbY+7TgJREIZn8YZ4Qy1tNhITK7JLgZZELSwxkUsCK5k9O8AJZ3dPzjlLJIQnsDMWNhb6JL6Gb+OC2wD+1Z/5ZpL5fCm4No7zY+U2Nre2d/K7hb39g8Oj4vFJU8eJYtRgsYhV20dNgkfUMNwIaktFGPqCWv7ods5bY1Kax9GjmUjyQhxEvM8ZmnT0dMcVMUOBPVAoh71iySk7i9jrxc1KCbLUe8XvbhCzJKTIMIFad1xHGm+KynAmaFboJpokshEOqBOMudQRhqS96fPi8SU+xVDrSejP7IsQzVCvsvnwP9ZJTP/am/JIJoYilq6krJ8I28T2XNgOFopikhZkiqef2WyIClNtpQupsrsquF6albJbLVcfKqXaTSafhzM4h0tw4QpqcA91aAADBe/wCV8WWS/Wq/X2t5qzsptTWIr18QuyuovX</latexit>

Directed graph

<latexit sha1_base64="iih/qfhdaFngef6Nj/a/pOldlPY=">AAAB6nicbZDLTsJAFIZP8YZ4q7J000hMXJGWBbgkunGJiVwSaMh0eoAJ02kzMyU2TV/CnXHhxoW+ha/h21iwG8B/9ed85zL/eBFnStv2j1Ha2d3bPygfVo6OT07PzPOLngpjSbFLQx7KgUcUciawq5nmOIgkksDj2Pfm90veX6BULBRPOonQDchUsAmjROelsVlNR6slqcdjzEToo8rGZs2u2ytZ28YpTA0Kdcbm98gPaRyg0JQTpYaOHWk3JVIzyjGrjGKFEaFzMsWhv2CREiRA5abPq9NrPCWBUkngZdZ1QPRMbbJl8T82jPXk1k2ZiGKNguYtOZvE3NKhtcxt+Uwi1TzJDaGS5S+z6IxIQnX+O5U8srMZcNv0GnWnWW8+NmrtuyJ8GS7hCm7AgRa04QE60AUKCbzDJ3wZ3HgxXo23v9aSUcxUYU3Gxy8hxI8Q</latexit>

nodes

<latexit sha1_base64="Fe9Lud1THAxPdFjWLKMhoJEGhQs=">AAAB6nicbZDLTsJAFIZP8YZ4q7J000hMXJGWBbgkunGJiVwSaMh0eoAJ00tmpsSm6Uu4My7cuNC38DV8GwfsBvBf/Tnfucw/XsyZVLb9Y5R2dvf2D8qHlaPjk9Mz8/yiJ6NEUOzSiEdi4BGJnIXYVUxxHMQCSeBx7Hvz+yXvL1BIFoVPKo3RDcg0ZBNGidKlsVnNRqslmccTzNGfoszHZs2u2ytZ28YpTA0Kdcbm98iPaBJgqCgnUg4dO1ZuRoRilGNeGSUSY0LnZIpDf8FiGZIApZs9r06v8YwEUqaBl1vXAVEzucmWxf/YMFGTWzdjYZwoDKlu0WyScEtF1jK35TOBVPFUG0IF0y+z6IwIQpX+nYqO7GwG3Da9Rt1p1puPjVr7rghfhku4ghtwoAVteIAOdIFCCu/wCV8GN16MV+Ptr7VkFDNVWJPx8QsI4o7/</latexit>

edges

<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1
<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3
<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4
<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7
<latexit sha1_base64="6JAOSGM6srNBUCVv7uGWeQMmmPU=">AAAB23icbZC7TgJBFIbP4g3xhlrabCQmVmRXDVoSbSwxkUsCGzI7HGBkZnYzM0skGyo7Y2FjoU/ja/g2DrgN4F/9Od+Z5HwTxpxp43k/Tm5tfWNzK79d2Nnd2z8oHh41dJQoinUa8Ui1QqKRM4l1wwzHVqyQiJBjMxzdzXhzjEqzSD6aSYyBIAPJ+owSY0cNv2Mi97JbLHllbx53tfhZKUGWWrf43elFNBEoDeVE67bvxSZIiTKMcpwWOonGmNARGWC7N2axlkSgDtLn+cELPCVC64kIp+6ZIGaol9ls+B9rJ6Z/E6RMxolBSe2KZf2Eu1ZoJur2mEJq+MQWQhWzl7l0SBShxn5HwSr7y4KrpXFR9ivlysNVqXqbyefhBE7hHHy4hircQw3qQOEJ3uETvpzAeXFenbe/1ZyTvTmGhTgfv0P/h/Y=</latexit>

1 ! 3

<latexit sha1_base64="r6wR+2/rvE27HPsl1nt3WCLXtv0=">AAAB23icbZC7TgJBFIbPeEW8oZY2G4mJFdlFg5ZEG0tM5JLAhswOBxiZnd3MzBLJhsrOWNhY6NP4Gr6NA24D+Fd/zncmOd8EseDauO4PWVvf2Nzazu3kd/f2Dw4LR8cNHSWKYZ1FIlKtgGoUXGLdcCOwFSukYSCwGYzuZrw5RqV5JB/NJEY/pAPJ+5xRY0eNcsdEzmW3UHRL7jzOavGyUoQstW7hu9OLWBKiNExQrdueGxs/pcpwJnCa7yQaY8pGdIDt3pjHWtIQtZ8+zw9e4CkNtZ6EwdQ5D6kZ6mU2G/7H2onp3/gpl3FiUDK7Ylk/EY4Vmok6Pa6QGTGxhTLF7WUOG1JFmbHfkbfK3rLgammUS16lVHm4KlZvM/kcnMIZXIAH11CFe6hBHRg8wTt8whfxyQt5JW9/q2ske3MCCyEfv0V2h/c=</latexit>

2 ! 3
<latexit sha1_base64="6Tn4cAxUc9EBjT+N4jv6BhUIKrM=">AAAB23icbZC7TgJBFIbPeEW8oZY2G4mJFdlVgpZEG0tM5JLAhswOBxiZ3Z3MzBLJhsrOWNhY6NP4Gr6NA24D+Fd/zncmOd8EUnBtXPeHrK1vbG5t53byu3v7B4eFo+OGjhPFsM5iEatWQDUKHmHdcCOwJRXSMBDYDEZ3M94co9I8jh7NRKIf0kHE+5xRY0eNq46JnXK3UHRL7jzOavGyUoQstW7hu9OLWRJiZJigWrc9Vxo/pcpwJnCa7yQaJWUjOsB2b8yljmiI2k+f5wcv8JSGWk/CYOqch9QM9TKbDf9j7cT0b/yURzIxGDG7Ylk/EY4Vmok6Pa6QGTGxhTLF7WUOG1JFmbHfkbfK3rLgamlclrxKqfJQLlZvM/kcnMIZXIAH11CFe6hBHRg8wTt8whfxyQt5JW9/q2ske3MCCyEfv0hfh/k=</latexit>

3 ! 4
<latexit sha1_base64="BPTlX72i2r31AqipHEXwm5Zv3KE=">AAAB23icbZC7TgJBFIbP4A3xhlrabCQmVmTXKFoSbSwxkUsCGzI7HGBkdnYzM0skGyo7Y2FjoU/ja/g2DrgN4F/9Od+Z5HwTxIJr47o/JLe2vrG5ld8u7Ozu7R8UD48aOkoUwzqLRKRaAdUouMS64UZgK1ZIw0BgMxjdzXhzjErzSD6aSYx+SAeS9zmjxo4alx0TOVfdYsktu/M4q8XLSgmy1LrF704vYkmI0jBBtW57bmz8lCrDmcBpoZNojCkb0QG2e2Mea0lD1H76PD94gac01HoSBlPnLKRmqJfZbPgfayemf+OnXMaJQcnsimX9RDhWaCbq9LhCZsTEFsoUt5c5bEgVZcZ+R8Eqe8uCq6VxUfYq5crDZal6m8nn4QRO4Rw8uIYq3EMN6sDgCd7hE76IT17IK3n7W82R7M0xLIR8/AJLSIf7</latexit>

4 ! 5
<latexit sha1_base64="6Bcq2N1WHVQRGIER7MxqCJ3ozl4=">AAAB23icbZC7TgJBFIbP4g3xhlrabCQmVmTXELQk2lhiIpcENmR2OMDI7OxkZpZINlR2xsLGQp/G1/BtHHAbwL/6c74zyfkmlJxp43k/Tm5jc2t7J79b2Ns/ODwqHp80dZwoig0a81i1Q6KRM4ENwwzHtlRIopBjKxzfzXlrgkqzWDyaqcQgIkPBBowSY0fNStfEbrVXLHllbxF3vfhZKUGWeq/43e3HNIlQGMqJ1h3fkyZIiTKMcpwVuolGSeiYDLHTnzCpBYlQB+nz4uAlnpJI62kUztyLiJiRXmXz4X+sk5jBTZAyIRODgtoVywYJd63QXNTtM4XU8KkthCpmL3PpiChCjf2OglX2VwXXS/Oq7FfL1YdKqXabyefhDM7hEny4hhrcQx0aQOEJ3uETvpzAeXFenbe/1ZyTvTmFpTgfv0y6h/w=</latexit>

4 ! 6
<latexit sha1_base64="do2zKuTEm2wlLg9zrZLbFAy15h4=">AAAB23icbZC7TgJBFIbP4A3xhlrabCQmVmTXGLAk2lhiIpcENmR2OMDI7OxmZpZINlR2xsLGQp/G1/BtHHAbwL/6c74zyfkmiAXXxnV/SG5jc2t7J79b2Ns/ODwqHp80dZQohg0WiUi1A6pRcIkNw43AdqyQhoHAVjC+m/PWBJXmkXw00xj9kA4lH3BGjR01r7smcqq9Ysktu4s468XLSgmy1HvF724/YkmI0jBBte54bmz8lCrDmcBZoZtojCkb0yF2+hMea0lD1H76vDh4iac01HoaBjPnIqRmpFfZfPgf6yRmcOOnXMaJQcnsimWDRDhWaC7q9LlCZsTUFsoUt5c5bEQVZcZ+R8Eqe6uC66V5VfYq5crDdal2m8nn4QzO4RI8qEIN7qEODWDwBO/wCV/EJy/klbz9reZI9uYUlkI+fgFOLIf9</latexit>

4 ! 7

<latexit sha1_base64="jR0h3ubu8ybZbfgVm9kJxGwDu3k="></latexit>

B> =

2
6666664

1 0 �1 0 0 0 0
0 1 �1 0 0 0 0
0 0 1 �1 0 0 0
0 0 0 1 �1 0 0
0 0 0 1 0 �1 0
0 0 0 1 0 0 �1

3
7777775

Active power dynamics: θ̇ = D−1
(
p(η)−BA sin(B>θ)

)
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Renewable Power Grids
Primer on algebraic graph theory

Weighted undirected graph with n nodes and m edges:

Incidence matrix: n×m matrix B s.t. (B>p(η))(ij) = p(η)i − p(η)j

Edge weight matrix: m×m diagonal matrix A
Laplacian matrix: L = BAB>
Time-scale matrix: D = diag({Λi}, {τi})

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="nDmWW7jiBXv2Tl53FDex+OI115k=">AAAB43icbY+7TgJREIZn8YZ4Qy1tNhITK7JLgZZELSwxkUsCK5k9O8AJZ3dPzjlLJIQnsDMWNhb6JL6Gb+OC2wD+1Z/5ZpL5fCm4No7zY+U2Nre2d/K7hb39g8Oj4vFJU8eJYtRgsYhV20dNgkfUMNwIaktFGPqCWv7ods5bY1Kax9GjmUjyQhxEvM8ZmnT0dMcVMUOBPVAoh71iySk7i9jrxc1KCbLUe8XvbhCzJKTIMIFad1xHGm+KynAmaFboJpokshEOqBOMudQRhqS96fPi8SU+xVDrSejP7IsQzVCvsvnwP9ZJTP/am/JIJoYilq6krJ8I28T2XNgOFopikhZkiqef2WyIClNtpQupsrsquF6albJbLVcfKqXaTSafhzM4h0tw4QpqcA91aAADBe/wCV8WWS/Wq/X2t5qzsptTWIr18QuyuovX</latexit>

Directed graph

<latexit sha1_base64="iih/qfhdaFngef6Nj/a/pOldlPY=">AAAB6nicbZDLTsJAFIZP8YZ4q7J000hMXJGWBbgkunGJiVwSaMh0eoAJ02kzMyU2TV/CnXHhxoW+ha/h21iwG8B/9ed85zL/eBFnStv2j1Ha2d3bPygfVo6OT07PzPOLngpjSbFLQx7KgUcUciawq5nmOIgkksDj2Pfm90veX6BULBRPOonQDchUsAmjROelsVlNR6slqcdjzEToo8rGZs2u2ytZ28YpTA0Kdcbm98gPaRyg0JQTpYaOHWk3JVIzyjGrjGKFEaFzMsWhv2CREiRA5abPq9NrPCWBUkngZdZ1QPRMbbJl8T82jPXk1k2ZiGKNguYtOZvE3NKhtcxt+Uwi1TzJDaGS5S+z6IxIQnX+O5U8srMZcNv0GnWnWW8+NmrtuyJ8GS7hCm7AgRa04QE60AUKCbzDJ3wZ3HgxXo23v9aSUcxUYU3Gxy8hxI8Q</latexit>

nodes

<latexit sha1_base64="Fe9Lud1THAxPdFjWLKMhoJEGhQs=">AAAB6nicbZDLTsJAFIZP8YZ4q7J000hMXJGWBbgkunGJiVwSaMh0eoAJ00tmpsSm6Uu4My7cuNC38DV8GwfsBvBf/Tnfucw/XsyZVLb9Y5R2dvf2D8qHlaPjk9Mz8/yiJ6NEUOzSiEdi4BGJnIXYVUxxHMQCSeBx7Hvz+yXvL1BIFoVPKo3RDcg0ZBNGidKlsVnNRqslmccTzNGfoszHZs2u2ytZ28YpTA0Kdcbm98iPaBJgqCgnUg4dO1ZuRoRilGNeGSUSY0LnZIpDf8FiGZIApZs9r06v8YwEUqaBl1vXAVEzucmWxf/YMFGTWzdjYZwoDKlu0WyScEtF1jK35TOBVPFUG0IF0y+z6IwIQpX+nYqO7GwG3Da9Rt1p1puPjVr7rghfhku4ghtwoAVteIAOdIFCCu/wCV8GN16MV+Ptr7VkFDNVWJPx8QsI4o7/</latexit>

edges

<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1
<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3
<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4
<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7
<latexit sha1_base64="6JAOSGM6srNBUCVv7uGWeQMmmPU=">AAAB23icbZC7TgJBFIbP4g3xhlrabCQmVmRXDVoSbSwxkUsCGzI7HGBkZnYzM0skGyo7Y2FjoU/ja/g2DrgN4F/9Od+Z5HwTxpxp43k/Tm5tfWNzK79d2Nnd2z8oHh41dJQoinUa8Ui1QqKRM4l1wwzHVqyQiJBjMxzdzXhzjEqzSD6aSYyBIAPJ+owSY0cNv2Mi97JbLHllbx53tfhZKUGWWrf43elFNBEoDeVE67bvxSZIiTKMcpwWOonGmNARGWC7N2axlkSgDtLn+cELPCVC64kIp+6ZIGaol9ls+B9rJ6Z/E6RMxolBSe2KZf2Eu1ZoJur2mEJq+MQWQhWzl7l0SBShxn5HwSr7y4KrpXFR9ivlysNVqXqbyefhBE7hHHy4hircQw3qQOEJ3uETvpzAeXFenbe/1ZyTvTmGhTgfv0P/h/Y=</latexit>

1 ! 3

<latexit sha1_base64="r6wR+2/rvE27HPsl1nt3WCLXtv0=">AAAB23icbZC7TgJBFIbPeEW8oZY2G4mJFdlFg5ZEG0tM5JLAhswOBxiZnd3MzBLJhsrOWNhY6NP4Gr6NA24D+Fd/zncmOd8EseDauO4PWVvf2Nzazu3kd/f2Dw4LR8cNHSWKYZ1FIlKtgGoUXGLdcCOwFSukYSCwGYzuZrw5RqV5JB/NJEY/pAPJ+5xRY0eNcsdEzmW3UHRL7jzOavGyUoQstW7hu9OLWBKiNExQrdueGxs/pcpwJnCa7yQaY8pGdIDt3pjHWtIQtZ8+zw9e4CkNtZ6EwdQ5D6kZ6mU2G/7H2onp3/gpl3FiUDK7Ylk/EY4Vmok6Pa6QGTGxhTLF7WUOG1JFmbHfkbfK3rLgammUS16lVHm4KlZvM/kcnMIZXIAH11CFe6hBHRg8wTt8whfxyQt5JW9/q2ske3MCCyEfv0V2h/c=</latexit>

2 ! 3
<latexit sha1_base64="6Tn4cAxUc9EBjT+N4jv6BhUIKrM=">AAAB23icbZC7TgJBFIbPeEW8oZY2G4mJFdlVgpZEG0tM5JLAhswOBxiZ3Z3MzBLJhsrOWNhY6NP4Gr6NA24D+Fd/zncmOd8EUnBtXPeHrK1vbG5t53byu3v7B4eFo+OGjhPFsM5iEatWQDUKHmHdcCOwJRXSMBDYDEZ3M94co9I8jh7NRKIf0kHE+5xRY0eNq46JnXK3UHRL7jzOavGyUoQstW7hu9OLWRJiZJigWrc9Vxo/pcpwJnCa7yQaJWUjOsB2b8yljmiI2k+f5wcv8JSGWk/CYOqch9QM9TKbDf9j7cT0b/yURzIxGDG7Ylk/EY4Vmok6Pa6QGTGxhTLF7WUOG1JFmbHfkbfK3rLgamlclrxKqfJQLlZvM/kcnMIZXIAH11CFe6hBHRg8wTt8whfxyQt5JW9/q2ske3MCCyEfv0hfh/k=</latexit>

3 ! 4
<latexit sha1_base64="BPTlX72i2r31AqipHEXwm5Zv3KE=">AAAB23icbZC7TgJBFIbP4A3xhlrabCQmVmTXKFoSbSwxkUsCGzI7HGBkdnYzM0skGyo7Y2FjoU/ja/g2DrgN4F/9Od+Z5HwTxIJr47o/JLe2vrG5ld8u7Ozu7R8UD48aOkoUwzqLRKRaAdUouMS64UZgK1ZIw0BgMxjdzXhzjErzSD6aSYx+SAeS9zmjxo4alx0TOVfdYsktu/M4q8XLSgmy1LrF704vYkmI0jBBtW57bmz8lCrDmcBpoZNojCkb0QG2e2Mea0lD1H76PD94gac01HoSBlPnLKRmqJfZbPgfayemf+OnXMaJQcnsimX9RDhWaCbq9LhCZsTEFsoUt5c5bEgVZcZ+R8Eqe8uCq6VxUfYq5crDZal6m8nn4QRO4Rw8uIYq3EMN6sDgCd7hE76IT17IK3n7W82R7M0xLIR8/AJLSIf7</latexit>

4 ! 5
<latexit sha1_base64="6Bcq2N1WHVQRGIER7MxqCJ3ozl4=">AAAB23icbZC7TgJBFIbP4g3xhlrabCQmVmTXELQk2lhiIpcENmR2OMDI7OxkZpZINlR2xsLGQp/G1/BtHHAbwL/6c74zyfkmlJxp43k/Tm5jc2t7J79b2Ns/ODwqHp80dZwoig0a81i1Q6KRM4ENwwzHtlRIopBjKxzfzXlrgkqzWDyaqcQgIkPBBowSY0fNStfEbrVXLHllbxF3vfhZKUGWeq/43e3HNIlQGMqJ1h3fkyZIiTKMcpwVuolGSeiYDLHTnzCpBYlQB+nz4uAlnpJI62kUztyLiJiRXmXz4X+sk5jBTZAyIRODgtoVywYJd63QXNTtM4XU8KkthCpmL3PpiChCjf2OglX2VwXXS/Oq7FfL1YdKqXabyefhDM7hEny4hhrcQx0aQOEJ3uETvpzAeXFenbe/1ZyTvTmFpTgfv0y6h/w=</latexit>

4 ! 6
<latexit sha1_base64="do2zKuTEm2wlLg9zrZLbFAy15h4=">AAAB23icbZC7TgJBFIbP4A3xhlrabCQmVmTXGLAk2lhiIpcENmR2OMDI7OxmZpZINlR2xsLGQp/G1/BtHHAbwL/6c74zyfkmiAXXxnV/SG5jc2t7J79b2Ns/ODwqHp80dZQohg0WiUi1A6pRcIkNw43AdqyQhoHAVjC+m/PWBJXmkXw00xj9kA4lH3BGjR01r7smcqq9Ysktu4s468XLSgmy1HvF724/YkmI0jBBte54bmz8lCrDmcBZoZtojCkb0yF2+hMea0lD1H76vDh4iac01HoaBjPnIqRmpFfZfPgf6yRmcOOnXMaJQcnsimWDRDhWaC7q9LlCZsTUFsoUt5c5bEQVZcZ+R8Eqe6uC66V5VfYq5crDdal2m8nn4QzO4RI8qEIN7qEODWDwBO/wCV/EJy/klbz9reZI9uYUlkI+fgFOLIf9</latexit>

4 ! 7

<latexit sha1_base64="jR0h3ubu8ybZbfgVm9kJxGwDu3k="></latexit>

B> =

2
6666664

1 0 �1 0 0 0 0
0 1 �1 0 0 0 0
0 0 1 �1 0 0 0
0 0 0 1 �1 0 0
0 0 0 1 0 �1 0
0 0 0 1 0 0 �1

3
7777775

Active power dynamics: θ̇ = D−1
(
p(η)−BA sin(B>θ)

)
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Renewable Power Grids
Primer on algebraic graph theory

Weighted undirected graph with n nodes and m edges:

Incidence matrix: n×m matrix B s.t. (B>p(η))(ij) = p(η)i − p(η)j

Edge weight matrix: m×m diagonal matrix A
Laplacian matrix: L = BAB>
Time-scale matrix: D = diag({Λi}, {τi})

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="nDmWW7jiBXv2Tl53FDex+OI115k=">AAAB43icbY+7TgJREIZn8YZ4Qy1tNhITK7JLgZZELSwxkUsCK5k9O8AJZ3dPzjlLJIQnsDMWNhb6JL6Gb+OC2wD+1Z/5ZpL5fCm4No7zY+U2Nre2d/K7hb39g8Oj4vFJU8eJYtRgsYhV20dNgkfUMNwIaktFGPqCWv7ods5bY1Kax9GjmUjyQhxEvM8ZmnT0dMcVMUOBPVAoh71iySk7i9jrxc1KCbLUe8XvbhCzJKTIMIFad1xHGm+KynAmaFboJpokshEOqBOMudQRhqS96fPi8SU+xVDrSejP7IsQzVCvsvnwP9ZJTP/am/JIJoYilq6krJ8I28T2XNgOFopikhZkiqef2WyIClNtpQupsrsquF6albJbLVcfKqXaTSafhzM4h0tw4QpqcA91aAADBe/wCV8WWS/Wq/X2t5qzsptTWIr18QuyuovX</latexit>

Directed graph

<latexit sha1_base64="iih/qfhdaFngef6Nj/a/pOldlPY=">AAAB6nicbZDLTsJAFIZP8YZ4q7J000hMXJGWBbgkunGJiVwSaMh0eoAJ02kzMyU2TV/CnXHhxoW+ha/h21iwG8B/9ed85zL/eBFnStv2j1Ha2d3bPygfVo6OT07PzPOLngpjSbFLQx7KgUcUciawq5nmOIgkksDj2Pfm90veX6BULBRPOonQDchUsAmjROelsVlNR6slqcdjzEToo8rGZs2u2ytZ28YpTA0Kdcbm98gPaRyg0JQTpYaOHWk3JVIzyjGrjGKFEaFzMsWhv2CREiRA5abPq9NrPCWBUkngZdZ1QPRMbbJl8T82jPXk1k2ZiGKNguYtOZvE3NKhtcxt+Uwi1TzJDaGS5S+z6IxIQnX+O5U8srMZcNv0GnWnWW8+NmrtuyJ8GS7hCm7AgRa04QE60AUKCbzDJ3wZ3HgxXo23v9aSUcxUYU3Gxy8hxI8Q</latexit>

nodes

<latexit sha1_base64="Fe9Lud1THAxPdFjWLKMhoJEGhQs=">AAAB6nicbZDLTsJAFIZP8YZ4q7J000hMXJGWBbgkunGJiVwSaMh0eoAJ00tmpsSm6Uu4My7cuNC38DV8GwfsBvBf/Tnfucw/XsyZVLb9Y5R2dvf2D8qHlaPjk9Mz8/yiJ6NEUOzSiEdi4BGJnIXYVUxxHMQCSeBx7Hvz+yXvL1BIFoVPKo3RDcg0ZBNGidKlsVnNRqslmccTzNGfoszHZs2u2ytZ28YpTA0Kdcbm98iPaBJgqCgnUg4dO1ZuRoRilGNeGSUSY0LnZIpDf8FiGZIApZs9r06v8YwEUqaBl1vXAVEzucmWxf/YMFGTWzdjYZwoDKlu0WyScEtF1jK35TOBVPFUG0IF0y+z6IwIQpX+nYqO7GwG3Da9Rt1p1puPjVr7rghfhku4ghtwoAVteIAOdIFCCu/wCV8GN16MV+Ptr7VkFDNVWJPx8QsI4o7/</latexit>

edges

<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1
<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3
<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4
<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7
<latexit sha1_base64="6JAOSGM6srNBUCVv7uGWeQMmmPU=">AAAB23icbZC7TgJBFIbP4g3xhlrabCQmVmRXDVoSbSwxkUsCGzI7HGBkZnYzM0skGyo7Y2FjoU/ja/g2DrgN4F/9Od+Z5HwTxpxp43k/Tm5tfWNzK79d2Nnd2z8oHh41dJQoinUa8Ui1QqKRM4l1wwzHVqyQiJBjMxzdzXhzjEqzSD6aSYyBIAPJ+owSY0cNv2Mi97JbLHllbx53tfhZKUGWWrf43elFNBEoDeVE67bvxSZIiTKMcpwWOonGmNARGWC7N2axlkSgDtLn+cELPCVC64kIp+6ZIGaol9ls+B9rJ6Z/E6RMxolBSe2KZf2Eu1ZoJur2mEJq+MQWQhWzl7l0SBShxn5HwSr7y4KrpXFR9ivlysNVqXqbyefhBE7hHHy4hircQw3qQOEJ3uETvpzAeXFenbe/1ZyTvTmGhTgfv0P/h/Y=</latexit>

1 ! 3

<latexit sha1_base64="r6wR+2/rvE27HPsl1nt3WCLXtv0=">AAAB23icbZC7TgJBFIbPeEW8oZY2G4mJFdlFg5ZEG0tM5JLAhswOBxiZnd3MzBLJhsrOWNhY6NP4Gr6NA24D+Fd/zncmOd8EseDauO4PWVvf2Nzazu3kd/f2Dw4LR8cNHSWKYZ1FIlKtgGoUXGLdcCOwFSukYSCwGYzuZrw5RqV5JB/NJEY/pAPJ+5xRY0eNcsdEzmW3UHRL7jzOavGyUoQstW7hu9OLWBKiNExQrdueGxs/pcpwJnCa7yQaY8pGdIDt3pjHWtIQtZ8+zw9e4CkNtZ6EwdQ5D6kZ6mU2G/7H2onp3/gpl3FiUDK7Ylk/EY4Vmok6Pa6QGTGxhTLF7WUOG1JFmbHfkbfK3rLgammUS16lVHm4KlZvM/kcnMIZXIAH11CFe6hBHRg8wTt8whfxyQt5JW9/q2ske3MCCyEfv0V2h/c=</latexit>

2 ! 3
<latexit sha1_base64="6Tn4cAxUc9EBjT+N4jv6BhUIKrM=">AAAB23icbZC7TgJBFIbPeEW8oZY2G4mJFdlVgpZEG0tM5JLAhswOBxiZ3Z3MzBLJhsrOWNhY6NP4Gr6NA24D+Fd/zncmOd8EUnBtXPeHrK1vbG5t53byu3v7B4eFo+OGjhPFsM5iEatWQDUKHmHdcCOwJRXSMBDYDEZ3M94co9I8jh7NRKIf0kHE+5xRY0eNq46JnXK3UHRL7jzOavGyUoQstW7hu9OLWRJiZJigWrc9Vxo/pcpwJnCa7yQaJWUjOsB2b8yljmiI2k+f5wcv8JSGWk/CYOqch9QM9TKbDf9j7cT0b/yURzIxGDG7Ylk/EY4Vmok6Pa6QGTGxhTLF7WUOG1JFmbHfkbfK3rLgamlclrxKqfJQLlZvM/kcnMIZXIAH11CFe6hBHRg8wTt8whfxyQt5JW9/q2ske3MCCyEfv0hfh/k=</latexit>

3 ! 4
<latexit sha1_base64="BPTlX72i2r31AqipHEXwm5Zv3KE=">AAAB23icbZC7TgJBFIbP4A3xhlrabCQmVmTXKFoSbSwxkUsCGzI7HGBkdnYzM0skGyo7Y2FjoU/ja/g2DrgN4F/9Od+Z5HwTxIJr47o/JLe2vrG5ld8u7Ozu7R8UD48aOkoUwzqLRKRaAdUouMS64UZgK1ZIw0BgMxjdzXhzjErzSD6aSYx+SAeS9zmjxo4alx0TOVfdYsktu/M4q8XLSgmy1LrF704vYkmI0jBBtW57bmz8lCrDmcBpoZNojCkb0QG2e2Mea0lD1H76PD94gac01HoSBlPnLKRmqJfZbPgfayemf+OnXMaJQcnsimX9RDhWaCbq9LhCZsTEFsoUt5c5bEgVZcZ+R8Eqe8uCq6VxUfYq5crDZal6m8nn4QRO4Rw8uIYq3EMN6sDgCd7hE76IT17IK3n7W82R7M0xLIR8/AJLSIf7</latexit>

4 ! 5
<latexit sha1_base64="6Bcq2N1WHVQRGIER7MxqCJ3ozl4=">AAAB23icbZC7TgJBFIbP4g3xhlrabCQmVmTXELQk2lhiIpcENmR2OMDI7OxkZpZINlR2xsLGQp/G1/BtHHAbwL/6c74zyfkmlJxp43k/Tm5jc2t7J79b2Ns/ODwqHp80dZwoig0a81i1Q6KRM4ENwwzHtlRIopBjKxzfzXlrgkqzWDyaqcQgIkPBBowSY0fNStfEbrVXLHllbxF3vfhZKUGWeq/43e3HNIlQGMqJ1h3fkyZIiTKMcpwVuolGSeiYDLHTnzCpBYlQB+nz4uAlnpJI62kUztyLiJiRXmXz4X+sk5jBTZAyIRODgtoVywYJd63QXNTtM4XU8KkthCpmL3PpiChCjf2OglX2VwXXS/Oq7FfL1YdKqXabyefhDM7hEny4hhrcQx0aQOEJ3uETvpzAeXFenbe/1ZyTvTmFpTgfv0y6h/w=</latexit>

4 ! 6
<latexit sha1_base64="do2zKuTEm2wlLg9zrZLbFAy15h4=">AAAB23icbZC7TgJBFIbP4A3xhlrabCQmVmTXGLAk2lhiIpcENmR2OMDI7OxmZpZINlR2xsLGQp/G1/BtHHAbwL/6c74zyfkmiAXXxnV/SG5jc2t7J79b2Ns/ODwqHp80dZQohg0WiUi1A6pRcIkNw43AdqyQhoHAVjC+m/PWBJXmkXw00xj9kA4lH3BGjR01r7smcqq9Ysktu4s468XLSgmy1HvF724/YkmI0jBBte54bmz8lCrDmcBZoZtojCkb0yF2+hMea0lD1H76vDh4iac01HoaBjPnIqRmpFfZfPgf6yRmcOOnXMaJQcnsimWDRDhWaC7q9LlCZsTUFsoUt5c5bEQVZcZ+R8Eqe6uC66V5VfYq5crDdal2m8nn4QzO4RI8qEIN7qEODWDwBO/wCV/EJy/klbz9reZI9uYUlkI+fgFOLIf9</latexit>

4 ! 7

<latexit sha1_base64="jR0h3ubu8ybZbfgVm9kJxGwDu3k="></latexit>

B> =

2
6666664

1 0 �1 0 0 0 0
0 1 �1 0 0 0 0
0 0 1 �1 0 0 0
0 0 0 1 �1 0 0
0 0 0 1 0 �1 0
0 0 0 1 0 0 �1

3
7777775

Active power dynamics: θ̇ = D−1
(
p(η)−BA sin(B>θ)

)
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Renewable Power Grids
Acyclic networks and stable solutions

In this talk: power grids with acyclic topology

Example: distribution grid

Equilibrium points: p(η) = BA sin(B>θ)

Multiply both side into B>L†

B>L†p(η) = B>L†BA sin(B>θ)

B>L†BA is a projection matrix

For acyclic topology: B>L†BA = In

if ‖B>L†p(η)‖∞ ≤ 1 =⇒ B>θ∗(η) = arcsin
(
B>L†p(η)

)

if ‖B>L†p(η)‖∞ ≤ 1 =⇒ θ∗i (η)− θ∗j (η) = arcsin
(
B>L†p(η)

)
e

1L† is the Moore-Penrose pseudoinverse of L
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Renewable Power Grids
Why localization is important?

if ‖B>L†p(η)‖∞ ≤ 1 =⇒ θ∗i (η)− θ∗j (η) = arcsin
(
B>L†p(η)

)
e

(
B>L†p(η)

)
e

= active power flow from bus i to bus j passes
through the line e = i→ j.

(
B>θ

)
e

= θ∗i (η)− θ∗j (η) = voltage angle difference between
bus i and bus j

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="QiKTU3Nr+cvaWd6ii2KyFn2ymts=">AAACDXicbZDPTsJAEMa3+B//VT16aSQmcCGtMeiR6MWDB01ESCiS7XYoG7btZndKJE2fwRfwNbwZY7x40BfwbSzIBfC77Jf5zU7mG08KrtG2f4zC0vLK6tr6RnFza3tn19zbv9dxohg0WCxi1fKoBsEjaCBHAS2pgIaegKY3uBzz5hCU5nF0hyMJnZAGEe9xRjEvdc2aK6CH5YuH1MVYZtf569MgAJXJcupO5qcK/MwFpFnFVTzoY6ULXbNkV+2JrEXjTE2JTHXTNd9dP2ZJCBEyQbVuO7bETkoVciYgK7qJBknZgAbQ9odc6oiGoDvp42SFGZ7SUOtR6GXWcUixr+fZuPgfayfYO++kPJIJQsTylpz1EmFhbI1PY/lcAUMxyg1liuebWaxPFWWYH7CYR3bmAy6a+5OqU6vWbk9L9Ytp+HVySI5ImTjkjNTJFbkhDcLIM/kgX+TbeDJejFfj7a+1YEz/HJAZGZ+/Doidhg==</latexit>�
B>L†p(⌘)

�
e

<latexit sha1_base64="IM/YQcKmAKGnGvCRSH3XV9JO3uA=">AAAB7XicbZDLTsJAFIZP8YZ4q5q4cdNITHBDWmPQJdGNS0zkktCmmU4PMGF6ycyUSGofw51x4caFPoSv4dtYsBvAf/XnfOcy/3gxZ1KZ5o9WWlvf2Nwqb1d2dvf2D/TDo46MEkGxTSMeiZ5HJHIWYlsxxbEXCySBx7Hrje9mvDtBIVkUPqppjE5AhiEbMEpUXnL1k9hltdSeL0oF+pmNimQXrl416+ZcxqqxClOFQi1X/7b9iCYBhopyImXfMmPlpEQoRjlmFTuRGBM6JkPs+xMWy5AEKJ30aX55gackkHIaeJlxHhA1kstsVvyP9RM1uHFSFsaJwpDmLTkbJNxQkTGLbvhMIFV8mhtCBctfZtAREYSq/IMqeWRrOeCq6VzWrUa98XBVbd4W4ctwCmdQAwuuoQn30II2UHiGd/iELy3SXrRX7e2vtaQVM8ewIO3jF4Irj8k=</latexit>

pi(⌘)
<latexit sha1_base64="hpWW1VIrbdeD2fZ8Uv26PkvoTKw=">AAAB7XicbZC5TsNAFEWfwxbCZkCiobGIkEIT2QgFyggayiCRRYotazx+SQbGi2bGEZHxZ9AhChoK+Ah+g7/BCW6ScKurd94yd7yYM6lM80crrayurW+UNytb2zu7e/r+QUdGiaDYphGPRM8jEjkLsa2Y4tiLBZLA49j1Hm+mvDtGIVkU3qtJjE5AhiEbMEpUXnL1o9h9qKX2bFEq0M9sVCQ7c/WqWTdnMpaNVZgqFGq5+rftRzQJMFSUEyn7lhkrJyVCMcoxq9iJxJjQRzLEvj9msQxJgNJJn2aX53hKAikngZcZpwFRI7nIpsX/WD9RgysnZWGcKAxp3pKzQcINFRnT6IbPBFLFJ7khVLD8ZQYdEUGoyj+okke2FgMum8553WrUG3cX1eZ1Eb4Mx3ACNbDgEppwCy1oA4VneIdP+NIi7UV71d7+WktaMXMIc9I+fgGDsI/K</latexit>

pj(⌘)

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="r7RaryKPe794ozkueG13PddepHM=">AAAB3XicbZA7TwJREIVn8YX4Qi1tNhITK7JrDFoSbSwxkUcCm83dywA33H3k3lki2VDaGQsbC/0x/g3/jRfcBvBUJ/OdSeZMkEihyXF+rMLG5tb2TnG3tLd/cHhUPj5p6ThVHJs8lrHqBEyjFBE2SZDETqKQhYHEdjC+n/P2BJUWcfRE0wS9kA0jMRCckRl1ejRCYr7wyxWn6ixkrxs3NxXI1fDL371+zNMQI+KSad11nYS8jCkSXOKs1Es1JoyP2RC7/YlIdMRC1F72vDh5iWcs1HoaBjP7ImQ00qtsPvyPdVMa3HqZiJKUMOImYtgglTbF9ryq3RcKOcmpMYwrYS6z+Ygpxsk8pGQqu6sF103rqurWqrXH60r9Li9fhDM4h0tw4Qbq8AANaAIHCe/wCV+Wb71Yr9bbX7Rg5TunsCTr4xeya4mB</latexit>

✓i
<latexit sha1_base64="yv2eqHDLaRbG/KbKmTd7qnT+qjc=">AAAB3XicbZC7TsNAEEXHPEN4BShpLCIkqshGKFBG0FAGiTykxLLWm0myZG2vdscRkZWSDlHQUMDH8Bv8DU5wk4RbXc25I82dQElhyHF+rLX1jc2t7cJOcXdv/+CwdHTcNHGiOTZ4LGPdDphBKSJskCCJbaWRhYHEVjC6m/HWGLURcfRIE4VeyAaR6AvOKBu1uzREYv6TXyo7FWcue9W4uSlDrrpf+u72Yp6EGBGXzJiO6yjyUqZJcInTYjcxqBgfsQF2emOhTMRCNF76PD95gacsNGYSBlP7PGQ0NMtsNvyPdRLq33ipiFRCGPEskrF+Im2K7VlVuyc0cpKTzDCuRXaZzYdMM07ZQ4pZZXe54KppXlbcaqX6cFWu3eblC3AKZ3ABLlxDDe6hDg3gIOEdPuHL8q0X69V6+4uuWfnOCSzI+vgFs92Jgg==</latexit>

✓j

Frequency synchronization:

sin(voltage angle differences between i and j) = active power flows on e

if active power flow on e : i→ j > 1 =⇒ the line e : i→ j overheats
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Renewable Power Grids
Why localization is important?

if ‖B>L†p(η)‖∞ ≤ 1 =⇒ θ∗i (η)− θ∗j (η) = arcsin
(
B>L†p(η)

)
e

(
B>L†p(η)

)
e

= active power flow from bus i to bus j passes
through the line e = i→ j.

(
B>θ

)
e

= θ∗i (η)− θ∗j (η) = voltage angle difference between
bus i and bus j

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="QiKTU3Nr+cvaWd6ii2KyFn2ymts=">AAACDXicbZDPTsJAEMa3+B//VT16aSQmcCGtMeiR6MWDB01ESCiS7XYoG7btZndKJE2fwRfwNbwZY7x40BfwbSzIBfC77Jf5zU7mG08KrtG2f4zC0vLK6tr6RnFza3tn19zbv9dxohg0WCxi1fKoBsEjaCBHAS2pgIaegKY3uBzz5hCU5nF0hyMJnZAGEe9xRjEvdc2aK6CH5YuH1MVYZtf569MgAJXJcupO5qcK/MwFpFnFVTzoY6ULXbNkV+2JrEXjTE2JTHXTNd9dP2ZJCBEyQbVuO7bETkoVciYgK7qJBknZgAbQ9odc6oiGoDvp42SFGZ7SUOtR6GXWcUixr+fZuPgfayfYO++kPJIJQsTylpz1EmFhbI1PY/lcAUMxyg1liuebWaxPFWWYH7CYR3bmAy6a+5OqU6vWbk9L9Ytp+HVySI5ImTjkjNTJFbkhDcLIM/kgX+TbeDJejFfj7a+1YEz/HJAZGZ+/Doidhg==</latexit>�
B>L†p(⌘)

�
e

<latexit sha1_base64="IM/YQcKmAKGnGvCRSH3XV9JO3uA=">AAAB7XicbZDLTsJAFIZP8YZ4q5q4cdNITHBDWmPQJdGNS0zkktCmmU4PMGF6ycyUSGofw51x4caFPoSv4dtYsBvAf/XnfOcy/3gxZ1KZ5o9WWlvf2Nwqb1d2dvf2D/TDo46MEkGxTSMeiZ5HJHIWYlsxxbEXCySBx7Hrje9mvDtBIVkUPqppjE5AhiEbMEpUXnL1k9hltdSeL0oF+pmNimQXrl416+ZcxqqxClOFQi1X/7b9iCYBhopyImXfMmPlpEQoRjlmFTuRGBM6JkPs+xMWy5AEKJ30aX55gackkHIaeJlxHhA1kstsVvyP9RM1uHFSFsaJwpDmLTkbJNxQkTGLbvhMIFV8mhtCBctfZtAREYSq/IMqeWRrOeCq6VzWrUa98XBVbd4W4ctwCmdQAwuuoQn30II2UHiGd/iELy3SXrRX7e2vtaQVM8ewIO3jF4Irj8k=</latexit>

pi(⌘)
<latexit sha1_base64="hpWW1VIrbdeD2fZ8Uv26PkvoTKw=">AAAB7XicbZC5TsNAFEWfwxbCZkCiobGIkEIT2QgFyggayiCRRYotazx+SQbGi2bGEZHxZ9AhChoK+Ah+g7/BCW6ScKurd94yd7yYM6lM80crrayurW+UNytb2zu7e/r+QUdGiaDYphGPRM8jEjkLsa2Y4tiLBZLA49j1Hm+mvDtGIVkU3qtJjE5AhiEbMEpUXnL1o9h9qKX2bFEq0M9sVCQ7c/WqWTdnMpaNVZgqFGq5+rftRzQJMFSUEyn7lhkrJyVCMcoxq9iJxJjQRzLEvj9msQxJgNJJn2aX53hKAikngZcZpwFRI7nIpsX/WD9RgysnZWGcKAxp3pKzQcINFRnT6IbPBFLFJ7khVLD8ZQYdEUGoyj+okke2FgMum8553WrUG3cX1eZ1Eb4Mx3ACNbDgEppwCy1oA4VneIdP+NIi7UV71d7+WktaMXMIc9I+fgGDsI/K</latexit>

pj(⌘)

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="r7RaryKPe794ozkueG13PddepHM=">AAAB3XicbZA7TwJREIVn8YX4Qi1tNhITK7JrDFoSbSwxkUcCm83dywA33H3k3lki2VDaGQsbC/0x/g3/jRfcBvBUJ/OdSeZMkEihyXF+rMLG5tb2TnG3tLd/cHhUPj5p6ThVHJs8lrHqBEyjFBE2SZDETqKQhYHEdjC+n/P2BJUWcfRE0wS9kA0jMRCckRl1ejRCYr7wyxWn6ixkrxs3NxXI1fDL371+zNMQI+KSad11nYS8jCkSXOKs1Es1JoyP2RC7/YlIdMRC1F72vDh5iWcs1HoaBjP7ImQ00qtsPvyPdVMa3HqZiJKUMOImYtgglTbF9ryq3RcKOcmpMYwrYS6z+Ygpxsk8pGQqu6sF103rqurWqrXH60r9Li9fhDM4h0tw4Qbq8AANaAIHCe/wCV+Wb71Yr9bbX7Rg5TunsCTr4xeya4mB</latexit>

✓i
<latexit sha1_base64="yv2eqHDLaRbG/KbKmTd7qnT+qjc=">AAAB3XicbZC7TsNAEEXHPEN4BShpLCIkqshGKFBG0FAGiTykxLLWm0myZG2vdscRkZWSDlHQUMDH8Bv8DU5wk4RbXc25I82dQElhyHF+rLX1jc2t7cJOcXdv/+CwdHTcNHGiOTZ4LGPdDphBKSJskCCJbaWRhYHEVjC6m/HWGLURcfRIE4VeyAaR6AvOKBu1uzREYv6TXyo7FWcue9W4uSlDrrpf+u72Yp6EGBGXzJiO6yjyUqZJcInTYjcxqBgfsQF2emOhTMRCNF76PD95gacsNGYSBlP7PGQ0NMtsNvyPdRLq33ipiFRCGPEskrF+Im2K7VlVuyc0cpKTzDCuRXaZzYdMM07ZQ4pZZXe54KppXlbcaqX6cFWu3eblC3AKZ3ABLlxDDe6hDg3gIOEdPuHL8q0X69V6+4uuWfnOCSzI+vgFs92Jgg==</latexit>

✓j

Frequency synchronization:

sin(voltage angle differences between i and j) = active power flows on e

if active power flow on e : i→ j > 1 =⇒ the line e : i→ j overheats
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Renewable Power Grids
Why localization is important?

if ‖B>L†p(η)‖∞ ≤ 1 =⇒ θ∗i (η)− θ∗j (η) = arcsin
(
B>L†p(η)

)
e

(
B>L†p(η)

)
e

= active power flow from bus i to bus j passes
through the line e = i→ j.

(
B>θ

)
e

= θ∗i (η)− θ∗j (η) = voltage angle difference between
bus i and bus j

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="QiKTU3Nr+cvaWd6ii2KyFn2ymts=">AAACDXicbZDPTsJAEMa3+B//VT16aSQmcCGtMeiR6MWDB01ESCiS7XYoG7btZndKJE2fwRfwNbwZY7x40BfwbSzIBfC77Jf5zU7mG08KrtG2f4zC0vLK6tr6RnFza3tn19zbv9dxohg0WCxi1fKoBsEjaCBHAS2pgIaegKY3uBzz5hCU5nF0hyMJnZAGEe9xRjEvdc2aK6CH5YuH1MVYZtf569MgAJXJcupO5qcK/MwFpFnFVTzoY6ULXbNkV+2JrEXjTE2JTHXTNd9dP2ZJCBEyQbVuO7bETkoVciYgK7qJBknZgAbQ9odc6oiGoDvp42SFGZ7SUOtR6GXWcUixr+fZuPgfayfYO++kPJIJQsTylpz1EmFhbI1PY/lcAUMxyg1liuebWaxPFWWYH7CYR3bmAy6a+5OqU6vWbk9L9Ytp+HVySI5ImTjkjNTJFbkhDcLIM/kgX+TbeDJejFfj7a+1YEz/HJAZGZ+/Doidhg==</latexit>�
B>L†p(⌘)

�
e

<latexit sha1_base64="IM/YQcKmAKGnGvCRSH3XV9JO3uA=">AAAB7XicbZDLTsJAFIZP8YZ4q5q4cdNITHBDWmPQJdGNS0zkktCmmU4PMGF6ycyUSGofw51x4caFPoSv4dtYsBvAf/XnfOcy/3gxZ1KZ5o9WWlvf2Nwqb1d2dvf2D/TDo46MEkGxTSMeiZ5HJHIWYlsxxbEXCySBx7Hrje9mvDtBIVkUPqppjE5AhiEbMEpUXnL1k9hltdSeL0oF+pmNimQXrl416+ZcxqqxClOFQi1X/7b9iCYBhopyImXfMmPlpEQoRjlmFTuRGBM6JkPs+xMWy5AEKJ30aX55gackkHIaeJlxHhA1kstsVvyP9RM1uHFSFsaJwpDmLTkbJNxQkTGLbvhMIFV8mhtCBctfZtAREYSq/IMqeWRrOeCq6VzWrUa98XBVbd4W4ctwCmdQAwuuoQn30II2UHiGd/iELy3SXrRX7e2vtaQVM8ewIO3jF4Irj8k=</latexit>

pi(⌘)
<latexit sha1_base64="hpWW1VIrbdeD2fZ8Uv26PkvoTKw=">AAAB7XicbZC5TsNAFEWfwxbCZkCiobGIkEIT2QgFyggayiCRRYotazx+SQbGi2bGEZHxZ9AhChoK+Ah+g7/BCW6ScKurd94yd7yYM6lM80crrayurW+UNytb2zu7e/r+QUdGiaDYphGPRM8jEjkLsa2Y4tiLBZLA49j1Hm+mvDtGIVkU3qtJjE5AhiEbMEpUXnL1o9h9qKX2bFEq0M9sVCQ7c/WqWTdnMpaNVZgqFGq5+rftRzQJMFSUEyn7lhkrJyVCMcoxq9iJxJjQRzLEvj9msQxJgNJJn2aX53hKAikngZcZpwFRI7nIpsX/WD9RgysnZWGcKAxp3pKzQcINFRnT6IbPBFLFJ7khVLD8ZQYdEUGoyj+okke2FgMum8553WrUG3cX1eZ1Eb4Mx3ACNbDgEppwCy1oA4VneIdP+NIi7UV71d7+WktaMXMIc9I+fgGDsI/K</latexit>

pj(⌘)

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="r7RaryKPe794ozkueG13PddepHM=">AAAB3XicbZA7TwJREIVn8YX4Qi1tNhITK7JrDFoSbSwxkUcCm83dywA33H3k3lki2VDaGQsbC/0x/g3/jRfcBvBUJ/OdSeZMkEihyXF+rMLG5tb2TnG3tLd/cHhUPj5p6ThVHJs8lrHqBEyjFBE2SZDETqKQhYHEdjC+n/P2BJUWcfRE0wS9kA0jMRCckRl1ejRCYr7wyxWn6ixkrxs3NxXI1fDL371+zNMQI+KSad11nYS8jCkSXOKs1Es1JoyP2RC7/YlIdMRC1F72vDh5iWcs1HoaBjP7ImQ00qtsPvyPdVMa3HqZiJKUMOImYtgglTbF9ryq3RcKOcmpMYwrYS6z+Ygpxsk8pGQqu6sF103rqurWqrXH60r9Li9fhDM4h0tw4Qbq8AANaAIHCe/wCV+Wb71Yr9bbX7Rg5TunsCTr4xeya4mB</latexit>

✓i
<latexit sha1_base64="yv2eqHDLaRbG/KbKmTd7qnT+qjc=">AAAB3XicbZC7TsNAEEXHPEN4BShpLCIkqshGKFBG0FAGiTykxLLWm0myZG2vdscRkZWSDlHQUMDH8Bv8DU5wk4RbXc25I82dQElhyHF+rLX1jc2t7cJOcXdv/+CwdHTcNHGiOTZ4LGPdDphBKSJskCCJbaWRhYHEVjC6m/HWGLURcfRIE4VeyAaR6AvOKBu1uzREYv6TXyo7FWcue9W4uSlDrrpf+u72Yp6EGBGXzJiO6yjyUqZJcInTYjcxqBgfsQF2emOhTMRCNF76PD95gacsNGYSBlP7PGQ0NMtsNvyPdRLq33ipiFRCGPEskrF+Im2K7VlVuyc0cpKTzDCuRXaZzYdMM07ZQ4pZZXe54KppXlbcaqX6cFWu3eblC3AKZ3ABLlxDDe6hDg3gIOEdPuHL8q0X69V6+4uuWfnOCSzI+vgFs92Jgg==</latexit>

✓j

Frequency synchronization:

sin(voltage angle differences between i and j) = active power flows on e

if active power flow on e : i→ j > 1 =⇒ the line e : i→ j overheats
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Renewable Power Grids
Why localization is important?

if ‖B>L†p(η)‖∞ ≤ 1 =⇒ θ∗i (η)− θ∗j (η) = arcsin
(
B>L†p(η)

)
e

(
B>L†p(η)

)
e

= active power flow from bus i to bus j passes
through the line e = i→ j.

(
B>θ

)
e

= θ∗i (η)− θ∗j (η) = voltage angle difference between
bus i and bus j

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="QiKTU3Nr+cvaWd6ii2KyFn2ymts=">AAACDXicbZDPTsJAEMa3+B//VT16aSQmcCGtMeiR6MWDB01ESCiS7XYoG7btZndKJE2fwRfwNbwZY7x40BfwbSzIBfC77Jf5zU7mG08KrtG2f4zC0vLK6tr6RnFza3tn19zbv9dxohg0WCxi1fKoBsEjaCBHAS2pgIaegKY3uBzz5hCU5nF0hyMJnZAGEe9xRjEvdc2aK6CH5YuH1MVYZtf569MgAJXJcupO5qcK/MwFpFnFVTzoY6ULXbNkV+2JrEXjTE2JTHXTNd9dP2ZJCBEyQbVuO7bETkoVciYgK7qJBknZgAbQ9odc6oiGoDvp42SFGZ7SUOtR6GXWcUixr+fZuPgfayfYO++kPJIJQsTylpz1EmFhbI1PY/lcAUMxyg1liuebWaxPFWWYH7CYR3bmAy6a+5OqU6vWbk9L9Ytp+HVySI5ImTjkjNTJFbkhDcLIM/kgX+TbeDJejFfj7a+1YEz/HJAZGZ+/Doidhg==</latexit>�
B>L†p(⌘)

�
e

<latexit sha1_base64="IM/YQcKmAKGnGvCRSH3XV9JO3uA=">AAAB7XicbZDLTsJAFIZP8YZ4q5q4cdNITHBDWmPQJdGNS0zkktCmmU4PMGF6ycyUSGofw51x4caFPoSv4dtYsBvAf/XnfOcy/3gxZ1KZ5o9WWlvf2Nwqb1d2dvf2D/TDo46MEkGxTSMeiZ5HJHIWYlsxxbEXCySBx7Hrje9mvDtBIVkUPqppjE5AhiEbMEpUXnL1k9hltdSeL0oF+pmNimQXrl416+ZcxqqxClOFQi1X/7b9iCYBhopyImXfMmPlpEQoRjlmFTuRGBM6JkPs+xMWy5AEKJ30aX55gackkHIaeJlxHhA1kstsVvyP9RM1uHFSFsaJwpDmLTkbJNxQkTGLbvhMIFV8mhtCBctfZtAREYSq/IMqeWRrOeCq6VzWrUa98XBVbd4W4ctwCmdQAwuuoQn30II2UHiGd/iELy3SXrRX7e2vtaQVM8ewIO3jF4Irj8k=</latexit>

pi(⌘)
<latexit sha1_base64="hpWW1VIrbdeD2fZ8Uv26PkvoTKw=">AAAB7XicbZC5TsNAFEWfwxbCZkCiobGIkEIT2QgFyggayiCRRYotazx+SQbGi2bGEZHxZ9AhChoK+Ah+g7/BCW6ScKurd94yd7yYM6lM80crrayurW+UNytb2zu7e/r+QUdGiaDYphGPRM8jEjkLsa2Y4tiLBZLA49j1Hm+mvDtGIVkU3qtJjE5AhiEbMEpUXnL1o9h9qKX2bFEq0M9sVCQ7c/WqWTdnMpaNVZgqFGq5+rftRzQJMFSUEyn7lhkrJyVCMcoxq9iJxJjQRzLEvj9msQxJgNJJn2aX53hKAikngZcZpwFRI7nIpsX/WD9RgysnZWGcKAxp3pKzQcINFRnT6IbPBFLFJ7khVLD8ZQYdEUGoyj+okke2FgMum8553WrUG3cX1eZ1Eb4Mx3ACNbDgEppwCy1oA4VneIdP+NIi7UV71d7+WktaMXMIc9I+fgGDsI/K</latexit>

pj(⌘)

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="r7RaryKPe794ozkueG13PddepHM=">AAAB3XicbZA7TwJREIVn8YX4Qi1tNhITK7JrDFoSbSwxkUcCm83dywA33H3k3lki2VDaGQsbC/0x/g3/jRfcBvBUJ/OdSeZMkEihyXF+rMLG5tb2TnG3tLd/cHhUPj5p6ThVHJs8lrHqBEyjFBE2SZDETqKQhYHEdjC+n/P2BJUWcfRE0wS9kA0jMRCckRl1ejRCYr7wyxWn6ixkrxs3NxXI1fDL371+zNMQI+KSad11nYS8jCkSXOKs1Es1JoyP2RC7/YlIdMRC1F72vDh5iWcs1HoaBjP7ImQ00qtsPvyPdVMa3HqZiJKUMOImYtgglTbF9ryq3RcKOcmpMYwrYS6z+Ygpxsk8pGQqu6sF103rqurWqrXH60r9Li9fhDM4h0tw4Qbq8AANaAIHCe/wCV+Wb71Yr9bbX7Rg5TunsCTr4xeya4mB</latexit>

✓i
<latexit sha1_base64="yv2eqHDLaRbG/KbKmTd7qnT+qjc=">AAAB3XicbZC7TsNAEEXHPEN4BShpLCIkqshGKFBG0FAGiTykxLLWm0myZG2vdscRkZWSDlHQUMDH8Bv8DU5wk4RbXc25I82dQElhyHF+rLX1jc2t7cJOcXdv/+CwdHTcNHGiOTZ4LGPdDphBKSJskCCJbaWRhYHEVjC6m/HWGLURcfRIE4VeyAaR6AvOKBu1uzREYv6TXyo7FWcue9W4uSlDrrpf+u72Yp6EGBGXzJiO6yjyUqZJcInTYjcxqBgfsQF2emOhTMRCNF76PD95gacsNGYSBlP7PGQ0NMtsNvyPdRLq33ipiFRCGPEskrF+Im2K7VlVuyc0cpKTzDCuRXaZzYdMM07ZQ4pZZXe54KppXlbcaqX6cFWu3eblC3AKZ3ABLlxDDe6hDg3gIOEdPuHL8q0X69V6+4uuWfnOCSzI+vgFs92Jgg==</latexit>

✓j

Frequency synchronization:

sin(voltage angle differences between i and j) = active power flows on e

if active power flow on e : i→ j > 1 =⇒ the line e : i→ j overheats
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Renewable Power Grids
Bifurcations in acyclic networks

Assumption: generic violation

η ≤ η∗: all active power flows B>L†p(η) ≤ 1

η > η∗: only one line e that
(
B>L†p(η)

)
e
> 1

Saddle-node bifurcation

η < η∗: power grid has one stable θ∗(η) and one
unstable eq point θ∗∗(η):

1 B>θ∗(η) = arcsin(B>L†p(η))

2 [B>θ∗∗(η)]` =

{
arcsin(B>L†p(η))` ` 6= e

π − arcsin(B>L†p(η))` ` = e

η = η∗: power grid has one unstable eq point θ∗(η)

η > η∗: power grid has no eq point

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="r7RaryKPe794ozkueG13PddepHM=">AAAB3XicbZA7TwJREIVn8YX4Qi1tNhITK7JrDFoSbSwxkUcCm83dywA33H3k3lki2VDaGQsbC/0x/g3/jRfcBvBUJ/OdSeZMkEihyXF+rMLG5tb2TnG3tLd/cHhUPj5p6ThVHJs8lrHqBEyjFBE2SZDETqKQhYHEdjC+n/P2BJUWcfRE0wS9kA0jMRCckRl1ejRCYr7wyxWn6ixkrxs3NxXI1fDL371+zNMQI+KSad11nYS8jCkSXOKs1Es1JoyP2RC7/YlIdMRC1F72vDh5iWcs1HoaBjP7ImQ00qtsPvyPdVMa3HqZiJKUMOImYtgglTbF9ryq3RcKOcmpMYwrYS6z+Ygpxsk8pGQqu6sF103rqurWqrXH60r9Li9fhDM4h0tw4Qbq8AANaAIHCe/wCV+Wb71Yr9bbX7Rg5TunsCTr4xeya4mB</latexit>

✓i
<latexit sha1_base64="yv2eqHDLaRbG/KbKmTd7qnT+qjc=">AAAB3XicbZC7TsNAEEXHPEN4BShpLCIkqshGKFBG0FAGiTykxLLWm0myZG2vdscRkZWSDlHQUMDH8Bv8DU5wk4RbXc25I82dQElhyHF+rLX1jc2t7cJOcXdv/+CwdHTcNHGiOTZ4LGPdDphBKSJskCCJbaWRhYHEVjC6m/HWGLURcfRIE4VeyAaR6AvOKBu1uzREYv6TXyo7FWcue9W4uSlDrrpf+u72Yp6EGBGXzJiO6yjyUqZJcInTYjcxqBgfsQF2emOhTMRCNF76PD95gacsNGYSBlP7PGQ0NMtsNvyPdRLq33ipiFRCGPEskrF+Im2K7VlVuyc0cpKTzDCuRXaZzYdMM07ZQ4pZZXe54KppXlbcaqX6cFWu3eblC3AKZ3ABLlxDDe6hDg3gIOEdPuHL8q0X69V6+4uuWfnOCSzI+vgFs92Jgg==</latexit>

✓j

η < η∗: line e is safe

η = η∗: max capacity on e

η > η∗: line e overheats
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Renewable Power Grids
Bifurcations in acyclic networks

Assumption: generic violation

η ≤ η∗: all active power flows B>L†p(η) ≤ 1

η > η∗: only one line e that
(
B>L†p(η)

)
e
> 1

Saddle-node bifurcation

η < η∗: power grid has one stable θ∗(η) and one
unstable eq point θ∗∗(η):

1 B>θ∗(η) = arcsin(B>L†p(η))

2 [B>θ∗∗(η)]` =

{
arcsin(B>L†p(η))` ` 6= e

π − arcsin(B>L†p(η))` ` = e

η = η∗: power grid has one unstable eq point θ∗(η)

η > η∗: power grid has no eq point

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="r7RaryKPe794ozkueG13PddepHM=">AAAB3XicbZA7TwJREIVn8YX4Qi1tNhITK7JrDFoSbSwxkUcCm83dywA33H3k3lki2VDaGQsbC/0x/g3/jRfcBvBUJ/OdSeZMkEihyXF+rMLG5tb2TnG3tLd/cHhUPj5p6ThVHJs8lrHqBEyjFBE2SZDETqKQhYHEdjC+n/P2BJUWcfRE0wS9kA0jMRCckRl1ejRCYr7wyxWn6ixkrxs3NxXI1fDL371+zNMQI+KSad11nYS8jCkSXOKs1Es1JoyP2RC7/YlIdMRC1F72vDh5iWcs1HoaBjP7ImQ00qtsPvyPdVMa3HqZiJKUMOImYtgglTbF9ryq3RcKOcmpMYwrYS6z+Ygpxsk8pGQqu6sF103rqurWqrXH60r9Li9fhDM4h0tw4Qbq8AANaAIHCe/wCV+Wb71Yr9bbX7Rg5TunsCTr4xeya4mB</latexit>

✓i
<latexit sha1_base64="yv2eqHDLaRbG/KbKmTd7qnT+qjc=">AAAB3XicbZC7TsNAEEXHPEN4BShpLCIkqshGKFBG0FAGiTykxLLWm0myZG2vdscRkZWSDlHQUMDH8Bv8DU5wk4RbXc25I82dQElhyHF+rLX1jc2t7cJOcXdv/+CwdHTcNHGiOTZ4LGPdDphBKSJskCCJbaWRhYHEVjC6m/HWGLURcfRIE4VeyAaR6AvOKBu1uzREYv6TXyo7FWcue9W4uSlDrrpf+u72Yp6EGBGXzJiO6yjyUqZJcInTYjcxqBgfsQF2emOhTMRCNF76PD95gacsNGYSBlP7PGQ0NMtsNvyPdRLq33ipiFRCGPEskrF+Im2K7VlVuyc0cpKTzDCuRXaZzYdMM07ZQ4pZZXe54KppXlbcaqX6cFWu3eblC3AKZ3ABLlxDDe6hDg3gIOEdPuHL8q0X69V6+4uuWfnOCSzI+vgFs92Jgg==</latexit>

✓j

η < η∗: line e is safe

η = η∗: max capacity on e

η > η∗: line e overheats
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Renewable Power Grids
Bifurcations in acyclic networks

Assumption: generic violation

η ≤ η∗: all active power flows B>L†p(η) ≤ 1

η > η∗: only one line e that
(
B>L†p(η)

)
e
> 1

Saddle-node bifurcation

η < η∗: power grid has one stable θ∗(η) and one
unstable eq point θ∗∗(η):

1 B>θ∗(η) = arcsin(B>L†p(η))

2 [B>θ∗∗(η)]` =

{
arcsin(B>L†p(η))` ` 6= e

π − arcsin(B>L†p(η))` ` = e

η = η∗: power grid has one unstable eq point θ∗(η)

η > η∗: power grid has no eq point

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="r7RaryKPe794ozkueG13PddepHM=">AAAB3XicbZA7TwJREIVn8YX4Qi1tNhITK7JrDFoSbSwxkUcCm83dywA33H3k3lki2VDaGQsbC/0x/g3/jRfcBvBUJ/OdSeZMkEihyXF+rMLG5tb2TnG3tLd/cHhUPj5p6ThVHJs8lrHqBEyjFBE2SZDETqKQhYHEdjC+n/P2BJUWcfRE0wS9kA0jMRCckRl1ejRCYr7wyxWn6ixkrxs3NxXI1fDL371+zNMQI+KSad11nYS8jCkSXOKs1Es1JoyP2RC7/YlIdMRC1F72vDh5iWcs1HoaBjP7ImQ00qtsPvyPdVMa3HqZiJKUMOImYtgglTbF9ryq3RcKOcmpMYwrYS6z+Ygpxsk8pGQqu6sF103rqurWqrXH60r9Li9fhDM4h0tw4Qbq8AANaAIHCe/wCV+Wb71Yr9bbX7Rg5TunsCTr4xeya4mB</latexit>

✓i
<latexit sha1_base64="yv2eqHDLaRbG/KbKmTd7qnT+qjc=">AAAB3XicbZC7TsNAEEXHPEN4BShpLCIkqshGKFBG0FAGiTykxLLWm0myZG2vdscRkZWSDlHQUMDH8Bv8DU5wk4RbXc25I82dQElhyHF+rLX1jc2t7cJOcXdv/+CwdHTcNHGiOTZ4LGPdDphBKSJskCCJbaWRhYHEVjC6m/HWGLURcfRIE4VeyAaR6AvOKBu1uzREYv6TXyo7FWcue9W4uSlDrrpf+u72Yp6EGBGXzJiO6yjyUqZJcInTYjcxqBgfsQF2emOhTMRCNF76PD95gacsNGYSBlP7PGQ0NMtsNvyPdRLq33ipiFRCGPEskrF+Im2K7VlVuyc0cpKTzDCuRXaZzYdMM07ZQ4pZZXe54KppXlbcaqX6cFWu3eblC3AKZ3ABLlxDDe6hDg3gIOEdPuHL8q0X69V6+4uuWfnOCSzI+vgFs92Jgg==</latexit>

✓j

η < η∗: line e is safe

η = η∗: max capacity on e

η > η∗: line e overheats
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Renewable Power Grids
Bifurcations in acyclic networks

Assumption: generic violation

η ≤ η∗: all active power flows B>L†p(η) ≤ 1

η > η∗: only one line e that
(
B>L†p(η)

)
e
> 1

Saddle-node bifurcation

η < η∗: power grid has one stable θ∗(η) and one
unstable eq point θ∗∗(η):

1 B>θ∗(η) = arcsin(B>L†p(η))

2 [B>θ∗∗(η)]` =

{
arcsin(B>L†p(η))` ` 6= e

π − arcsin(B>L†p(η))` ` = e

η = η∗: power grid has one unstable eq point θ∗(η)

η > η∗: power grid has no eq point

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="r7RaryKPe794ozkueG13PddepHM=">AAAB3XicbZA7TwJREIVn8YX4Qi1tNhITK7JrDFoSbSwxkUcCm83dywA33H3k3lki2VDaGQsbC/0x/g3/jRfcBvBUJ/OdSeZMkEihyXF+rMLG5tb2TnG3tLd/cHhUPj5p6ThVHJs8lrHqBEyjFBE2SZDETqKQhYHEdjC+n/P2BJUWcfRE0wS9kA0jMRCckRl1ejRCYr7wyxWn6ixkrxs3NxXI1fDL371+zNMQI+KSad11nYS8jCkSXOKs1Es1JoyP2RC7/YlIdMRC1F72vDh5iWcs1HoaBjP7ImQ00qtsPvyPdVMa3HqZiJKUMOImYtgglTbF9ryq3RcKOcmpMYwrYS6z+Ygpxsk8pGQqu6sF103rqurWqrXH60r9Li9fhDM4h0tw4Qbq8AANaAIHCe/wCV+Wb71Yr9bbX7Rg5TunsCTr4xeya4mB</latexit>

✓i
<latexit sha1_base64="yv2eqHDLaRbG/KbKmTd7qnT+qjc=">AAAB3XicbZC7TsNAEEXHPEN4BShpLCIkqshGKFBG0FAGiTykxLLWm0myZG2vdscRkZWSDlHQUMDH8Bv8DU5wk4RbXc25I82dQElhyHF+rLX1jc2t7cJOcXdv/+CwdHTcNHGiOTZ4LGPdDphBKSJskCCJbaWRhYHEVjC6m/HWGLURcfRIE4VeyAaR6AvOKBu1uzREYv6TXyo7FWcue9W4uSlDrrpf+u72Yp6EGBGXzJiO6yjyUqZJcInTYjcxqBgfsQF2emOhTMRCNF76PD95gacsNGYSBlP7PGQ0NMtsNvyPdRLq33ipiFRCGPEskrF+Im2K7VlVuyc0cpKTzDCuRXaZzYdMM07ZQ4pZZXe54KppXlbcaqX6cFWu3eblC3AKZ3ABLlxDDe6hDg3gIOEdPuHL8q0X69V6+4uuWfnOCSzI+vgFs92Jgg==</latexit>

✓j

η < η∗: line e is safe

η = η∗: max capacity on e

η > η∗: line e overheats
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Network Critical Slowing Down
Perturbation dynamics

Original Dynamics: θ̇ = D−1
(
p(η)−BA sin(B>θ)

)

Close to the stable equilibrium point θ ≈ θ∗(η) + ε

Perturbation Dynamics: ε̇ ≈ −D−1B A diag(cos(B>θ∗(η))) B>︸ ︷︷ ︸
L(η)

ε

L(η): the Laplacian matrix of a suitably weighted graph

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e <latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j

<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="BFCEJSFh/3/0DHMzly5dbBgcpcM="></latexit>

L(⌘) = B>A diag(B>✓⇤(⌘))B

<latexit sha1_base64="HLWdeSZFtY+QYlSNZ6txD5UIjqY="></latexit>

weight of line e = ViVj |Yij | cos(✓⇤i (⌘) � ✓⇤j (⌘))

<latexit sha1_base64="eWjdsNK0YgUgumyfJaHo7CJb5NI=">AAAB8XicbZC7TsMwFIZPuJZyC7DBYlEhMVUJQoUFqZSFgaFI9CI1oXJct7XqJJbtVFRRJF6DDTGwMMAj8Bq8DUnJ0pZ/+nW+Y+l89gRnSlvWj7G0vLK6tl7YKG5ube/smnv7TRVGktAGCXko2x5WlLOANjTTnLaFpNj3OG15o5uMt8ZUKhYGD3oiqOvjQcD6jGCdjrrm4R26QrXH2NGhSJDjYz0kmMfXCap1zZJVtqZBi8XOSwny1Lvmt9MLSeTTQBOOlerYltBujKVmhNOk6ESKCkxGeEA7vTETKsA+VW78NNWY4TH2lZr4XoJOspPUPMuG/7FOpPuXbswCEWkakHQlZf2IIx2iTB/1mKRE80laMJEsvQyRIZaY6PSTiqmyPS+4WJpnZbtSrtyfl6q1XL4AR3AMp2DDBVThFurQAALP8A6f8GUo48V4Nd7+VpeM/M0BzMT4+AV835At</latexit>

L = B>AB
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Network Critical Slowing Down
Perturbation dynamics

Original Dynamics: θ̇ = D−1
(
p(η)−BA sin(B>θ)

)

Close to the stable equilibrium point θ ≈ θ∗(η) + ε

Perturbation Dynamics: ε̇ ≈ −D−1B A diag(cos(B>θ∗(η))) B>︸ ︷︷ ︸
L(η)

ε

L(η): the Laplacian matrix of a suitably weighted graph

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e <latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j

<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="BFCEJSFh/3/0DHMzly5dbBgcpcM="></latexit>

L(⌘) = B>A diag(B>✓⇤(⌘))B

<latexit sha1_base64="HLWdeSZFtY+QYlSNZ6txD5UIjqY="></latexit>

weight of line e = ViVj |Yij | cos(✓⇤i (⌘) � ✓⇤j (⌘))

<latexit sha1_base64="eWjdsNK0YgUgumyfJaHo7CJb5NI=">AAAB8XicbZC7TsMwFIZPuJZyC7DBYlEhMVUJQoUFqZSFgaFI9CI1oXJct7XqJJbtVFRRJF6DDTGwMMAj8Bq8DUnJ0pZ/+nW+Y+l89gRnSlvWj7G0vLK6tl7YKG5ube/smnv7TRVGktAGCXko2x5WlLOANjTTnLaFpNj3OG15o5uMt8ZUKhYGD3oiqOvjQcD6jGCdjrrm4R26QrXH2NGhSJDjYz0kmMfXCap1zZJVtqZBi8XOSwny1Lvmt9MLSeTTQBOOlerYltBujKVmhNOk6ESKCkxGeEA7vTETKsA+VW78NNWY4TH2lZr4XoJOspPUPMuG/7FOpPuXbswCEWkakHQlZf2IIx2iTB/1mKRE80laMJEsvQyRIZaY6PSTiqmyPS+4WJpnZbtSrtyfl6q1XL4AR3AMp2DDBVThFurQAALP8A6f8GUo48V4Nd7+VpeM/M0BzMT4+AV835At</latexit>

L = B>AB
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Network Critical Slowing Down
Perturbation dynamics

Original Dynamics: θ̇ = D−1
(
p(η)−BA sin(B>θ)

)

Close to the stable equilibrium point θ ≈ θ∗(η) + ε

Perturbation Dynamics: ε̇ ≈ −D−1B A diag(cos(B>θ∗(η))) B>︸ ︷︷ ︸
L(η)

ε

L(η): the Laplacian matrix of a suitably weighted graph

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e <latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j

<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="BFCEJSFh/3/0DHMzly5dbBgcpcM="></latexit>

L(⌘) = B>A diag(B>✓⇤(⌘))B

<latexit sha1_base64="HLWdeSZFtY+QYlSNZ6txD5UIjqY="></latexit>

weight of line e = ViVj |Yij | cos(✓⇤i (⌘) � ✓⇤j (⌘))

<latexit sha1_base64="eWjdsNK0YgUgumyfJaHo7CJb5NI=">AAAB8XicbZC7TsMwFIZPuJZyC7DBYlEhMVUJQoUFqZSFgaFI9CI1oXJct7XqJJbtVFRRJF6DDTGwMMAj8Bq8DUnJ0pZ/+nW+Y+l89gRnSlvWj7G0vLK6tl7YKG5ube/smnv7TRVGktAGCXko2x5WlLOANjTTnLaFpNj3OG15o5uMt8ZUKhYGD3oiqOvjQcD6jGCdjrrm4R26QrXH2NGhSJDjYz0kmMfXCap1zZJVtqZBi8XOSwny1Lvmt9MLSeTTQBOOlerYltBujKVmhNOk6ESKCkxGeEA7vTETKsA+VW78NNWY4TH2lZr4XoJOspPUPMuG/7FOpPuXbswCEWkakHQlZf2IIx2iTB/1mKRE80laMJEsvQyRIZaY6PSTiqmyPS+4WJpnZbtSrtyfl6q1XL4AR3AMp2DDBVThFurQAALP8A6f8GUo48V4Nd7+VpeM/M0BzMT4+AV835At</latexit>

L = B>AB
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Network Critical Slowing Down
Perturbation dynamics

Original Dynamics: θ̇ = D−1
(
p(η)−BA sin(B>θ)

)

Close to the stable equilibrium point θ ≈ θ∗(η) + ε

Perturbation Dynamics: ε̇ ≈ −D−1B A diag(cos(B>θ∗(η))) B>︸ ︷︷ ︸
L(η)

ε

L(η): the Laplacian matrix of a suitably weighted graph

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e <latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j

<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="BFCEJSFh/3/0DHMzly5dbBgcpcM="></latexit>

L(⌘) = B>A diag(B>✓⇤(⌘))B

<latexit sha1_base64="HLWdeSZFtY+QYlSNZ6txD5UIjqY="></latexit>

weight of line e = ViVj |Yij | cos(✓⇤i (⌘) � ✓⇤j (⌘))

<latexit sha1_base64="eWjdsNK0YgUgumyfJaHo7CJb5NI=">AAAB8XicbZC7TsMwFIZPuJZyC7DBYlEhMVUJQoUFqZSFgaFI9CI1oXJct7XqJJbtVFRRJF6DDTGwMMAj8Bq8DUnJ0pZ/+nW+Y+l89gRnSlvWj7G0vLK6tl7YKG5ube/smnv7TRVGktAGCXko2x5WlLOANjTTnLaFpNj3OG15o5uMt8ZUKhYGD3oiqOvjQcD6jGCdjrrm4R26QrXH2NGhSJDjYz0kmMfXCap1zZJVtqZBi8XOSwny1Lvmt9MLSeTTQBOOlerYltBujKVmhNOk6ESKCkxGeEA7vTETKsA+VW78NNWY4TH2lZr4XoJOspPUPMuG/7FOpPuXbswCEWkakHQlZf2IIx2iTB/1mKRE80laMJEsvQyRIZaY6PSTiqmyPS+4WJpnZbtSrtyfl6q1XL4AR3AMp2DDBVThFurQAALP8A6f8GUo48V4Nd7+VpeM/M0BzMT4+AV835At</latexit>

L = B>AB
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Network Critical Slowing Down
Perturbation dynamics

Original Dynamics: θ̇ = D−1
(
p(η)−BA sin(B>θ)

)

Close to the stable equilibrium point θ ≈ θ∗(η) + ε

Perturbation Dynamics: ε̇ ≈ −D−1B A diag(cos(B>θ∗(η))) B>︸ ︷︷ ︸
L(η)

ε

L(η): the Laplacian matrix of a suitably weighted graph

<latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j
<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e <latexit sha1_base64="rSoOdjd008UEZazlARcuPT79mIQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG7xdLbtldytk0XmZKkKneL373BjFLQowME1TrrudK46dUGc4Ezgu9RKOkbEJH2B1MudQRDVH76fPy1hWe0lDrWRjMnauQmrFeZ4vhf6ybmOGdn/JIJgYjZiOWDRPhmNhZdHQGXCEzYmYNZYrbyxw2pooyYz9RsJW99YKbpnVT9irlSuO2VLvPyufhAi7hGjyoQg0eoQ5NYIDwDp/wRTrkhbySt79ojmQ757Ai8vELktGGag==</latexit>

i
<latexit sha1_base64="64FSc6c3VssDZRDXxf5H4FDEmZA=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLQk2lhCIo8ENmR2uMDIzOxmZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HODSHBjXfeH5DY2t7Z38ruFvf2Dw6Pi8UnThLFm2GChCHU7oAYFV9iw3ApsRxqpDAS2gvH9nLcmqA0P1aOdRuhLOlR8wBm16aj+1CuW3LK7kLNuvMyUIFOtV/zu9kMWS1SWCWpMx3Mj6ydUW84Ezgrd2GBE2ZgOsdOf8MgoKtH4yfPi1iWeUGnMVAYz50JSOzKrbD78j3ViO7j1E66i2KJiaSRlg1g4NnTmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvUuK5+HMziHS/DgBqrwADVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9flEOGaw==</latexit>

j

<latexit sha1_base64="8rNxLkYMX8UJ4gIB6X19L2EoLvY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaMG9oslt+wu5WwaLzMlyFTvF797g5glIUaGCap113Ol8VOqDGcC54VeolFSNqEj7A6mXOqIhqj99Hl56wpPaaj1LAzmzlVIzVivs8XwP9ZNzPDOT3kkE4MRsxHLholwTOwsOjoDrpAZMbOGMsXtZQ4bU0WZsZ8o2MreesFN07ope5VypXFbqt1n5fNwAZdwDR5UoQaPUIcmMEB4h0/4Ih3yQl7J2180R7Kdc1gR+fgFjQmGZg==</latexit>e

<latexit sha1_base64="BFCEJSFh/3/0DHMzly5dbBgcpcM="></latexit>

L(⌘) = B>A diag(B>✓⇤(⌘))B

<latexit sha1_base64="HLWdeSZFtY+QYlSNZ6txD5UIjqY="></latexit>

weight of line e = ViVj |Yij | cos(✓⇤i (⌘) � ✓⇤j (⌘))

<latexit sha1_base64="eWjdsNK0YgUgumyfJaHo7CJb5NI=">AAAB8XicbZC7TsMwFIZPuJZyC7DBYlEhMVUJQoUFqZSFgaFI9CI1oXJct7XqJJbtVFRRJF6DDTGwMMAj8Bq8DUnJ0pZ/+nW+Y+l89gRnSlvWj7G0vLK6tl7YKG5ube/smnv7TRVGktAGCXko2x5WlLOANjTTnLaFpNj3OG15o5uMt8ZUKhYGD3oiqOvjQcD6jGCdjrrm4R26QrXH2NGhSJDjYz0kmMfXCap1zZJVtqZBi8XOSwny1Lvmt9MLSeTTQBOOlerYltBujKVmhNOk6ESKCkxGeEA7vTETKsA+VW78NNWY4TH2lZr4XoJOspPUPMuG/7FOpPuXbswCEWkakHQlZf2IIx2iTB/1mKRE80laMJEsvQyRIZaY6PSTiqmyPS+4WJpnZbtSrtyfl6q1XL4AR3AMp2DDBVThFurQAALP8A6f8GUo48V4Nd7+VpeM/M0BzMT4+AV835At</latexit>

L = B>AB
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Network Critical Slowing Down
Perturbation dynamics

L(η) is a positive semi-definite matrix

eigenvalues of L(η): λ1(η) ≤ λ2(η) ≤ . . . ≤ λn(η)

eigenvectors of L(η): v1(η), v2(η), . . . , vn(η)

λ1(η) = 0 and v1(η) = 1n for every graph

Algebraic connectivity: λ2(η)

Fiedler eigenvector: v2(η)

Theorem

For the perturbation of a power grid with acyclic topology as t→∞:

ε(t) ≈ 1
n

(
1>n ε(0)

)
1n + e−λ2(η)t

(
v>2 (η)ε(0)

)
v2(η)
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Renewable Power Grids
Effect of Bifurcation on algebraic connectivity

ε(t) ≈ 1
n

(
1>n ε(0)

)
1n + e−λ2(η)t

(
v>2 (η)ε(0)

)
v2(η): how does λ2(η) changes as η → η∗?

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="KXwhALzfnhAmgJyCkFZUnlcovfo=">AAAB5nicbZDLTsJAFIZP8YZ4oerSzURiYlyQ1hB0SXTjEhO5JLSS6XCACdNLZqZE0vAK7owLNy70PXwN38YWuwH8V1/OdyY5/3iR4Epb1o9R2Njc2t4p7pb29g8Oy+bRcVuFsWTYYqEIZdejCgUPsKW5FtiNJFLfE9jxJneZ70xRKh4Gj3oWoevTUcCHnFGdjvpm2UFNiSMEyeDpsm9WrKq1CFkHO4cK5Gn2zW9nELLYx0AzQZXq2Vak3YRKzZnAecmJFUaUTegIe4Mpj1RAfVRu8ry4fckn1Fdq5ntzcu5TPVarLhv+53qxHt64CQ+iWGPA0pXUDWNBdEiyzmTAJTItZilQJnl6GWFjKinT6c+U0sr2asF1aF9V7Xq1/lCrNG7z8kU4hTO4ABuuoQH30IQWMIjhHT7hyxgbL8ar8fa3WjDyNyewFOPjFw5ei+Y=</latexit>

⌘ ⌧ ⌘⇤
<latexit sha1_base64="yRtE9hawv46GGZsLqeEh5Okoxqk=">AAAB4nicbZC7TsNAEEXH4RXCy0BJsyJCQhSRjVCgoIigoQwSeUiJidbrSbLK+sHuOiKy8gN0iIKGAv6E3+BvsIObJNxmrubMSHPHjQRX2rJ+jMLK6tr6RnGztLW9s7tn7h80VRhLhg0WilC2XapQ8AAbmmuB7Ugi9V2BLXd0m/HWGKXiYfCgJxE6Ph0EvM8Z1WnL6aKm5Jpk5fGsZ5atijUTWTZ2bsqQq94zv7teyGIfA80EVapjW5F2Eio1ZwKnpW6sMKJsRAfY8cY8UgH1UTnJ8+zuOZ5QX6mJ707JiU/1UC2yrPkf68S6f+UkPIhijQFLR1LWjwXRIcnyEo9LZFpMUkOZ5OllhA2ppEynXymlke3FgMumeV6xq5Xq/UW5dpOHL8IRHMMp2HAJNbiDOjSAwRO8wyd8GZ7xYrwab3+jBSPfOYQ5GR+/3QyKqQ==</latexit>

⌘ < ⌘⇤
<latexit sha1_base64="+VzgPfkwAmqNo69npaeTjfjK5hE=">AAAB6nicbZBNT8JAEIan+IX4VeXopZGYGA+kNQY9Er14xEQ+ElrJdhlgw7bd7G4JDeFPeDMevHjQf+Hf8N/YYi+A7+mdeWaSeccXnClt2z9GYWNza3unuFva2z84PDKPT1oqiiXFJo14JDs+UchZiE3NNMeOkEgCn2PbH99nvD1BqVgUPulEoBeQYcgGjBKdtnpm2UVNLJcIIaOplRXPlz2zYlfthax14+SmArkaPfPb7Uc0DjDUlBOluo4ttDcjUjPKcV5yY4WC0DEZYrc/YUKFJEDlzaaL+5f4jARKJYE/t84DokdqlWXN/1g31oNbb8ZCEWsMaTqSskHMLR1ZWW6rzyRSzZPUECpZeplFR0QSqtPvlNLIzmrAddO6qjq1au3xulK/y8MX4RTO4AIcuIE6PEADmkAhgXf4hC+DGy/Gq/H2N1ow8p0yLMn4+AVHoY3Q</latexit>

⌘ ⇡ ⌘⇤
<latexit sha1_base64="8OR4q/PtiptAkhG6QJxqa+J55L8=">AAAB4nicbZC7TsNAEEXH4RXCy0BJsyJCQhSRjVCgQYqgoQwSeUiJidbrSbLK+sHuOiKy8gN0iIKGAv6E3+BvsIObJNxmrubMSHPHjQRX2rJ+jMLK6tr6RnGztLW9s7tn7h80VRhLhg0WilC2XapQ8AAbmmuB7Ugi9V2BLXd0m/HWGKXiYfCgJxE6Ph0EvM8Z1WnL6aKm5Jpk5fGsZ5atijUTWTZ2bsqQq94zv7teyGIfA80EVapjW5F2Eio1ZwKnpW6sMKJsRAfY8cY8UgH1UTnJ8+zuOZ5QX6mJ707JiU/1UC2yrPkf68S6f+UkPIhijQFLR1LWjwXRIcnyEo9LZFpMUkOZ5OllhA2ppEynXymlke3FgMumeV6xq5Xq/UW5dpOHL8IRHMMp2HAJNbiDOjSAwRO8wyd8GZ7xYrwab3+jBSPfOYQ5GR+/3oWKqg==</latexit>

⌘ = ⌘⇤

limη→η∗ λ2(η) = 0
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Renewable Power Grids
Effect of Bifurcation on algebraic connectivity

ε(t) ≈ 1
n

(
1>n ε(0)

)
1n + e−λ2(η)t

(
v>2 (η)ε(0)

)
v2(η): how does λ2(η) changes as η → η∗?

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="KXwhALzfnhAmgJyCkFZUnlcovfo=">AAAB5nicbZDLTsJAFIZP8YZ4oerSzURiYlyQ1hB0SXTjEhO5JLSS6XCACdNLZqZE0vAK7owLNy70PXwN38YWuwH8V1/OdyY5/3iR4Epb1o9R2Njc2t4p7pb29g8Oy+bRcVuFsWTYYqEIZdejCgUPsKW5FtiNJFLfE9jxJneZ70xRKh4Gj3oWoevTUcCHnFGdjvpm2UFNiSMEyeDpsm9WrKq1CFkHO4cK5Gn2zW9nELLYx0AzQZXq2Vak3YRKzZnAecmJFUaUTegIe4Mpj1RAfVRu8ry4fckn1Fdq5ntzcu5TPVarLhv+53qxHt64CQ+iWGPA0pXUDWNBdEiyzmTAJTItZilQJnl6GWFjKinT6c+U0sr2asF1aF9V7Xq1/lCrNG7z8kU4hTO4ABuuoQH30IQWMIjhHT7hyxgbL8ar8fa3WjDyNyewFOPjFw5ei+Y=</latexit>

⌘ ⌧ ⌘⇤
<latexit sha1_base64="yRtE9hawv46GGZsLqeEh5Okoxqk=">AAAB4nicbZC7TsNAEEXH4RXCy0BJsyJCQhSRjVCgoIigoQwSeUiJidbrSbLK+sHuOiKy8gN0iIKGAv6E3+BvsIObJNxmrubMSHPHjQRX2rJ+jMLK6tr6RnGztLW9s7tn7h80VRhLhg0WilC2XapQ8AAbmmuB7Ugi9V2BLXd0m/HWGKXiYfCgJxE6Ph0EvM8Z1WnL6aKm5Jpk5fGsZ5atijUTWTZ2bsqQq94zv7teyGIfA80EVapjW5F2Eio1ZwKnpW6sMKJsRAfY8cY8UgH1UTnJ8+zuOZ5QX6mJ707JiU/1UC2yrPkf68S6f+UkPIhijQFLR1LWjwXRIcnyEo9LZFpMUkOZ5OllhA2ppEynXymlke3FgMumeV6xq5Xq/UW5dpOHL8IRHMMp2HAJNbiDOjSAwRO8wyd8GZ7xYrwab3+jBSPfOYQ5GR+/3QyKqQ==</latexit>

⌘ < ⌘⇤
<latexit sha1_base64="+VzgPfkwAmqNo69npaeTjfjK5hE=">AAAB6nicbZBNT8JAEIan+IX4VeXopZGYGA+kNQY9Er14xEQ+ElrJdhlgw7bd7G4JDeFPeDMevHjQf+Hf8N/YYi+A7+mdeWaSeccXnClt2z9GYWNza3unuFva2z84PDKPT1oqiiXFJo14JDs+UchZiE3NNMeOkEgCn2PbH99nvD1BqVgUPulEoBeQYcgGjBKdtnpm2UVNLJcIIaOplRXPlz2zYlfthax14+SmArkaPfPb7Uc0DjDUlBOluo4ttDcjUjPKcV5yY4WC0DEZYrc/YUKFJEDlzaaL+5f4jARKJYE/t84DokdqlWXN/1g31oNbb8ZCEWsMaTqSskHMLR1ZWW6rzyRSzZPUECpZeplFR0QSqtPvlNLIzmrAddO6qjq1au3xulK/y8MX4RTO4AIcuIE6PEADmkAhgXf4hC+DGy/Gq/H2N1ow8p0yLMn4+AVHoY3Q</latexit>

⌘ ⇡ ⌘⇤
<latexit sha1_base64="8OR4q/PtiptAkhG6QJxqa+J55L8=">AAAB4nicbZC7TsNAEEXH4RXCy0BJsyJCQhSRjVCgQYqgoQwSeUiJidbrSbLK+sHuOiKy8gN0iIKGAv6E3+BvsIObJNxmrubMSHPHjQRX2rJ+jMLK6tr6RnGztLW9s7tn7h80VRhLhg0WilC2XapQ8AAbmmuB7Ugi9V2BLXd0m/HWGKXiYfCgJxE6Ph0EvM8Z1WnL6aKm5Jpk5fGsZ5atijUTWTZ2bsqQq94zv7teyGIfA80EVapjW5F2Eio1ZwKnpW6sMKJsRAfY8cY8UgH1UTnJ8+zuOZ5QX6mJ707JiU/1UC2yrPkf68S6f+UkPIhijQFLR1LWjwXRIcnyEo9LZFpMUkOZ5OllhA2ppEynXymlke3FgMumeV6xq5Xq/UW5dpOHL8IRHMMp2HAJNbiDOjSAwRO8wyd8GZ7xYrwab3+jBSPfOYQ5GR+/3oWKqg==</latexit>

⌘ = ⌘⇤

limη→η∗ λ2(η) = 0
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Renewable Power Grids
Effect of bifurcation on Fiedler vector

ε(t) ≈ 1
n

(
1>n ε(0)

)
1n + e−λ2(η)t

(
v>2 (η)ε(0)

)
v2(η): how does v2(η) changes as η → η∗?

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="KXwhALzfnhAmgJyCkFZUnlcovfo=">AAAB5nicbZDLTsJAFIZP8YZ4oerSzURiYlyQ1hB0SXTjEhO5JLSS6XCACdNLZqZE0vAK7owLNy70PXwN38YWuwH8V1/OdyY5/3iR4Epb1o9R2Njc2t4p7pb29g8Oy+bRcVuFsWTYYqEIZdejCgUPsKW5FtiNJFLfE9jxJneZ70xRKh4Gj3oWoevTUcCHnFGdjvpm2UFNiSMEyeDpsm9WrKq1CFkHO4cK5Gn2zW9nELLYx0AzQZXq2Vak3YRKzZnAecmJFUaUTegIe4Mpj1RAfVRu8ry4fckn1Fdq5ntzcu5TPVarLhv+53qxHt64CQ+iWGPA0pXUDWNBdEiyzmTAJTItZilQJnl6GWFjKinT6c+U0sr2asF1aF9V7Xq1/lCrNG7z8kU4hTO4ABuuoQH30IQWMIjhHT7hyxgbL8ar8fa3WjDyNyewFOPjFw5ei+Y=</latexit>

⌘ ⌧ ⌘⇤
<latexit sha1_base64="yRtE9hawv46GGZsLqeEh5Okoxqk=">AAAB4nicbZC7TsNAEEXH4RXCy0BJsyJCQhSRjVCgoIigoQwSeUiJidbrSbLK+sHuOiKy8gN0iIKGAv6E3+BvsIObJNxmrubMSHPHjQRX2rJ+jMLK6tr6RnGztLW9s7tn7h80VRhLhg0WilC2XapQ8AAbmmuB7Ugi9V2BLXd0m/HWGKXiYfCgJxE6Ph0EvM8Z1WnL6aKm5Jpk5fGsZ5atijUTWTZ2bsqQq94zv7teyGIfA80EVapjW5F2Eio1ZwKnpW6sMKJsRAfY8cY8UgH1UTnJ8+zuOZ5QX6mJ707JiU/1UC2yrPkf68S6f+UkPIhijQFLR1LWjwXRIcnyEo9LZFpMUkOZ5OllhA2ppEynXymlke3FgMumeV6xq5Xq/UW5dpOHL8IRHMMp2HAJNbiDOjSAwRO8wyd8GZ7xYrwab3+jBSPfOYQ5GR+/3QyKqQ==</latexit>

⌘ < ⌘⇤
<latexit sha1_base64="+VzgPfkwAmqNo69npaeTjfjK5hE=">AAAB6nicbZBNT8JAEIan+IX4VeXopZGYGA+kNQY9Er14xEQ+ElrJdhlgw7bd7G4JDeFPeDMevHjQf+Hf8N/YYi+A7+mdeWaSeccXnClt2z9GYWNza3unuFva2z84PDKPT1oqiiXFJo14JDs+UchZiE3NNMeOkEgCn2PbH99nvD1BqVgUPulEoBeQYcgGjBKdtnpm2UVNLJcIIaOplRXPlz2zYlfthax14+SmArkaPfPb7Uc0DjDUlBOluo4ttDcjUjPKcV5yY4WC0DEZYrc/YUKFJEDlzaaL+5f4jARKJYE/t84DokdqlWXN/1g31oNbb8ZCEWsMaTqSskHMLR1ZWW6rzyRSzZPUECpZeplFR0QSqtPvlNLIzmrAddO6qjq1au3xulK/y8MX4RTO4AIcuIE6PEADmkAhgXf4hC+DGy/Gq/H2N1ow8p0yLMn4+AVHoY3Q</latexit>

⌘ ⇡ ⌘⇤
<latexit sha1_base64="8OR4q/PtiptAkhG6QJxqa+J55L8=">AAAB4nicbZC7TsNAEEXH4RXCy0BJsyJCQhSRjVCgQYqgoQwSeUiJidbrSbLK+sHuOiKy8gN0iIKGAv6E3+BvsIObJNxmrubMSHPHjQRX2rJ+jMLK6tr6RnGztLW9s7tn7h80VRhLhg0WilC2XapQ8AAbmmuB7Ugi9V2BLXd0m/HWGKXiYfCgJxE6Ph0EvM8Z1WnL6aKm5Jpk5fGsZ5atijUTWTZ2bsqQq94zv7teyGIfA80EVapjW5F2Eio1ZwKnpW6sMKJsRAfY8cY8UgH1UTnJ8+zuOZ5QX6mJ707JiU/1UC2yrPkf68S6f+UkPIhijQFLR1LWjwXRIcnyEo9LZFpMUkOZ5OllhA2ppEynXymlke3FgMumeV6xq5Xq/UW5dpOHL8IRHMMp2HAJNbiDOjSAwRO8wyd8GZ7xYrwab3+jBSPfOYQ5GR+/3oWKqg==</latexit>

⌘ = ⌘⇤

<latexit sha1_base64="5GjaK8m5PXiIRJCsZf3nuBHLQUE=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSK4sSQiVXBTdOOygn1AE8pkctsOnUzCzKS0hP6FP+BvuFJcuHGhS//GaQ3Ftt7F4XDOuXDP9WNGpbLtbyO3srq2vpHfLGxt7+zumfsHdRklgkCNRCwSTR9LYJRDTVHFoBkLwKHPoOH3byd+YwBC0og/qFEMXoi7nHYowUpLbfPa9aFLeeqHWAk6HDuW61ozOPsDWtIAPJhl22bRLtnTsZaJk5EiyqbaNl/cICJJCFwRhqVsOXasvBQLRQmDccFNJMSY9HEXWsGAxpLjEKSXDqc95/wUh1KOQn9snehrenLRm4j/ea1Eda68lPI4UcCJjmivkzBLRdbkP1ZABRDFRppgIqi+zCI9LDBR+osFXdlZLLhM6uclp1wq318UKzdZ+Tw6QsfoFDnoElXQHaqiGiLoCb2jT/RlPBrPxqvx9hvNGdnOIZob4+MHwPKbow==</latexit>2
666666664

1
1
1
�1
�1
�1
�1

3
777777775

<latexit sha1_base64="Ja71mh5UaSDe5GEQRKMSWD2aYwk=">AAACM3icbZDNTgIxFIU7+IfjH+rSzURi4kbSQRTZEd24xETQhCGkUy7Y2OlM2g6BTHgs98a3MO6MCzcu9AnsAFFR7+rLObfNPcePOFMa40crMze/sLiUXbZXVtfWN3KbWw0VxpJCnYY8lNc+UcCZgLpmmsN1JIEEPocr//Ys9a/6IBULxaUeRtAKSE+wLqNEG6md8zwfekwkfkC0ZIORjQvFUuXQ836Ce1QpjwGXXWzgABcqLi5NpAo++gLbA9H5/qudyxt9PM5fcKeQR9OptXP3XiekcQBCU06Uaro40q2ESM0oh5HtxQoiQm9JD5qdPouUIAGoVjIYFzHjJyRQahj4I2fPnHOjfnup+J/XjHX3pJUwEcUaBDUrxuvG3NGhkxbodJgEqvnQAKGSmcscekMkodrUnEZ2fwf8C41iwT0uHF+U8tXTafgs2kG7aB+5qIyq6BzVUB1R9IBe0Tv6sO6sJ+vZepmsZqzpm200M9bbJzUqoqc=</latexit>2
666666664

0.2493
0.2493
0.1597
0.0710
�0.9104
0.0905
0.0905

3
777777775

<latexit sha1_base64="wZVb63kYRbynWjQpvu+gaE30vEs="></latexit>2
666666664

0.5182
0.4320
0.3383
�0.2210
�0.3904
�0.3385
�0.3385

3
777777775

<latexit sha1_base64="iRApf6WJWi3OAPTQw8TSaR6rV80="></latexit>2
666666664

0.4494
0.4447
0.4142
�0.3044
�0.3351
�0.3420
�0.3268

3
777777775

limη→η∗ v2(η) = 1√
n
χe where χek =

{
+1 i 7→ k

−1 j 7→ k

punchline: close to η∗, sgn(v2(η)) localizes the line e.
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Renewable Power Grids
Effect of bifurcation on Fiedler vector

ε(t) ≈ 1
n

(
1>n ε(0)

)
1n + e−λ2(η)t

(
v>2 (η)ε(0)

)
v2(η): how does v2(η) changes as η → η∗?

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6
<latexit sha1_base64="IMEnseTJZBWgIvHY6vIiOSd9JGQ=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCEmd3JzCyRbLAzFjYW+n/8G/4bF9wG8FQn9zs3uecGSnBjXfeH5La2d3b38vuFg8Oj45Pi6VnLRLFm2GSRiHQnoAYFD7FpuRXYURqpDAS2g8nDgrenqA2Pwic7U+hLOgr5kDNq01Gj2i+W3LK7lLNpvMyUIFO9X/zuDSIWSwwtE9SYrucq6ydUW84Ezgu92KCibEJH2B1MuTIhlWj85Hl56wpPqDRmJoO5cyWpHZt1thj+x7qxHd75CQ9VbDFkaSRlw1g4NnIWHZ0B18ismKWGMs3Tyxw2ppoym36ikFb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSo2GOA==</latexit>

7

<latexit sha1_base64="KXwhALzfnhAmgJyCkFZUnlcovfo=">AAAB5nicbZDLTsJAFIZP8YZ4oerSzURiYlyQ1hB0SXTjEhO5JLSS6XCACdNLZqZE0vAK7owLNy70PXwN38YWuwH8V1/OdyY5/3iR4Epb1o9R2Njc2t4p7pb29g8Oy+bRcVuFsWTYYqEIZdejCgUPsKW5FtiNJFLfE9jxJneZ70xRKh4Gj3oWoevTUcCHnFGdjvpm2UFNiSMEyeDpsm9WrKq1CFkHO4cK5Gn2zW9nELLYx0AzQZXq2Vak3YRKzZnAecmJFUaUTegIe4Mpj1RAfVRu8ry4fckn1Fdq5ntzcu5TPVarLhv+53qxHt64CQ+iWGPA0pXUDWNBdEiyzmTAJTItZilQJnl6GWFjKinT6c+U0sr2asF1aF9V7Xq1/lCrNG7z8kU4hTO4ABuuoQH30IQWMIjhHT7hyxgbL8ar8fa3WjDyNyewFOPjFw5ei+Y=</latexit>

⌘ ⌧ ⌘⇤
<latexit sha1_base64="yRtE9hawv46GGZsLqeEh5Okoxqk=">AAAB4nicbZC7TsNAEEXH4RXCy0BJsyJCQhSRjVCgoIigoQwSeUiJidbrSbLK+sHuOiKy8gN0iIKGAv6E3+BvsIObJNxmrubMSHPHjQRX2rJ+jMLK6tr6RnGztLW9s7tn7h80VRhLhg0WilC2XapQ8AAbmmuB7Ugi9V2BLXd0m/HWGKXiYfCgJxE6Ph0EvM8Z1WnL6aKm5Jpk5fGsZ5atijUTWTZ2bsqQq94zv7teyGIfA80EVapjW5F2Eio1ZwKnpW6sMKJsRAfY8cY8UgH1UTnJ8+zuOZ5QX6mJ707JiU/1UC2yrPkf68S6f+UkPIhijQFLR1LWjwXRIcnyEo9LZFpMUkOZ5OllhA2ppEynXymlke3FgMumeV6xq5Xq/UW5dpOHL8IRHMMp2HAJNbiDOjSAwRO8wyd8GZ7xYrwab3+jBSPfOYQ5GR+/3QyKqQ==</latexit>

⌘ < ⌘⇤
<latexit sha1_base64="+VzgPfkwAmqNo69npaeTjfjK5hE=">AAAB6nicbZBNT8JAEIan+IX4VeXopZGYGA+kNQY9Er14xEQ+ElrJdhlgw7bd7G4JDeFPeDMevHjQf+Hf8N/YYi+A7+mdeWaSeccXnClt2z9GYWNza3unuFva2z84PDKPT1oqiiXFJo14JDs+UchZiE3NNMeOkEgCn2PbH99nvD1BqVgUPulEoBeQYcgGjBKdtnpm2UVNLJcIIaOplRXPlz2zYlfthax14+SmArkaPfPb7Uc0DjDUlBOluo4ttDcjUjPKcV5yY4WC0DEZYrc/YUKFJEDlzaaL+5f4jARKJYE/t84DokdqlWXN/1g31oNbb8ZCEWsMaTqSskHMLR1ZWW6rzyRSzZPUECpZeplFR0QSqtPvlNLIzmrAddO6qjq1au3xulK/y8MX4RTO4AIcuIE6PEADmkAhgXf4hC+DGy/Gq/H2N1ow8p0yLMn4+AVHoY3Q</latexit>

⌘ ⇡ ⌘⇤
<latexit sha1_base64="8OR4q/PtiptAkhG6QJxqa+J55L8=">AAAB4nicbZC7TsNAEEXH4RXCy0BJsyJCQhSRjVCgQYqgoQwSeUiJidbrSbLK+sHuOiKy8gN0iIKGAv6E3+BvsIObJNxmrubMSHPHjQRX2rJ+jMLK6tr6RnGztLW9s7tn7h80VRhLhg0WilC2XapQ8AAbmmuB7Ugi9V2BLXd0m/HWGKXiYfCgJxE6Ph0EvM8Z1WnL6aKm5Jpk5fGsZ5atijUTWTZ2bsqQq94zv7teyGIfA80EVapjW5F2Eio1ZwKnpW6sMKJsRAfY8cY8UgH1UTnJ8+zuOZ5QX6mJ707JiU/1UC2yrPkf68S6f+UkPIhijQFLR1LWjwXRIcnyEo9LZFpMUkOZ5OllhA2ppEynXymlke3FgMumeV6xq5Xq/UW5dpOHL8IRHMMp2HAJNbiDOjSAwRO8wyd8GZ7xYrwab3+jBSPfOYQ5GR+/3oWKqg==</latexit>

⌘ = ⌘⇤

<latexit sha1_base64="5GjaK8m5PXiIRJCsZf3nuBHLQUE=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSK4sSQiVXBTdOOygn1AE8pkctsOnUzCzKS0hP6FP+BvuFJcuHGhS//GaQ3Ftt7F4XDOuXDP9WNGpbLtbyO3srq2vpHfLGxt7+zumfsHdRklgkCNRCwSTR9LYJRDTVHFoBkLwKHPoOH3byd+YwBC0og/qFEMXoi7nHYowUpLbfPa9aFLeeqHWAk6HDuW61ozOPsDWtIAPJhl22bRLtnTsZaJk5EiyqbaNl/cICJJCFwRhqVsOXasvBQLRQmDccFNJMSY9HEXWsGAxpLjEKSXDqc95/wUh1KOQn9snehrenLRm4j/ea1Eda68lPI4UcCJjmivkzBLRdbkP1ZABRDFRppgIqi+zCI9LDBR+osFXdlZLLhM6uclp1wq318UKzdZ+Tw6QsfoFDnoElXQHaqiGiLoCb2jT/RlPBrPxqvx9hvNGdnOIZob4+MHwPKbow==</latexit>2
666666664

1
1
1
�1
�1
�1
�1

3
777777775

<latexit sha1_base64="Ja71mh5UaSDe5GEQRKMSWD2aYwk=">AAACM3icbZDNTgIxFIU7+IfjH+rSzURi4kbSQRTZEd24xETQhCGkUy7Y2OlM2g6BTHgs98a3MO6MCzcu9AnsAFFR7+rLObfNPcePOFMa40crMze/sLiUXbZXVtfWN3KbWw0VxpJCnYY8lNc+UcCZgLpmmsN1JIEEPocr//Ys9a/6IBULxaUeRtAKSE+wLqNEG6md8zwfekwkfkC0ZIORjQvFUuXQ836Ce1QpjwGXXWzgABcqLi5NpAo++gLbA9H5/qudyxt9PM5fcKeQR9OptXP3XiekcQBCU06Uaro40q2ESM0oh5HtxQoiQm9JD5qdPouUIAGoVjIYFzHjJyRQahj4I2fPnHOjfnup+J/XjHX3pJUwEcUaBDUrxuvG3NGhkxbodJgEqvnQAKGSmcscekMkodrUnEZ2fwf8C41iwT0uHF+U8tXTafgs2kG7aB+5qIyq6BzVUB1R9IBe0Tv6sO6sJ+vZepmsZqzpm200M9bbJzUqoqc=</latexit>2
666666664

0.2493
0.2493
0.1597
0.0710
�0.9104
0.0905
0.0905

3
777777775

<latexit sha1_base64="wZVb63kYRbynWjQpvu+gaE30vEs="></latexit>2
666666664

0.5182
0.4320
0.3383
�0.2210
�0.3904
�0.3385
�0.3385

3
777777775

<latexit sha1_base64="iRApf6WJWi3OAPTQw8TSaR6rV80="></latexit>2
666666664

0.4494
0.4447
0.4142
�0.3044
�0.3351
�0.3420
�0.3268

3
777777775

limη→η∗ v2(η) = 1√
n
χe where χek =

{
+1 i 7→ k

−1 j 7→ k

punchline: close to η∗, sgn(v2(η)) localizes the line e.
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Network Critical Slowing Down
Detection and localization

ε(t) ≈ 1
n

(
1>n ε(0)

)
1n + e−λ2(η)t

(
v>2 (η)ε(0)

)
v2(η).

η � η∗ : As t→∞ we have ε(t) ≈ 1
n

(
1>n ε(0)

)
1n.

η close to η∗: As t→∞ we have ε(t) ≈ 1
n

(
1>n ε(0)

)
1n + e−λ2(η)t

(
v>2 (η)ε(0)

)
v2(η).

η = η∗ : As t→∞ we have ε(t) ≈ 1
n

(
1>n ε(0)

)
1n + 1

n

(
(χe)>ε(0)

)
χe

Key for detection and localization: when η close to η∗ then λ2(η) ≈ 0 and v2(η) ≈ χe:

As t→∞ we have r(t) := ε(t)− 1
n

(
1>n ε(0)

)
1n ≈ 1

n

(
(χe)>ε(0)

)
χe

As t→∞, sgn(r(t)) ≈ χe
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Network Critical Slowing Down
Example

<latexit sha1_base64="sVV0toX0BkwJqaOrEblxaxJBAVw=">AAAB3XicbY+7TgJBFIbP4A3xtmpps5GYWJFdCrQk2lhiIpcENmR2OMCE2dnNzCyRbCjtjIWNhT6Mr+HbOOA2gH/153znJOcLE8G18bwfUtja3tndK+6XDg6Pjk+c07OWjlPFsMliEatOSDUKLrFpuBHYSRTSKBTYDif3C96eotI8lk9mlmAQ0ZHkQ86osaMOlxYaVH2n7FW8ZdzN4uelDHkafee7N4hZGqE0TFCtu76XmCCjynAmcF7qpRoTyiZ0hN3BlCda0gh1kD0vX17hGY20nkXh3L2KqBnrdbYY/se6qRneBhmXSWpQMrti2TAVrondhao74AqZETNbKFPcfuayMVWUWWFdssr+uuBmaVUrfq1Se6yW63e5fBEu4BKuwYcbqMMDNKAJDAS8wyd8kT55Ia/k7W+1QPKbc1gJ+fgF/wiJtA==</latexit>

inverter
<latexit sha1_base64="kXv6WJOv3EMuu7/nvstFqbWTp1o=">AAAB2nicbZBLT8JQEIWn+EJ8VV26aSQmrkjLAl0S3bjExAIJNGR6O8ANt4/ce0skDRt3xoUbF/pv/Bv+Gwt2A3hWJ/OdSeaMnwiutG3/GKWt7Z3dvfJ+5eDw6PjEPD1rqziVjFwWi1h2fVQkeESu5lpQN5GEoS+o40/uF7wzJal4HD3pWUJeiKOIDzlDnY9cEWOgBmbVrtlLWZvGKUwVCrUG5nc/iFkaUqSZQKV6jp1oL0OpORM0r/RTRQmyCY6oF0x5oiIMSXnZ8/LeFZ5hqNQs9OfWVYh6rNbZYvgf66V6eOtlPEpSTRHLIzkbpsLSsbXoaQVcEtNilhtkkueXWWyMEpnOv1HJKzvrBTdNu15zGrXGY73avCvKl+ECLuEaHLiBJjxAC1xgwOEdPuHL6Bsvxqvx9hctGcXOOazI+PgFkYmIOg==</latexit>

loads

<latexit sha1_base64="aa1+qtEZp7xgcyVCbpDeCqV43YY=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmSXGLQk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG8QsCTEyTFCtu54rjZ9SZTgTOC/0Eo2SsgkdYXcw5VJHNETtp8/LW1d4SkOtZ2Ewd65CasZ6nS2G/7FuYoZ3fsojmRiMmI1YNkyEY2Jn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumlal7FXL1cZNqXaflc/DBVzCNXhwCzV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvQ1OGMw==</latexit>

2
<latexit sha1_base64="SMA4OAGcxNs3mCV3nKIMt64YF8k=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2d3JzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGUnBtXPeH5La2d3b38vuFg8Oj45Pi6VlLx4li2GSxiFUnoBoFj7BpuBHYkQppGAhsB5OHBW9PUWkeR09mJtEP6SjiQ86osaOG1y+W3LK7lLNpvMyUIFO9X/zuDWKWhBgZJqjWXc+Vxk+pMpwJnBd6iUZJ2YSOsDuYcqkjGqL20+flrSs8paHWszCYO1chNWO9zhbD/1g3McM7P+WRTAxGzEYsGybCMbGz6OgMuEJmxMwayhS3lzlsTBVlxn6iYCt76wU3Teum7FXKlcZtqXaflc/DBVzCNXhQhRo8Qh2awADhHT7hi3TIC3klb3/RHMl2zmFF5OMXQeGGMg==</latexit>

1

<latexit sha1_base64="hKNuroCO6HYPFyn082Zn9BcgB10=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmRXDVoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/7hVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/WbUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fRMWGNA==</latexit>

3

<latexit sha1_base64="1wlStU7Y4Jn4bWjBEwtuSTR5csc=">AAAB0nicbZBLS8NAFIVv6qvGV3TrJlgEVyURqS6LblxWsA9oQ5lMb9uhM5MwMymWUHeuBFf6f/wb/hunNZu2ntXhfufCPTdOOdMmCH6c0tb2zu5eed89ODw6PvHc05ZOMkWxSROeqE5MNHImsWmY4dhJFRIRc2zHk4cFb09RaZbIZzNLMRJkJNmQUWLs6Omm71WCarCUv2nCwlSgUKPvffcGCc0ESkM50bobBqmJcqIMoxznbi/TmBI6ISPsDqYs1ZII1FH+srx1hedEaD0T8dy/FMSM9TpbDP9j3cwM76KcyTQzKKmNWDbMuG8Sf9HRHzCF1PCZNYQqZi/z6ZgoQo39hGsrh+sFN03ruhrWqrVK/b6oXoZzuIArCOEW6vAIDWgCBYR3+IQvp+O8Om9/wZJTbJzBipyPX/fEhR0=</latexit>

4

<latexit sha1_base64="vlkZQM4mdC8Z7Y5+jOt68MXRn2w=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXKFoSbSwhkUcCGzI7XGDC7OxkZpZINtgZCxsL/T/+Df+NC24DeKqT+52b3HMDJbixrvtDchubW9s7+d3C3v7B4VHx+KRpolgzbLBIRLodUIOCS2xYbgW2lUYaBgJbwfhhzlsT1IZH8slOFfohHUo+4IzadFS/6RVLbtldyFk3XmZKkKnWK353+xGLQ5SWCWpMx3OV9ROqLWcCZ4VubFBRNqZD7PQnXBlJQzR+8ry4dYknNDRmGgYz5yKkdmRW2Xz4H+vEdnDnJ1yq2KJkaSRlg1g4NnLmHZ0+18ismKaGMs3Tyxw2opoym36ikFb2Vguum+ZV2auUK/XrUvU+K5+HMziHS/DgFqrwCDVoAAOEd/iEL9ImL+SVvP1FcyTbOYUlkY9fR6mGNg==</latexit>

5
<latexit sha1_base64="A2qC9EsLzW+6pB/olqbsBHViiMU=">AAAB1nicbZA7TwJBFIXv4AvxhVrabCQmVmTXGLAk2lhCIo8ENmR2uMCE2dnNzCyRbLAzFjYW+n/8G/4bB9wG8FQn9zs3uecGseDauO4PyW1t7+zu5fcLB4dHxyfF07OWjhLFsMkiEalOQDUKLrFpuBHYiRXSMBDYDiYPC96eotI8kk9mFqMf0pHkQ86osaNGpV8suWV3KWfTeJkpQaZ6v/jdG0QsCVEaJqjWXc+NjZ9SZTgTOC/0Eo0xZRM6wu5gymMtaYjaT5+Xt67wlIZaz8Jg7lyF1Iz1OlsM/2PdxAzv/JTLODEomY1YNkyEYyJn0dEZcIXMiJk1lCluL3PYmCrKjP1EwVb21gtumtZN2auUK43bUu0+K5+HC7iEa/CgCjV4hDo0gQHCO3zCF+mQF/JK3v6iOZLtnMOKyMcvSRuGNw==</latexit>

6

As t→∞ we have
sgn(r(t)) = [+1− 1 + 1 + 1 + 1 + 1]>

Bifurcation in the line 3→ 2

𝑟

𝑟

Time (𝑠)
2 4 6 8 10 12

-0.5

-1

0.5

0

-0.5

-1

0.5

0

2

4

-4

-2

× 10−4

5 5.1 5.2 5.3 5.4 5.5

5 5.1 5.2 5.3 5.4 5.5

5

-10

-5

× 10−3

(𝑎)

(𝑏)

node 1
node 2
node 3
node 4
node 5
node 6

node 1
node 2
node 3
node 4
node 5
node 6

Perturbation
[
2 0 0 0 0 0

]>
has applied from

t = 2s to t = 3s. Above: far from the bifurcation.
Below: close to the bifurcation

S. Jafarpour (CU Boulder) Network Critical Slowing Down 22 / 25



Conclusions

Notion of Network Critical Slowing Down as a generalization of classical critical
slowing down for networked dynamical systems.

Graph-theoretic tools to detect and localize critical transitions.

A data-driven framework for detecting and localizing critical transitions in power
networks.

Future Directions:

Generalization to broader classes of Laplacian-based nonlinear systems with directed
interconnections.

Extension to stochastic network dynamics, leveraging covariance matrices and higher-order
moments for the detection of critical transitions.

Integration with feedback control for resilience enhancement and mitigation of critical
transitions.
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Thank you for your attention!
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Detection of Critical Slowing Down
Approach #2: Increased fluctuation autocorrelation

Key detection idea: Dramatic increase in fluctuation autocorrelation for stochastic noise

Original Dynamics: ẋ = f(x, η)

Stochastic white noise ξi with variance σ and et := x(t)− x∗(η)

Autoregressive model: et+1 = exp(Dxf(x∗(η))∆t)︸ ︷︷ ︸
α(η)

et + ξt

E(et) = 0 and limt→∞Var(et) = σ2

1−α(η)2

far from bifurcation: α(η)� 1

close to bifurcation: α(η)→ 1 and very
large Var(et)

v
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