
Exploiting Structure in Feedback Systems with Learning-based

Components

Saber Jafarpour

Decision and Control Laboratory

Georgia Institute of Technology

April 26, 2023



Modern societal autonomous systems

Introduction

Power grids Transportation networks Learning-based systems

large penetration of distributed renewable units in power grids

unprecedented demand is pushing transportation networks to their capacity

increasing deployment of learning algorithms in safety-critical systems

societal autonomous systems are becoming large-scale with
interconnected and complex components

reconsider the traditional approaches for monitoring and control of
autonomous systems
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Feedback control of autonomous systems

Opportunities and challenges

Feedback is a central paradigm in control theory
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Actuator

Magic of feedbacka: robustness, shape behavior, command tracking, etc.

aKarl J. Astrom, Automatic Control - A Perspective, 2019
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Feedback control of autonomous systems

Opportunities and challenges

Motivation Mixed Monotonicity Finite Abstraction Traffic Predictive Control Future Directions

Opportunities for improvement

Sam Coogan Exploiting Structure for Control of Traffic Flow Networks 3/38

1 Internet of Things revolution provides real-time, wireless
sensing

2 Vehicle-to-vehicle and vehicle-to-infrastructure
communication now available commercially

3 Semi-autonomous and autonomous vehicles add new
opportunities for control
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Agents have
wide range
of communication
capabilities
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Large number
of measurement
devices for
sensing

Magic of feedbacka: robustness, shape behavior, command tracking, etc.

aKarl J. Astrom, Automatic Control - A Perspective, 2019
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Enhanced processing units allow
new computational approaches
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Feedback control of autonomous systems

Opportunities and challenges

Systems are becoming large-scale with heterogenous
and interconnected components
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Magic of feedbacka: robustness, shape behavior, command tracking, etc.

aKarl J. Astrom, Automatic Control - A Perspective, 2019
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Controllers contain high-dimensional,
learning-based, and complex parts
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My research

Safety and robustness in control of autonomous systems

A critical task

Desired performance while ensuring their safety and robustness.

FERC/NERC Staff Report on the September 8, 2011 Blackout  
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Yuma Separates (Time: 15.38.23.12) 

CFE Separates (Time: 15.38.23.13) 

2011 US Southwest blackout Tra�c congestion in Beijing Self-driving car accident

My Contribution

Exploit structure to ensure safety and resilience in control of
large-scale autonomous systems

Tools: control theory, dynamical systems, optimization

S. Jafarpour Learning-based Feedback Systems April 26, 2023 4 / 35



Research summary

My past and current research

Analysis of large-scale power grids

threshold of frequency synchronization
(TAC 2018, SICON 2019)

multi-stability via partitioning the state-space
(SIAM Review 2021, Nature Com 2022)

dynamic stability of low-inertia power grids
(TCNS 2019)

Nonlinear controllability

small time local controllability
(SICON 2020)

locally convex topologies and control theory
(MCSS 2016)

Contraction theory

weak and semi-contraction theory (TAC 2021)

non-Euclidean contraction theory (TAC 2022)

time-varying optimization (TAC 2021)

non-Euclidean monotone operator theory
(CDC 2022)

Learning algorithms

implicit neural networks
(NeurIPS 2021, L4DC 2022)

interval reachability of neural networks
(L4DC 2022)

safety verification of neural feedback loops
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Learning-based feedback

Introduction

Learning-based feedback

Feedback controller or some elements of it are learned from data

Aerial vehicles Self-driving cars GaTech A1 robot

Why data-driven feedback?

models are complicated or not available

environment is unknown or varying

traditional methods are cumbersome
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Learning-based feedback

A data-driven approach to controller design

Assumption: An (approximate) model of the system is available

Optimization-based control

xk+1 xkx⇤

�f(xk)

�f(xk+1)
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xk+1 xkx⇤

�f(xk)

�f(xk+1)

<latexit sha1_base64="Ze7qPJhnpfsBWbPOMN2MzgEu0as=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgxpIUfCyLgrizgn1AG8pkctMOnTyYmQi1dOHGX3HjQhG3foQ7/8ZJmoW2Hhg499zX3OPGnEllWd9GYWl5ZXWtuF7a2Nza3jF391oySgSFJo14JDoukcBZCE3FFIdOLIAELoe2O7pM8+17EJJF4Z0ax+AEZBAyn1GitNQ3yzexYgF7yMLjdJKHrwA8l9BR36xYVSsDXiR2TiooR6NvfvW8iCYBhIpyImXXtmLlTIhQjHKYlnqJhFgPJgPoahqSAKQzyY6Y4sMk3e1HQr9Q4Uz93TEhgZTjwNWVAVFDOZ9Lxf9y3UT5586EhXGiIKSzRX7CsYpw6gj2mACq+FgTQgXTf8V0SAShSvtW0ibY8ycvklatap9WT25rlfpFbkcRldEBOkI2OkN1dI0aqIkoekTP6BW9GU/Gi/FufMxKC0bes4/+wPj8AaZdmBk=</latexit>

Optimization-based Feedback

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System
Example method: Model Predictive
Control (MPC)

min
u(0),...,u(N�1)

N�1X

i=0

`(x(t), u(t)) + �(x(N)),

x(t+ 1) = x(t) + ↵f(x(t), u(t)),

x(t) 2 X , t 2 {1, . . . , N}
u(t) 2 U , t 2 {0, . . . , N � 1}
x(0) = x

X and U are safety constraints

Feedback law: u(0) = K(x)
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Measurements<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System
Example issues: set X is learned online

min
u(0),...,u(N�1)

N�1X

i=0

`(x(t), u(t)) + �(x(N)),

x(t+ 1) = x(t) + ↵f(x(t), u(t)),

x(t) 2 X , t 2 {1, . . . , N}
u(t) 2 U , t 2 {0, . . . , N � 1}
x(0) = x

X and U are safety constraints

Feedback law: u(0) = K(x)
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Optimization-based Feedback

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System
Example issues: the optimization
problem is computationally complicated

min
u(0),...,u(N�1)

N�1X

i=0

`(x(t), u(t)) + �(x(N)),

x(t+ 1) = x(t) + ↵f(x(t), u(t)),

x(t) 2 X , t 2 {1, . . . , N}
u(t) 2 U , t 2 {0, . . . , N � 1}
x(0) = x

X and U are safety constraints

Feedback law: u(0) = K(x)
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Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System

full knowledge of environment

computationally complexity

replace (some part of) the controller with a
learning-based component
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Learning-based feedback

A data-driven approach to controller design

Assumption: An (approximate) model of the system is available

O✏ine training

xk+1 xkx⇤

�f(xk)

�f(xk+1)

<latexit sha1_base64="ncOFFKOCWCR/NHTGb1VINd0/YAk=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBFclaSIuiy6cWcF+4A2lMlk0g6dTMLMjVBCVm78FTcuFHHrN7jzb5y0WWjrgYHDOfc1x4sF12Db39bS8srq2nppo7y5tb2zW9nbb+soUZS1aCQi1fWIZoJL1gIOgnVjxUjoCdbxxte533lgSvNI3sMkZm5IhpIHnBIw0qBylPanQ1LF/Ow2CPI5GBThksthNqhU7Zo9BV4kTkGqqEBzUPnq+xFNQiaBCqJ1z7FjcFOigFPBsnI/0SwmdEyGrGeoJCHTbjq9IMMnRvFxECnzJOCp+rsjJaHWk9AzlSGBkZ73cvE/r5dAcOmmXMYJMElni4JEYIhwngn2uWIUxMQQQhU3t2I6IopQMMmVTQjO/JcXSbtec85rZ3f1auOqiKOEDtExOkUOukANdIOaqIUoekTP6BW9WU/Wi/VufcxKl6yi5wD9gfX5A2gdmbk=</latexit>

O�ine training

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements
<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="Ze7qPJhnpfsBWbPOMN2MzgEu0as=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgxpIUfCyLgrizgn1AG8pkctMOnTyYmQi1dOHGX3HjQhG3foQ7/8ZJmoW2Hhg499zX3OPGnEllWd9GYWl5ZXWtuF7a2Nza3jF391oySgSFJo14JDoukcBZCE3FFIdOLIAELoe2O7pM8+17EJJF4Z0ax+AEZBAyn1GitNQ3yzexYgF7yMLjdJKHrwA8l9BR36xYVSsDXiR2TiooR6NvfvW8iCYBhIpyImXXtmLlTIhQjHKYlnqJhFgPJgPoahqSAKQzyY6Y4sMk3e1HQr9Q4Uz93TEhgZTjwNWVAVFDOZ9Lxf9y3UT5586EhXGiIKSzRX7CsYpw6gj2mACq+FgTQgXTf8V0SAShSvtW0ibY8ycvklatap9WT25rlfpFbkcRldEBOkI2OkN1dI0aqIkoekTP6BW9GU/Gi/FufMxKC0bes4/+wPj8AaZdmBk=</latexit>

Optimization-based Feedback

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="ZyRWLVUELxDFJ4I1nyxEqP1HsHI=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAQbAy7AR9l0MbCIoJ5QLKE2clsMmQey8ysEJbY+Cs2ForY+hd2/o2zyRaaeGHgcM499849YcyoNp737RSWlldW14rrpY3Nre0dd3evqWWiMGlgyaRqh0gTRgVpGGoYaceKIB4y0gpH15neeiBKUynuzTgmAUcDQSOKkbFUzz24JUgJKgan2ZQ+xJLHUhBhem7Zq3jTgovAz0EZ5FXvuV/dvsQJt17MkNYd34tNkCJlKGZkUuommsQIj9CAdCwUiBMdpNMLJvA4yZZHUtknDJyyvx0p4lqPeWg7OTJDPa9l5H9aJzHRZZBSESeGCDxbFCUMGgmzOGCfKoING1uAsKL2rxAPkULY2NBKNgR//uRF0KxW/PPK2V21XLvK4yiCQ3AEToAPLkAN3IA6aAAMHsEzeAVvzpPz4rw7H7PWgpN79sGfcj5/AIN6lvI=</latexit>

Learning-based component

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System

overly conservative constraints

solve the optimization o✏ine

data to train the learning algorithm
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Learning-based feedback

A data-driven approach to controller design

Assumption: An (approximate) model of the system is available

O✏ine training

xk+1 xkx⇤

�f(xk)

�f(xk+1)

<latexit sha1_base64="ncOFFKOCWCR/NHTGb1VINd0/YAk=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBFclaSIuiy6cWcF+4A2lMlk0g6dTMLMjVBCVm78FTcuFHHrN7jzb5y0WWjrgYHDOfc1x4sF12Db39bS8srq2nppo7y5tb2zW9nbb+soUZS1aCQi1fWIZoJL1gIOgnVjxUjoCdbxxte533lgSvNI3sMkZm5IhpIHnBIw0qBylPanQ1LF/Ow2CPI5GBThksthNqhU7Zo9BV4kTkGqqEBzUPnq+xFNQiaBCqJ1z7FjcFOigFPBsnI/0SwmdEyGrGeoJCHTbjq9IMMnRvFxECnzJOCp+rsjJaHWk9AzlSGBkZ73cvE/r5dAcOmmXMYJMElni4JEYIhwngn2uWIUxMQQQhU3t2I6IopQMMmVTQjO/JcXSbtec85rZ3f1auOqiKOEDtExOkUOukANdIOaqIUoekTP6BW9WU/Wi/VufcxKl6yi5wD9gfX5A2gdmbk=</latexit>

O�ine training

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements
<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="Ze7qPJhnpfsBWbPOMN2MzgEu0as=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgxpIUfCyLgrizgn1AG8pkctMOnTyYmQi1dOHGX3HjQhG3foQ7/8ZJmoW2Hhg499zX3OPGnEllWd9GYWl5ZXWtuF7a2Nza3jF391oySgSFJo14JDoukcBZCE3FFIdOLIAELoe2O7pM8+17EJJF4Z0ax+AEZBAyn1GitNQ3yzexYgF7yMLjdJKHrwA8l9BR36xYVSsDXiR2TiooR6NvfvW8iCYBhIpyImXXtmLlTIhQjHKYlnqJhFgPJgPoahqSAKQzyY6Y4sMk3e1HQr9Q4Uz93TEhgZTjwNWVAVFDOZ9Lxf9y3UT5586EhXGiIKSzRX7CsYpw6gj2mACq+FgTQgXTf8V0SAShSvtW0ibY8ycvklatap9WT25rlfpFbkcRldEBOkI2OkN1dI0aqIkoekTP6BW9GU/Gi/FufMxKC0bes4/+wPj8AaZdmBk=</latexit>

Optimization-based Feedback

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="ZyRWLVUELxDFJ4I1nyxEqP1HsHI=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAQbAy7AR9l0MbCIoJ5QLKE2clsMmQey8ysEJbY+Cs2ForY+hd2/o2zyRaaeGHgcM499849YcyoNp737RSWlldW14rrpY3Nre0dd3evqWWiMGlgyaRqh0gTRgVpGGoYaceKIB4y0gpH15neeiBKUynuzTgmAUcDQSOKkbFUzz24JUgJKgan2ZQ+xJLHUhBhem7Zq3jTgovAz0EZ5FXvuV/dvsQJt17MkNYd34tNkCJlKGZkUuommsQIj9CAdCwUiBMdpNMLJvA4yZZHUtknDJyyvx0p4lqPeWg7OTJDPa9l5H9aJzHRZZBSESeGCDxbFCUMGgmzOGCfKoING1uAsKL2rxAPkULY2NBKNgR//uRF0KxW/PPK2V21XLvK4yiCQ3AEToAPLkAN3IA6aAAMHsEzeAVvzpPz4rw7H7PWgpN79sGfcj5/AIN6lvI=</latexit>

Learning-based component

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System

overly conservative safety guarantees

solve the optimization o✏ine

data to train the learning algorithm

Online implementation

<latexit sha1_base64="YLLPo+yIURdoRPBzuxqs9MRw0g8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFFGXRUFcuKhgH9CGMpnctkMnkzAzEUroxl9x40IRt36GO//GSZuFth4YOJxzH3OPH3OmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLX90nfmtR5CKReJBj2PwQjIQrM8o0Ubq2Qd3QKRgYnCaTQnwDUDgEzrq2WWn4kyBF4mbkzLKUe/ZX90gokkIQlNOlOq4Tqy9lEjNKIdJqZsoiM1gMoCOoYKEoLx0esAEHyfZ7n4kzRMaT9XfHSkJlRqHvqkMiR6qeS8T//M6ie5feikTcaJB0NmifsKxjnCWBg6YBKr52BBCJTN/xXRIJKHaZFYyIbjzJy+SZrXinlfO7qvl2lUeRxEdoiN0glx0gWroFtVRA1E0Qc/oFb1ZT9aL9W59zEoLVt6zj/7A+vwBGzWWGQ==</latexit>

Learning-based Feedback

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements
<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

xk+1 xkx⇤

�f(xk)

�f(xk+1)

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System

e�cient implementation

partial knowledge of environment

limited safety guarantees
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Reachability analysis

A paradigm for safety assurance

Isolated learning component

Robustness of learning algorithms

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
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Safety of closed-loop system

An input perturbation set W
Safe output domain S

Reachable sets
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Reachability analysis

A paradigm for safety assurance

Isolated learning component

Robustness of learning algorithms
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Robustness of learning algorithms

Verification and training

1 learning algorithms are fragile wrt input perturbations

Adversarial Perturbations

Small changes in the input
?y

Large changes in the output

C. Szegedy and et. al. Intriguing properties of neural networks. In ICLR, 2014

2 learning algorithms have large number of parameters and are
highly nonlinear
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Reachability of learning-based systems

The role of the structure

Reachability of dynamical system is an old problem: ⇠ 1980
I Example approaches: Hamilton-Jacobi, Ellipsoidal methods

not scalable to large-scale systems

Reachability of learning algorithms is more recent: ⇠ 2010
I Example approaches: Interval arithmetic, Semi-definite programing

1 structure of the learning algorithm

2 Interconnection structure of the system

Structure lead to tractable algorithms

Contractivity, to ensure computational e�ciency

Mixed monotonicity, a key property of neural network loops
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Outline of this talk

Contraction theory and mixed monotonicity

Isolated learning algorithms

Learning-based feedback loops

Future research directions
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Tool #1: Contraction theory

A framework for stability analysis

Definition (Contraction)

ẋ = f(x, u) is contracting wrt k · k if
the distance between every two trajectory is decreasing exponentially with rate c wrt k · k

Transient and asymptotic behavior:

unique globally exponential stable equilibrium

e�cient equilibrium point computation

input-output robustness

modularity and interconnection properties

· · ·
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<latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit>

x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="ep+4VGlKV1k76QkZ9DOdG4ACxeY=">AAACCHicbVC7TsNAEDyHVwgvAyUFJxIkGiI7BVBG0FAGiTykxETnyzk55Xy27tagyEpJw6/QUIAQLZ9Ax99wSVxAwkgrjWZ2tbvjx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFMcMnqwEGwVqwYCX3Bmv7wauI375nSPJK3MIqZF5K+5AGnBIzUtQ8TyQH3uB7iBw4DrEiPJxqX2F16SmFc6tpFp+xMgReJm5EiylDr2l+dXkSTkEmggmjddp0YvJQo4FSwcaGTaBYTOiR91jZUkpBpL50+MsbHRunhIFKmJOCp+nsiJaHWo9A3nSGBgZ73JuJ/XjuB4MJLuYwTYJLOFgWJwBDhSSomAMUoiJEhhCpubsV0QBShYLIrmBDc+ZcXSaNSds/KlZtKsXqZxZFHB+gInSAXnaMqukY1VEcUPaJn9IrerCfrxXq3PmatOSub2Ud/YH3+AK5XmRw=</latexit>

unit disk with radius e�ct

<latexit sha1_base64="CePEb9FifnRKW6a7JN7QyV4El50="></latexit>

`1
<latexit sha1_base64="wLGhrPh6nAoRw1TaCIs8E60MsDI="></latexit>

`2
<latexit sha1_base64="08RwU98XUA8yyc2GvpS6ThlsQWk="></latexit>

`�
<latexit sha1_base64="4WKuB8iDJNhJExJ80io1IHfhKrc="></latexit>

`5

<latexit sha1_base64="vkrOFlGv1HG4K+dljrdsARvrR1o="></latexit>

`9
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Tool #1: Contraction theory

A framework for stability analysis

Definition (Contraction)

ẋ = f(x, u) is contracting wrt k · k if
the distance between every two trajectory is decreasing exponentially with rate c wrt k · k

Transient and asymptotic behavior:

unique globally exponential stable equilibrium

e�cient equilibrium point computation

input-output robustness

modularity and interconnection properties

· · ·

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="wi0Ie671B5q+pQnuDOsZDzQkN+I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKcyEaJJbwIvHiOYByRJmJ7PJkNkHM7PCEvIJXjwo4tUv8ubfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDzq6ChRjLdZJCPV86jmUoS8bYSRvBcrTgNP8q43vcr87j1XWkThnUlj7gZ0HApfMGqsdJsO8bBYwmWMMSEEZYTULrEljUa9QuqIZJZFCVZoDYvvg1HEkoCHhkmqdZ/g2Lgzqoxgks8Lg0TzmLIpHfO+pSENuHZni1Pn6MwqI+RHylZo0EL9PjGjgdZp4NnOgJqJ/u1l4l9ePzF+3Z2JME4MD9lykZ9IZCKU/Y1GQnFmZGoJZUrYWxGbUEWZsekUbAhfn6L/SadSJhdlfFMtNaurOPJwAqdwDgRq0IRraEEbGIzhAZ7g2ZHOo/PivC5bc85q5hh+wHn7BFXEjcw=</latexit>y0

y(t)
<latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit>

x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="ep+4VGlKV1k76QkZ9DOdG4ACxeY=">AAACCHicbVC7TsNAEDyHVwgvAyUFJxIkGiI7BVBG0FAGiTykxETnyzk55Xy27tagyEpJw6/QUIAQLZ9Ax99wSVxAwkgrjWZ2tbvjx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFMcMnqwEGwVqwYCX3Bmv7wauI375nSPJK3MIqZF5K+5AGnBIzUtQ8TyQH3uB7iBw4DrEiPJxqX2F16SmFc6tpFp+xMgReJm5EiylDr2l+dXkSTkEmggmjddp0YvJQo4FSwcaGTaBYTOiR91jZUkpBpL50+MsbHRunhIFKmJOCp+nsiJaHWo9A3nSGBgZ73JuJ/XjuB4MJLuYwTYJLOFgWJwBDhSSomAMUoiJEhhCpubsV0QBShYLIrmBDc+ZcXSaNSds/KlZtKsXqZxZFHB+gInSAXnaMqukY1VEcUPaJn9IrerCfrxXq3PmatOSub2Ud/YH3+AK5XmRw=</latexit>

unit disk with radius e�ct

<latexit sha1_base64="CePEb9FifnRKW6a7JN7QyV4El50="></latexit>

`1
<latexit sha1_base64="wLGhrPh6nAoRw1TaCIs8E60MsDI="></latexit>

`2
<latexit sha1_base64="08RwU98XUA8yyc2GvpS6ThlsQWk="></latexit>

`�
<latexit sha1_base64="4WKuB8iDJNhJExJ80io1IHfhKrc="></latexit>

`5

<latexit sha1_base64="vkrOFlGv1HG4K+dljrdsARvrR1o="></latexit>

`9

Di↵erential and integral characterization of contractivity

S. Jafarpour Learning-based Feedback Systems April 26, 2023 12 / 35



Tool #1: Contraction theory

Logarithmic norm and weak pairings

Di↵erential condition

Logarithmic norm

Given a matrix A 2 Rn⇥n and a norm k · k:

µk·k(A) := lim
h!0+

kIn + hAk � 1

h

Directional derivative of norm k · k in
direction of A,

µ2(A) = 1
2�max(A + A>)

µ1(A) = max
j

�
ajj +

X
i 6=j

|aij |
�

µ1(A) = max
i

�
aii +

X
j 6=i

|aij |
�

Integral condition

Weak pairing1

Given a norm k · k, the associated weak
pairing is J·, ·K : Rn ⇥ Rn ! R:

Subadditive and weakly homogeneity

Positive definite

Cauchy-Schwarz inequality

Jx, xK = kxk2

Jx, yK2 = y>x

Jx, yK1 = sign(y)>x

Jx, yK1 = maxi2I1(x) xiyi

I1(x) = {i | |xi| = kxk1}

1A. Davydov, S. Jafarpour, F. Bullo, TAC 2022
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Jx, yK1 = sign(y)>x

Jx, yK1 = maxi2I1(x) xiyi

I1(x) = {i | |xi| = kxk1}
1A. Davydov, S. Jafarpour, F. Bullo, TAC 2022
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Tool #1: Contraction theory

Characterization for non-Euclidean norms

Theorem2

ẋ = f(x, u) is contracting wrt k · k with rate c i↵

Di↵erential: µk·k(Dxf(x, u))  �c, for all x, u

Integral: Jf(x, u) � f(y, u), x � yK  �ckx � yk2, for all x, y, u

2 A. Davydov, S. Jafarpour, F. Bullo, TAC 2022
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Di↵erential: µk·k(Dxf(x, u))  �c, for all x, u

Integral: Jf(x, u) � f(y, u), x � yK  �ckx � yk2, for all x, y, u

Connection between contraction theory and monotone operator theory

f is a contracting vector field wrt to k · k2
i↵

�f is a strongly monotone operator wrt to the inner product h·, ·i.
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Tool #2: Mixed monotonicity

Cooperative and competitive dynamics

Original system

ẋ = f(x, u)

Embedding system

ẋ = g(x, x, u, u),

ẋ = g(x, x, u, u)

g is a decomposition function s.t.

1 f(x, u) = g(x, x, u, u) for every x, u

2 cooperative: (x, u) 7! g(x, x, u, u)

3 competitive: (x, u) 7! g(x, x, u, u)

f locally Lipschitz =) mixed monotonicity

g is not unique: structure of the system to construct one.
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Tool #2: Mixed monotonicity

Reachability analysis

Theorem3

A single trajectory of embedding system provides lower bound (x) and
upper bound (x) for the trajectories of the original system.

Embedding system

ẋ = g(x, x, u, u), x(0) = x0

ẋ = g(x, x, u, u), x(0) = x0

1S. Coogan, M. Arcak, HSCC 2015
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Reachable set
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Outline of this talk

Contraction theory and mixed monotonicity

Isolated learning algorithms

Learning-based feedback loops

Future research directions
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Generalized neural networks

Fixed-point equations

ux

z

Generalized neural networks:

z = �(Az + Bx + b)

u = Cz + c

Notion of layer

Output is an implicit function of input

(e.g., fixed-point equation, di↵erential
equations, optimization problem)

Why implicit models?

Representation

Performance

Memory

�(y1, . . . , yn) = (�1(y1), . . . , �n(yn))> with �i satisfies 0  �i(x)��i(y)
x�y  1.

S. Bai, J. Z. Kolter, and V. Koltun. Deep equilibrium models. In NeurIPS, 2019

L. El Ghaoui, F. Gu, B. Travacca, A. Askari, and A. Y. Tsai. Implicit deep learning. SIMODS, 2019
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Neural Networks

A dynamical system perspective

Main Questions

z = �(Az + Bx + b)

u = Cz + c

1 Existence and computation of solutions?

2 How to estimate the input-output x 7! u robustness?

Key insight

Fixed-point equation () Dynamical system

z = �(Az + Bx + b) ż = �z + �(Az + Bx + b)

fixed-points () equilibrium points

robustness () forward reachability (t = 1)

We can use tools from dynamical systems to study generalized neural networks
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Fixed-points of neural network

A non-Euclidean contracting approach

Fixed-point of () Equilibrium point of

z = �(Az + Bx + b) ż = �z + �(Az + Bx + b)

Contraction theory: Su�cient condition for existence a globally stable equilibrium point.

Theorem4

If aii +
P

j 6=i |aij | < 1 then

1 z = �(Az + Bx + b) has a unique solution z⇤
x

2 z⇤
x can be computed using average iterations for z = �(Az + Bx + b)

5S. Jafarpour, A. Davydov, A. Proskurnikov, F. Bullo, NeurIPS 2022
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Robustness of neural network

A mixed monotone contracting approach

robustness of () forward reachability of

z = �(Az + Bx + b) ż = �z + �(Az + Bx + b)

Metzler/non-Metzler decomposition: A = dAeMzl + bAcMzl

Example: A =

2

4
2 0 �1
1 �3 0
0 0 1

3

5 =) dAeMzl =

2

4
2 0 0
1 �3 0
0 0 1

3

5 bAcMzl =

2

4
0 0 �1
0 0 0
0 0 0

3

5

Theorem5

The neural network is mixed monotone with a decomposition function:

G(z, z, x, x) = �z + �(dAeMzlz + bAcMzlz + [B]+x + [B]�x + b)

6S.Jafarpour, M. Abate, A. Davydov, F. Bullo, S. Coogan, L4DC 2022
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Robustness of neural network

A mixed monotone contracting approach

Theorem6

If aii +
P

j 6=i |aij | < 1 and x 2 [x, x]

1 z = �(Az + Bx + b) has a unique solution z⇤
u

2


z
z

�
=


G(z, z, x, x)
G(z, z, x, x)

�
has a unique solution


z⇤

z⇤

�

3 ([C]+ [C]�)


z⇤

z⇤

�
+ c

| {z }
u

 u  ([C]� [C]+)


z⇤

z⇤

�
+ c

| {z }
u

Verification: find robustness margin of generalized neural networks

Training: design robust generalized neural networks

aii +
P

j 6=i |aij | < 1 as a constraint to the training problem

a regularization term R(u, u) to the training cost
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Numerical experiments

MNIST dataset classification

MNIST dataset: 28 ⇥ 28 pixel handwritten digits between 0 � 9.

hidden layer of neural network n = 100

✏ = size of perturbation, X = [x � ✏1784, x + ✏1784].

Certified robustness = all the elements of [u(✏), u(✏)] classify as the correct digit

Empirical robustness = Projected Gradient Descent (PGD) attack
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INN trained with algorithm (11)

INN non-robustly trained
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trained w/o regularizer
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Empirical robustness vs perturbation on MNIST

INN trained with algorithm (11)

INN non-robustly trained

<latexit sha1_base64="ImpAhOOo1UsdxDSGjXUju7AsupQ=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJWYSlKJx1jBwlgk+pDaqHKcm9aq85DtgEqUL2DhV1gYQIiVmY2/wU0zQMuRLB2dc4+vfdyYM6ks69tYWl5ZXVsvbZQ3t7Z3ds29/baMEkGhRSMeia5LJHAWQksxxaEbCyCBy6Hjjq+mfucOhGRReKsmMTgBGYbMZ5QoLQ3MqhJERz18f4LTfn5f6vIEMixgmHAi2AOIbGBWrJqVAy8SuyAVVKA5ML/6XkSTAEJFOZGyZ1uxclIiFKMcsnI/kRATOiZD6GkakgCkk+brM1zViof9SOgTKpyrvxMpCaScBK6eDIgayXlvKv7n9RLlXzgpC+NEQUhni/yEYxXhaTfYYwKo4hNNCBVMvxXTERGEKt1gWZdgz395kbTrNfusdnpTrzQuizpK6BAdoWNko3PUQNeoiVqIokf0jF7Rm/FkvBjvxsdsdMkoMgfoD4zPHyCnnNE=</latexit>

trained w/ regularizer
<latexit sha1_base64="l02XvupBHRNEYz2QjyDBP7NC+XQ=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJWYSlKJx1jBwlgk+pDaqHKcm9aq85DtgEqUL2DhV1gYQIiVmY2/wU0zQMuRLB2dc4+vfdyYM6ks69tYWl5ZXVsvbZQ3t7Z3ds29/baMEkGhRSMeia5LJHAWQksxxaEbCyCBy6Hjjq+mfucOhGRReKsmMTgBGYbMZ5QoLQ3MqhJERz18fxLhtJ9fmLo8gUzAMOFEsAcQ2cCsWDUrB14kdkEqqEBzYH71vYgmAYSKciJlz7Zi5aREKEY5ZOV+IiEmdEyG0NM0JAFIJ823Z7iqFQ/7kdAnVDhXfydSEkg5CVw9GRA1kvPeVPzP6yXKv3BSFsaJgpDOFvkJxyrC026wxwRQxSeaECqYfiumIyIIVbrBsi7Bnv/yImnXa/ZZ7fSmXmlcFnWU0CE6QsfIRueoga5RE7UQRY/oGb2iN+PJeDHejY/Z6JJRZA7QHxifP5xznSA=</latexit>

trained w/o regularizer

Certified robustness = all the elements of [u(✏), u(✏)] classify as the correct digit

Empirical robustness = Projected Gradient Descent (PGD) attack
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Outline of this talk

Contraction theory and mixed monotonicity

Isolated learning algorithms

Learning-based feedback loops

Future research directions
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Learning-based feedback

Safety guarantees for the neural feedback loops

Run-Time Assurance mechanism (RTA): monitor + predict

<latexit sha1_base64="YLLPo+yIURdoRPBzuxqs9MRw0g8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFFGXRUFcuKhgH9CGMpnctkMnkzAzEUroxl9x40IRt36GO//GSZuFth4YOJxzH3OPH3OmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLX90nfmtR5CKReJBj2PwQjIQrM8o0Ubq2Qd3QKRgYnCaTQnwDUDgEzrq2WWn4kyBF4mbkzLKUe/ZX90gokkIQlNOlOq4Tqy9lEjNKIdJqZsoiM1gMoCOoYKEoLx0esAEHyfZ7n4kzRMaT9XfHSkJlRqHvqkMiR6qeS8T//M6ie5feikTcaJB0NmifsKxjnCWBg6YBKr52BBCJTN/xXRIJKHaZFYyIbjzJy+SZrXinlfO7qvl2lUeRxEdoiN0glx0gWroFtVRA1E0Qc/oFb1ZT9aL9W59zEoLVt6zj/7A+vwBGzWWGQ==</latexit>

Learning-based Feedback

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements
<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System

<latexit sha1_base64="HnRizDhMeUMNiJTSmTx2KfKXMGA="></latexit>

x  xb

or

x � xb

<latexit sha1_base64="h+VxKXtitWDcAmiE/zZuULBNVAQ=">AAACD3icbVC7SgNBFJ2N7/UVtbQZjIoghl3BRymmsYyQqJCEMDu5mwyZ3Vlm7gpL8A9s/BUbC0Vsbe38G2eTFJp4qsM593LvOUEihUHP+3YKM7Nz8wuLS+7yyuraenFj88aoVHOocyWVvguYASliqKNACXeJBhYFEm6DfiX3b+9BG6HiGmYJtCLWjUUoOEMrtYv7FakMdI6kUgk1LATMXDdUmu5iM2KJQUXxsLbbLpa8sjcEnSb+mJTIGNV28avZUTyNIEYumTEN30uwNWAaBZfw4DZTAwnjfdaFhqUxi8C0BsM8D3TPKh2afxGqGOlQ/b0xYJExWRTYyYhhz0x6ufif10gxPG8NRJykCDEfHQpTSfOUthzaERo4yswSxrWwv1LeY5pxtBW6tgR/MvI0uTku+6flk+vj0sXluI5Fsk12yAHxyRm5IFekSuqEk0fyTF7Jm/PkvDjvzsdotOCMd7bIHzifP/Skm1Y=</latexit>

Closed-loop safety
for t 7! t + T

<latexit sha1_base64="wtinSLFbfmxDOtNet7A1cmoz3pY=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd2Aj2PUixchSl6QLGF2MpsMmZldZ2YDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BTFn2rjut7Oyura+sZnbym/v7O7tFw4OGzpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw9up3xxRpVkka2YcU1/gvmQhI9hYyX+sXaN7SgZYMi26haJbcmdAy8TLSBEyVLuFr04vIomg0hCOtW57bmz8FCvDCKeTfCfRNMZkiPu0banEgmo/nR09QadW6aEwUrakQTP190SKhdZjEdhOgc1AL3pT8T+vnZjwyk+ZjBNDJZkvChOOTISmCaAeU5QYPrYEE8XsrcgGoDAxNqe8DcFbfHmZNMol76J0/lAuVm6yOHJwDCdwBh5cQgXuoAp1IPAEz/AKb87IeXHenY9564qTzRzBHzifPwPakaA=</latexit>

RTA Mechanism
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Learning-based feedback

Safety guarantees for the neural feedback loops

Run-Time Assurance mechanism (RTA): monitor + predict

Closed-loop system without RTA

<latexit sha1_base64="YLLPo+yIURdoRPBzuxqs9MRw0g8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFFGXRUFcuKhgH9CGMpnctkMnkzAzEUroxl9x40IRt36GO//GSZuFth4YOJxzH3OPH3OmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLX90nfmtR5CKReJBj2PwQjIQrM8o0Ubq2Qd3QKRgYnCaTQnwDUDgEzrq2WWn4kyBF4mbkzLKUe/ZX90gokkIQlNOlOq4Tqy9lEjNKIdJqZsoiM1gMoCOoYKEoLx0esAEHyfZ7n4kzRMaT9XfHSkJlRqHvqkMiR6qeS8T//M6ie5feikTcaJB0NmifsKxjnCWBg6YBKr52BBCJTN/xXRIJKHaZFYyIbjzJy+SZrXinlfO7qvl2lUeRxEdoiN0glx0gWroFtVRA1E0Qc/oFb1ZT9aL9W59zEoLVt6zj/7A+vwBGzWWGQ==</latexit>

Learning-based Feedback

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements
<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System

Closed-loop system with RTA

<latexit sha1_base64="HnRizDhMeUMNiJTSmTx2KfKXMGA="></latexit>

x  xb

or

x � xb

<latexit sha1_base64="h+VxKXtitWDcAmiE/zZuULBNVAQ=">AAACD3icbVC7SgNBFJ2N7/UVtbQZjIoghl3BRymmsYyQqJCEMDu5mwyZ3Vlm7gpL8A9s/BUbC0Vsbe38G2eTFJp4qsM593LvOUEihUHP+3YKM7Nz8wuLS+7yyuraenFj88aoVHOocyWVvguYASliqKNACXeJBhYFEm6DfiX3b+9BG6HiGmYJtCLWjUUoOEMrtYv7FakMdI6kUgk1LATMXDdUmu5iM2KJQUXxsLbbLpa8sjcEnSb+mJTIGNV28avZUTyNIEYumTEN30uwNWAaBZfw4DZTAwnjfdaFhqUxi8C0BsM8D3TPKh2afxGqGOlQ/b0xYJExWRTYyYhhz0x6ufif10gxPG8NRJykCDEfHQpTSfOUthzaERo4yswSxrWwv1LeY5pxtBW6tgR/MvI0uTku+6flk+vj0sXluI5Fsk12yAHxyRm5IFekSuqEk0fyTF7Jm/PkvDjvzsdotOCMd7bIHzifP/Skm1Y=</latexit>

Closed-loop safety
for t 7! t + T

<latexit sha1_base64="wtinSLFbfmxDOtNet7A1cmoz3pY=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd2Aj2PUixchSl6QLGF2MpsMmZldZ2YDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BTFn2rjut7Oyura+sZnbym/v7O7tFw4OGzpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw9up3xxRpVkka2YcU1/gvmQhI9hYyX+sXaN7SgZYMi26haJbcmdAy8TLSBEyVLuFr04vIomg0hCOtW57bmz8FCvDCKeTfCfRNMZkiPu0banEgmo/nR09QadW6aEwUrakQTP190SKhdZjEdhOgc1AL3pT8T+vnZjwyk+ZjBNDJZkvChOOTISmCaAeU5QYPrYEE8XsrcgGoDAxNqe8DcFbfHmZNMol76J0/lAuVm6yOHJwDCdwBh5cQgXuoAp1IPAEz/AKb87IeXHenY9564qTzRzBHzifPwPakaA=</latexit>

RTA Mechanism
<latexit sha1_base64="YLLPo+yIURdoRPBzuxqs9MRw0g8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFFGXRUFcuKhgH9CGMpnctkMnkzAzEUroxl9x40IRt36GO//GSZuFth4YOJxzH3OPH3OmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLX90nfmtR5CKReJBj2PwQjIQrM8o0Ubq2Qd3QKRgYnCaTQnwDUDgEzrq2WWn4kyBF4mbkzLKUe/ZX90gokkIQlNOlOq4Tqy9lEjNKIdJqZsoiM1gMoCOoYKEoLx0esAEHyfZ7n4kzRMaT9XfHSkJlRqHvqkMiR6qeS8T//M6ie5feikTcaJB0NmifsKxjnCWBg6YBKr52BBCJTN/xXRIJKHaZFYyIbjzJy+SZrXinlfO7qvl2lUeRxEdoiN0glx0gWroFtVRA1E0Qc/oFb1ZT9aL9W59zEoLVt6zj/7A+vwBGzWWGQ==</latexit>

Learning-based Feedback

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements
<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System
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Learning-based feedback

Safety guarantees for the neural feedback loops

Run-Time Assurance mechanism (RTA): monitor + predict

Closed-loop system without RTA

<latexit sha1_base64="YLLPo+yIURdoRPBzuxqs9MRw0g8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFFGXRUFcuKhgH9CGMpnctkMnkzAzEUroxl9x40IRt36GO//GSZuFth4YOJxzH3OPH3OmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLX90nfmtR5CKReJBj2PwQjIQrM8o0Ubq2Qd3QKRgYnCaTQnwDUDgEzrq2WWn4kyBF4mbkzLKUe/ZX90gokkIQlNOlOq4Tqy9lEjNKIdJqZsoiM1gMoCOoYKEoLx0esAEHyfZ7n4kzRMaT9XfHSkJlRqHvqkMiR6qeS8T//M6ie5feikTcaJB0NmifsKxjnCWBg6YBKr52BBCJTN/xXRIJKHaZFYyIbjzJy+SZrXinlfO7qvl2lUeRxEdoiN0glx0gWroFtVRA1E0Qc/oFb1ZT9aL9W59zEoLVt6zj/7A+vwBGzWWGQ==</latexit>

Learning-based Feedback

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements
<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System

Closed-loop system with RTA

<latexit sha1_base64="HnRizDhMeUMNiJTSmTx2KfKXMGA="></latexit>

x  xb

or

x � xb

<latexit sha1_base64="h+VxKXtitWDcAmiE/zZuULBNVAQ=">AAACD3icbVC7SgNBFJ2N7/UVtbQZjIoghl3BRymmsYyQqJCEMDu5mwyZ3Vlm7gpL8A9s/BUbC0Vsbe38G2eTFJp4qsM593LvOUEihUHP+3YKM7Nz8wuLS+7yyuraenFj88aoVHOocyWVvguYASliqKNACXeJBhYFEm6DfiX3b+9BG6HiGmYJtCLWjUUoOEMrtYv7FakMdI6kUgk1LATMXDdUmu5iM2KJQUXxsLbbLpa8sjcEnSb+mJTIGNV28avZUTyNIEYumTEN30uwNWAaBZfw4DZTAwnjfdaFhqUxi8C0BsM8D3TPKh2afxGqGOlQ/b0xYJExWRTYyYhhz0x6ufif10gxPG8NRJykCDEfHQpTSfOUthzaERo4yswSxrWwv1LeY5pxtBW6tgR/MvI0uTku+6flk+vj0sXluI5Fsk12yAHxyRm5IFekSuqEk0fyTF7Jm/PkvDjvzsdotOCMd7bIHzifP/Skm1Y=</latexit>

Closed-loop safety
for t 7! t + T

<latexit sha1_base64="wtinSLFbfmxDOtNet7A1cmoz3pY=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd2Aj2PUixchSl6QLGF2MpsMmZldZ2YDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BTFn2rjut7Oyura+sZnbym/v7O7tFw4OGzpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw9up3xxRpVkka2YcU1/gvmQhI9hYyX+sXaN7SgZYMi26haJbcmdAy8TLSBEyVLuFr04vIomg0hCOtW57bmz8FCvDCKeTfCfRNMZkiPu0banEgmo/nR09QadW6aEwUrakQTP190SKhdZjEdhOgc1AL3pT8T+vnZjwyk+ZjBNDJZkvChOOTISmCaAeU5QYPrYEE8XsrcgGoDAxNqe8DcFbfHmZNMol76J0/lAuVm6yOHJwDCdwBh5cQgXuoAp1IPAEz/AKb87IeXHenY9564qTzRzBHzifPwPakaA=</latexit>

RTA Mechanism
<latexit sha1_base64="YLLPo+yIURdoRPBzuxqs9MRw0g8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFFGXRUFcuKhgH9CGMpnctkMnkzAzEUroxl9x40IRt36GO//GSZuFth4YOJxzH3OPH3OmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLX90nfmtR5CKReJBj2PwQjIQrM8o0Ubq2Qd3QKRgYnCaTQnwDUDgEzrq2WWn4kyBF4mbkzLKUe/ZX90gokkIQlNOlOq4Tqy9lEjNKIdJqZsoiM1gMoCOoYKEoLx0esAEHyfZ7n4kzRMaT9XfHSkJlRqHvqkMiR6qeS8T//M6ie5feikTcaJB0NmifsKxjnCWBg6YBKr52BBCJTN/xXRIJKHaZFYyIbjzJy+SZrXinlfO7qvl2lUeRxEdoiN0glx0gWroFtVRA1E0Qc/oFb1ZT9aL9W59zEoLVt6zj/7A+vwBGzWWGQ==</latexit>

Learning-based Feedback

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements
<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System

Mixed monotonicity o↵ers a computationally e�cient
framework

S. Jafarpour Learning-based Feedback Systems April 26, 2023 25 / 35



Design of RTA mechanism

Compositional approach

System dynamics is mixed monotone with a
decomposition function g

A neural network verification algorithm, for all
x 2 [x, x],

L(x, x)  N(x)  L(x, x)

RTA mechanism = Embedding system + Neural
network verification
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Design of RTA mechanism

Compositional approach

System dynamics is mixed monotone with a
decomposition function g

A neural network verification algorithm, for all
x 2 [x, x],

L(x, x)  N(x)  L(x, x)

RTA mechanism = Embedding system + Neural
network verification

<latexit sha1_base64="274rEaT7huJ14LRnl7+/EfQ4mww="></latexit>

ẋ = g(x, x, u, u)

ẋ = g(x, x, u, u)

<latexit sha1_base64="NnIIIgYLG1L3IByH70s9CXAIFTo=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlLwsSyK4LKCfUAbymRy2w6dmYSZSSGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89YcKZNp737aytb2xubZd2yrt7+weH7tFxS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPx3cxvT0BpFssnkyUQCDKUbMAoMVbqu+69CCGKmBxinWkDou9WvKo3B14lfkEqqECj7371opimAqShnGjd9b3EBDlRhlEO03Iv1ZAQOiZD6FoqiQAd5PPLp/jcKhEexMqWNHiu/p7IidA6E6HtFMSM9LI3E//zuqkZ3AQ5k0lqQNLFokHKsYnxLAYcMQXU8MwSQhWzt2I6IopQY8Mq2xD85ZdXSatW9a+ql4+1Sv22iKOETtEZukA+ukZ19IAaqIkomqBn9IrenNx5cd6dj0XrmlPMnKA/cD5/AIIlk5c=</latexit>

Embedding system

<latexit sha1_base64="5Uqwk1CD1GLGmuu5yK7YQ+yKHHY="></latexit>

u = L(x, x)

u = L(x, x)

<latexit sha1_base64="QeOrxHR6+QFKkRis8k3uMrwy6UM=">AAACBHicbVC7SgNBFJ2NrxhfUcs0g0GwCrsBH2XQxipEMA9IljA7uUmGzM4sM7NKWFLY+Cs2ForY+hF2/o2TZIuYeODC4Zx7ufeeIOJMG9f9cTJr6xubW9nt3M7u3v5B/vCooWWsKNSp5FK1AqKBMwF1wwyHVqSAhAGHZjC6mfrNB1CaSXFvxhH4IRkI1meUGCt184UqxIpwXAXzKNUIN0AtuEW35M6AV4mXkiJKUevmvzs9SeMQhKGcaN323Mj4CVGGUQ6TXCfWEBE6IgNoWypICNpPZk9M8KlVergvlS1h8ExdnEhIqPU4DGxnSMxQL3tT8T+vHZv+lZ8wEcUGBJ0v6sccG4mnieAeU0ANH1tCqGL2VkyHRBFqbG45G4K3/PIqaZRL3kXp/K5crFyncWRRAZ2gM+ShS1RBt6iG6oiiJ/SC3tC78+y8Oh/O57w146Qzx+gPnK9fy3OYNQ==</latexit>

Neural Network Verification

<latexit sha1_base64="5Uqwk1CD1GLGmuu5yK7YQ+yKHHY="></latexit>

u = L(x, x)

u = L(x, x)

<latexit sha1_base64="274rEaT7huJ14LRnl7+/EfQ4mww="></latexit>

ẋ = g(x, x, u, u)

ẋ = g(x, x, u, u)

<latexit sha1_base64="NnIIIgYLG1L3IByH70s9CXAIFTo=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlLwsSyK4LKCfUAbymRy2w6dmYSZSSGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89YcKZNp737aytb2xubZd2yrt7+weH7tFxS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPx3cxvT0BpFssnkyUQCDKUbMAoMVbqu+69CCGKmBxinWkDou9WvKo3B14lfkEqqECj7371opimAqShnGjd9b3EBDlRhlEO03Iv1ZAQOiZD6FoqiQAd5PPLp/jcKhEexMqWNHiu/p7IidA6E6HtFMSM9LI3E//zuqkZ3AQ5k0lqQNLFokHKsYnxLAYcMQXU8MwSQhWzt2I6IopQY8Mq2xD85ZdXSatW9a+ql4+1Sv22iKOETtEZukA+ukZ19IAaqIkomqBn9IrenNx5cd6dj0XrmlPMnKA/cD5/AIIlk5c=</latexit>

Embedding system

<latexit sha1_base64="QeOrxHR6+QFKkRis8k3uMrwy6UM=">AAACBHicbVC7SgNBFJ2NrxhfUcs0g0GwCrsBH2XQxipEMA9IljA7uUmGzM4sM7NKWFLY+Cs2ForY+hF2/o2TZIuYeODC4Zx7ufeeIOJMG9f9cTJr6xubW9nt3M7u3v5B/vCooWWsKNSp5FK1AqKBMwF1wwyHVqSAhAGHZjC6mfrNB1CaSXFvxhH4IRkI1meUGCt184UqxIpwXAXzKNUIN0AtuEW35M6AV4mXkiJKUevmvzs9SeMQhKGcaN323Mj4CVGGUQ6TXCfWEBE6IgNoWypICNpPZk9M8KlVergvlS1h8ExdnEhIqPU4DGxnSMxQL3tT8T+vHZv+lZ8wEcUGBJ0v6sccG4mnieAeU0ANH1tCqGL2VkyHRBFqbG45G4K3/PIqaZRL3kXp/K5crFyncWRRAZ2gM+ShS1RBt6iG6oiiJ/SC3tC78+y8Oh/O57w146Qzx+gPnK9fy3OYNQ==</latexit>

Neural Network Verification
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Design of RTA mechanism

Compositional approach

Naive compositional approach:

For x 2 [x, x] feed the output of neural
network verification algorithm into the

embedding system
<latexit sha1_base64="5Uqwk1CD1GLGmuu5yK7YQ+yKHHY="></latexit>

u = L(x, x)

u = L(x, x)

<latexit sha1_base64="274rEaT7huJ14LRnl7+/EfQ4mww="></latexit>

ẋ = g(x, x, u, u)

ẋ = g(x, x, u, u)

In practice this approach is overly-conservative

New approach: closed-loop perspective toward learning-based system

Idea: find a decomposition function for closed-loop system
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Design of RTA mechanism

A mixed monotone approach

Theorem7

The closed-loop system is mixed-monotone with a
decomposition function

hi(x, x) = gi(x, x L(◆◆7
xi 7! xi

x, x), L(◆◆7
xi 7! xi

x, x))
<latexit sha1_base64="HnRizDhMeUMNiJTSmTx2KfKXMGA="></latexit>

x  xb

or

x � xb

<latexit sha1_base64="h+VxKXtitWDcAmiE/zZuULBNVAQ=">AAACD3icbVC7SgNBFJ2N7/UVtbQZjIoghl3BRymmsYyQqJCEMDu5mwyZ3Vlm7gpL8A9s/BUbC0Vsbe38G2eTFJp4qsM593LvOUEihUHP+3YKM7Nz8wuLS+7yyuraenFj88aoVHOocyWVvguYASliqKNACXeJBhYFEm6DfiX3b+9BG6HiGmYJtCLWjUUoOEMrtYv7FakMdI6kUgk1LATMXDdUmu5iM2KJQUXxsLbbLpa8sjcEnSb+mJTIGNV28avZUTyNIEYumTEN30uwNWAaBZfw4DZTAwnjfdaFhqUxi8C0BsM8D3TPKh2afxGqGOlQ/b0xYJExWRTYyYhhz0x6ufif10gxPG8NRJykCDEfHQpTSfOUthzaERo4yswSxrWwv1LeY5pxtBW6tgR/MvI0uTku+6flk+vj0sXluI5Fsk12yAHxyRm5IFekSuqEk0fyTF7Jm/PkvDjvzsdotOCMd7bIHzifP/Skm1Y=</latexit>

Closed-loop safety
for t 7! t + T

<latexit sha1_base64="wtinSLFbfmxDOtNet7A1cmoz3pY=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd2Aj2PUixchSl6QLGF2MpsMmZldZ2YDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BTFn2rjut7Oyura+sZnbym/v7O7tFw4OGzpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw9up3xxRpVkka2YcU1/gvmQhI9hYyX+sXaN7SgZYMi26haJbcmdAy8TLSBEyVLuFr04vIomg0hCOtW57bmz8FCvDCKeTfCfRNMZkiPu0banEgmo/nR09QadW6aEwUrakQTP190SKhdZjEdhOgc1AL3pT8T+vnZjwyk+ZjBNDJZkvChOOTISmCaAeU5QYPrYEE8XsrcgGoDAxNqe8DcFbfHmZNMol76J0/lAuVm6yOHJwDCdwBh5cQgXuoAp1IPAEz/AKb87IeXHenY9564qTzRzBHzifPwPakaA=</latexit>

RTA Mechanism
<latexit sha1_base64="YLLPo+yIURdoRPBzuxqs9MRw0g8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFFGXRUFcuKhgH9CGMpnctkMnkzAzEUroxl9x40IRt36GO//GSZuFth4YOJxzH3OPH3OmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLX90nfmtR5CKReJBj2PwQjIQrM8o0Ubq2Qd3QKRgYnCaTQnwDUDgEzrq2WWn4kyBF4mbkzLKUe/ZX90gokkIQlNOlOq4Tqy9lEjNKIdJqZsoiM1gMoCOoYKEoLx0esAEHyfZ7n4kzRMaT9XfHSkJlRqHvqkMiR6qeS8T//M6ie5feikTcaJB0NmifsKxjnCWBg6YBKr52BBCJTN/xXRIJKHaZFYyIbjzJy+SZrXinlfO7qvl2lUeRxEdoiN0glx0gWroFtVRA1E0Qc/oFb1ZT9aL9W59zEoLVt6zj/7A+vwBGzWWGQ==</latexit>

Learning-based Feedback

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements
<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System

<latexit sha1_base64="VQjLH4L5sCtNtMNVzT789AI44Ug=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRbBVUnE17LoxmUF+4A2hMnkth06mYR5iDX0S9y4UMStn+LOv3HSZqGtBwYO59zDvXPClFGpXPfbKq2srq1vlDcrW9s7u1V7b78tEy0ItEjCEtENsQRGObQUVQy6qQAchww64fgm9zsPICRN+L2apODHeMjpgBKsjBTY1b7mEYg8nj1OAxrYNbfuzuAsE68gNVSgGdhf/SghOgauCMNS9jw3VX6GhaKEwbTS1xJSTMZ4CD1DOY5B+tns8KlzbJTIGSTCPK6cmfo7keFYykkcmskYq5Fc9HLxP6+n1eDKzyhPtQJO5osGmjkqcfIWnIgKIIpNDMFEUHOrQ0ZYYKJMVxVTgrf45WXSPq17F/Xzu7Na47qoo4wO0RE6QR66RA10i5qohQjS6Bm9ojfryXqx3q2P+WjJKjIH6A+szx99cpOl</latexit>xi
<latexit sha1_base64="caoPHzZSaXIHPUgiNMvTq1qH5ps=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtWDJppg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO63U1haXlldK66XNja3tnfKu3tNLRNFaINILlU7wJpyJmjDMMNpO1YURwGnrWB0nfmtB6o0k+LOjGPqR3ggWMgINla670prZtn0adJjvXLFrbpToEXi5aQCOeq98le3L0kSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP51ePUFHVumjUCr7hEFT9XcixZHW4yiwkxE2Qz3vZeJ/Xicx4aWfMhEnhgoyWxQmHBmJsgpQnylKDB9bgoli9lZEhlhhYmxRJVuCN//lRdI8qXrn1bPb00rtKq+jCAdwCMfgwQXU4Abq0AACCp7hFd6cR+fFeXc+ZqMFJ8/swx84nz9GrZMI</latexit>

xi

<latexit sha1_base64="t1lN/1/AGAKr0lhaAieuEE4wm3s="></latexit>

N(x)  A(x, x) = u for all x 2
✓

xi

x�i

◆
,

✓
xi

x�i

◆�
L(◆◆7

xi 7! xi
x, x) = u
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<latexit sha1_base64="YTYeULdmqM6tBF9/BbxoF1ZUMpw="></latexit>

u = A(x, x)  N(x), for all x 2
✓

xi

x�i

◆
,

✓
xi

x�i

◆�
L(◆◆7

xi 7! xi
x, x)  N(x)
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<latexit sha1_base64="30E0XNRljBaHWl0V60NjEAz5xMw="></latexit>

u = L(x, x)  N(x), for all x 2 [x, x]
<latexit sha1_base64="J9aRezvDO7iyf2cc76u4osCq2NI="></latexit>

N(x)  L(x, x) = u for all x 2 [x, x]

<latexit sha1_base64="VQjLH4L5sCtNtMNVzT789AI44Ug=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRbBVUnE17LoxmUF+4A2hMnkth06mYR5iDX0S9y4UMStn+LOv3HSZqGtBwYO59zDvXPClFGpXPfbKq2srq1vlDcrW9s7u1V7b78tEy0ItEjCEtENsQRGObQUVQy6qQAchww64fgm9zsPICRN+L2apODHeMjpgBKsjBTY1b7mEYg8nj1OAxrYNbfuzuAsE68gNVSgGdhf/SghOgauCMNS9jw3VX6GhaKEwbTS1xJSTMZ4CD1DOY5B+tns8KlzbJTIGSTCPK6cmfo7keFYykkcmskYq5Fc9HLxP6+n1eDKzyhPtQJO5osGmjkqcfIWnIgKIIpNDMFEUHOrQ0ZYYKJMVxVTgrf45WXSPq17F/Xzu7Na47qoo4wO0RE6QR66RA10i5qohQjS6Bm9ojfryXqx3q2P+WjJKjIH6A+szx99cpOl</latexit>xi
<latexit sha1_base64="caoPHzZSaXIHPUgiNMvTq1qH5ps=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtWDJppg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO63U1haXlldK66XNja3tnfKu3tNLRNFaINILlU7wJpyJmjDMMNpO1YURwGnrWB0nfmtB6o0k+LOjGPqR3ggWMgINla670prZtn0adJjvXLFrbpToEXi5aQCOeq98le3L0kSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP51ePUFHVumjUCr7hEFT9XcixZHW4yiwkxE2Qz3vZeJ/Xicx4aWfMhEnhgoyWxQmHBmJsgpQnylKDB9bgoli9lZEhlhhYmxRJVuCN//lRdI8qXrn1bPb00rtKq+jCAdwCMfgwQXU4Abq0AACCp7hFd6cR+fFeXc+ZqMFJ8/swx84nz9GrZMI</latexit>

xi
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Design of RTA mechanism

A mixed monotone approach

For the dynamical system

ẋi = gi(x, x, L(x,◆◆7
xi 7! xi

x), L(x,◆◆7
xi 7! xi

x)) xi(0) = (x0)i

ẋi = gi(x, x, L(◆◆7
xi 7! xi

x, x), L(◆◆7
xi 7! xi

x, x)) xi(0) = (x0)i

we have R(X0, t) ✓ [x(t), x(t)] for all t � 0.

<latexit sha1_base64="HnRizDhMeUMNiJTSmTx2KfKXMGA="></latexit>

x  xb

or

x � xb

<latexit sha1_base64="h+VxKXtitWDcAmiE/zZuULBNVAQ=">AAACD3icbVC7SgNBFJ2N7/UVtbQZjIoghl3BRymmsYyQqJCEMDu5mwyZ3Vlm7gpL8A9s/BUbC0Vsbe38G2eTFJp4qsM593LvOUEihUHP+3YKM7Nz8wuLS+7yyuraenFj88aoVHOocyWVvguYASliqKNACXeJBhYFEm6DfiX3b+9BG6HiGmYJtCLWjUUoOEMrtYv7FakMdI6kUgk1LATMXDdUmu5iM2KJQUXxsLbbLpa8sjcEnSb+mJTIGNV28avZUTyNIEYumTEN30uwNWAaBZfw4DZTAwnjfdaFhqUxi8C0BsM8D3TPKh2afxGqGOlQ/b0xYJExWRTYyYhhz0x6ufif10gxPG8NRJykCDEfHQpTSfOUthzaERo4yswSxrWwv1LeY5pxtBW6tgR/MvI0uTku+6flk+vj0sXluI5Fsk12yAHxyRm5IFekSuqEk0fyTF7Jm/PkvDjvzsdotOCMd7bIHzifP/Skm1Y=</latexit>

Closed-loop safety
for t 7! t + T

<latexit sha1_base64="wtinSLFbfmxDOtNet7A1cmoz3pY=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd2Aj2PUixchSl6QLGF2MpsMmZldZ2YDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BTFn2rjut7Oyura+sZnbym/v7O7tFw4OGzpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw9up3xxRpVkka2YcU1/gvmQhI9hYyX+sXaN7SgZYMi26haJbcmdAy8TLSBEyVLuFr04vIomg0hCOtW57bmz8FCvDCKeTfCfRNMZkiPu0banEgmo/nR09QadW6aEwUrakQTP190SKhdZjEdhOgc1AL3pT8T+vnZjwyk+ZjBNDJZkvChOOTISmCaAeU5QYPrYEE8XsrcgGoDAxNqe8DcFbfHmZNMol76J0/lAuVm6yOHJwDCdwBh5cQgXuoAp1IPAEz/AKb87IeXHenY9564qTzRzBHzifPwPakaA=</latexit>

RTA Mechanism
<latexit sha1_base64="YLLPo+yIURdoRPBzuxqs9MRw0g8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFFGXRUFcuKhgH9CGMpnctkMnkzAzEUroxl9x40IRt36GO//GSZuFth4YOJxzH3OPH3OmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLX90nfmtR5CKReJBj2PwQjIQrM8o0Ubq2Qd3QKRgYnCaTQnwDUDgEzrq2WWn4kyBF4mbkzLKUe/ZX90gokkIQlNOlOq4Tqy9lEjNKIdJqZsoiM1gMoCOoYKEoLx0esAEHyfZ7n4kzRMaT9XfHSkJlRqHvqkMiR6qeS8T//M6ie5feikTcaJB0NmifsKxjnCWBg6YBKr52BBCJTN/xXRIJKHaZFYyIbjzJy+SZrXinlfO7qvl2lUeRxEdoiN0glx0gWroFtVRA1E0Qc/oFb1ZT9aL9W59zEoLVt6zj/7A+vwBGzWWGQ==</latexit>

Learning-based Feedback

<latexit sha1_base64="L40I3MTytTYkXrsR8psvyqvij7I=">AAAB83icbVDJSgNBFHwTtxi3qEcvjUHwFGYCLsegFy9CBLNAMoSezpukSc9CL0II+Q0vHhTx6s9482/sSeagiQUNRdUr3usKUsGVdt1vp7C2vrG5Vdwu7ezu7R+UD49aKjGSYZMlIpGdgCoUPMam5lpgJ5VIo0BgOxjfZn77CaXiSfyoJyn6ER3GPOSMaiv17pEqIzHCWKt+ueJW3TnIKvFyUoEcjX75qzdImMnCTFClup6ban9KpeZM4KzUMwpTysZ0iF1LYxqh8qfzm2fkzCoDEibSvliTufo7MaWRUpMosJMR1SO17GXif17X6PDan/I4NRpjtlgUGkF0QrICyIBLZFpMLKFMcnsrYSMqKdO2ppItwVv+8ipp1areZfXioVap3+R1FOEETuEcPLiCOtxBA5rAIIVneIU3xzgvzrvzsRgtOHnmGP7A+fwBbWuR8w==</latexit>

Measurements
<latexit sha1_base64="ME039bLA22VJKwljkA6KW1sg1oc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYhA8hd2Aj2PUi8cI5gHJEmYns8mQ2Zl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqX1NMCSrdK5W9ijeDu0z8nJQhR71X+ur2FU1jJpEKYkzH9xIMMqKRU8EmxW5qWELoiAxYx1JJYmaCbHbvxD21St+NlLYl0Z2pvycyEhszjkPbGRMcmkVvKv7ndVKMroKMyyRFJul8UZQKF5U7fd7tc80oirElhGpub3XpkGhC0UZUtCH4iy8vk2a14l9Uzu+r5dpNHkcBjuEEzsCHS6jBHdShARQEPMMrvDmPzovz7nzMW1ecfOYI/sD5/AEx8JAV</latexit>

Actuator

<latexit sha1_base64="kewxHLgZfhlNvtjR5SQkI3pKJhA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfByDevAYwTxgs4TZSW8yZHZ2mZkVQshnePGgiFe/xpt/4yTZgyYWNBRV3XR3hang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8NOMUg5gOJI84o8ZK/p3dkKmQSoa9csWtunOQVeLlpAI5Gr3yV7efsCxGaZigWvuem5pgQpXhTOC01M00ppSN6AB9SyWNUQeT+clTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T/Pz0x0HUy4TDODki0WRZkgJiGz/0mfK2RGjC2hTHF7K2FDqigzNqWSDcFbfnmVtGpV77J68VCr1G/yOIpwAqdwDh5cQR3uoQFNYJDAM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AXqCkWQ=</latexit>

Disturbance

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System

max
zi=xi

fi(z, u)min
zi=xi

fi(z, u)

xixi
<latexit sha1_base64="VQjLH4L5sCtNtMNVzT789AI44Ug=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRbBVUnE17LoxmUF+4A2hMnkth06mYR5iDX0S9y4UMStn+LOv3HSZqGtBwYO59zDvXPClFGpXPfbKq2srq1vlDcrW9s7u1V7b78tEy0ItEjCEtENsQRGObQUVQy6qQAchww64fgm9zsPICRN+L2apODHeMjpgBKsjBTY1b7mEYg8nj1OAxrYNbfuzuAsE68gNVSgGdhf/SghOgauCMNS9jw3VX6GhaKEwbTS1xJSTMZ4CD1DOY5B+tns8KlzbJTIGSTCPK6cmfo7keFYykkcmskYq5Fc9HLxP6+n1eDKzyhPtQJO5osGmjkqcfIWnIgKIIpNDMFEUHOrQ0ZYYKJMVxVTgrf45WXSPq17F/Xzu7Na47qoo4wO0RE6QR66RA10i5qohQjS6Bm9ojfryXqx3q2P+WjJKjIH6A+szx99cpOl</latexit>xi

<latexit sha1_base64="caoPHzZSaXIHPUgiNMvTq1qH5ps=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtWDJppg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO63U1haXlldK66XNja3tnfKu3tNLRNFaINILlU7wJpyJmjDMMNpO1YURwGnrWB0nfmtB6o0k+LOjGPqR3ggWMgINla670prZtn0adJjvXLFrbpToEXi5aQCOeq98le3L0kSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP51ePUFHVumjUCr7hEFT9XcixZHW4yiwkxE2Qz3vZeJ/Xicx4aWfMhEnhgoyWxQmHBmJsgpQnylKDB9bgoli9lZEhlhhYmxRJVuCN//lRdI8qXrn1bPb00rtKq+jCAdwCMfgwQXU4Abq0AACCp7hFd6cR+fFeXc+ZqMFJ8/swx84nz9GrZMI</latexit>

xi

<latexit sha1_base64="SUhURQ901W9gV+9w0jLYCg18StI=">AAACP3icbVC7SgNBFJ31GeMrammzGIQIEnbFVxm0sYxgHpANYXZykwyZnV3mEQzL/pmNv2Bna2OhiK2dk03QmHhh4Mw599w7c/yIUakc59laWFxaXlnNrGXXNza3tnM7u1UZakGgQkIWirqPJTDKoaKoYlCPBODAZ1Dz+9cjvTYAIWnI79QwgmaAu5x2KMHKUK1ctduiBU/zNojRiPg+OfbCwe8l9tIdsc80JFN9OpnVflxGOmrl8k7RScueB+4E5NGkyq3ck9cOiQ6AK8KwlA3XiVQzxkJRwiDJelpChEkfd6FhIMcByGac7k/sQ8O07U4ozOHKTtlpR4wDKYeBbzoDrHpyVhuR/2kNrTqXzZjySCvgZLyoo5mtQnsUpt2mAohiQwMwEdS81SY9LDBRJvKsCcGd/fI8qJ4U3fPi2e1pvnQ1iSOD9tEBKiAXXaASukFlVEEEPaAX9IberUfr1fqwPsetC9bEs4f+lPX1DffJs7k=</latexit>

gi(x, x, u, u)
<latexit sha1_base64="pRhBO8Qvq851qJSqtPP6QeyIe1E=">AAACQXicbVDLSsNAFJ34rPUVdekmWIQKUhLxtSy6cVnBPqApZTK5aYdOJmFmIpaQX3PjH7hz78aFIm7dOGkL1dYLA2fOOXfunePFjEpl2y/GwuLS8spqYa24vrG5tW3u7DZklAgCdRKxSLQ8LIFRDnVFFYNWLACHHoOmN7jO9eY9CEkjfqeGMXRC3OM0oAQrTXXNVq9Ly26kLfkL6UN27Cbcn95SdzQj7QkAnk2NSTanTfu0eNQ1S3bFHpU1D5wJKKFJ1brms+tHJAmBK8KwlG3HjlUnxUJRwiAruomEGJMB7kFbQ45DkJ10tEFmHWrGt4JI6MOVNWJ/d6Q4lHIYetoZYtWXs1pO/qe1ExVcdlLK40QBJ+NBQcIsFVl5nJZPBRDFhhpgIqje1SJ9LDBROvSiDsGZ/fI8aJxUnPPK2e1pqXo1iaOA9tEBKiMHXaAqukE1VEcEPaJX9I4+jCfjzfg0vsbWBWPSs4f+lPH9A8ortJ8=</latexit>

gi(x, x, u, u)

<latexit sha1_base64="VQjLH4L5sCtNtMNVzT789AI44Ug=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRbBVUnE17LoxmUF+4A2hMnkth06mYR5iDX0S9y4UMStn+LOv3HSZqGtBwYO59zDvXPClFGpXPfbKq2srq1vlDcrW9s7u1V7b78tEy0ItEjCEtENsQRGObQUVQy6qQAchww64fgm9zsPICRN+L2apODHeMjpgBKsjBTY1b7mEYg8nj1OAxrYNbfuzuAsE68gNVSgGdhf/SghOgauCMNS9jw3VX6GhaKEwbTS1xJSTMZ4CD1DOY5B+tns8KlzbJTIGSTCPK6cmfo7keFYykkcmskYq5Fc9HLxP6+n1eDKzyhPtQJO5osGmjkqcfIWnIgKIIpNDMFEUHOrQ0ZYYKJMVxVTgrf45WXSPq17F/Xzu7Na47qoo4wO0RE6QR66RA10i5qohQjS6Bm9ojfryXqx3q2P+WjJKjIH6A+szx99cpOl</latexit>xi
<latexit sha1_base64="caoPHzZSaXIHPUgiNMvTq1qH5ps=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtWDJppg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO63U1haXlldK66XNja3tnfKu3tNLRNFaINILlU7wJpyJmjDMMNpO1YURwGnrWB0nfmtB6o0k+LOjGPqR3ggWMgINla670prZtn0adJjvXLFrbpToEXi5aQCOeq98le3L0kSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP51ePUFHVumjUCr7hEFT9XcixZHW4yiwkxE2Qz3vZeJ/Xicx4aWfMhEnhgoyWxQmHBmJsgpQnylKDB9bgoli9lZEhlhhYmxRJVuCN//lRdI8qXrn1bPb00rtKq+jCAdwCMfgwQXU4Abq0AACCp7hFd6cR+fFeXc+ZqMFJ8/swx84nz9GrZMI</latexit>

xi

<latexit sha1_base64="t1lN/1/AGAKr0lhaAieuEE4wm3s="></latexit>

N(x)  A(x, x) = u for all x 2
✓

xi

x�i

◆
,

✓
xi

x�i

◆�
L(◆◆7

xi 7! xi
x, x) = u

S. Jafarpour Exploiting Structure in Feedback Systems with Learning-based Components January 16, 2023 35 / 40

<latexit sha1_base64="YTYeULdmqM6tBF9/BbxoF1ZUMpw="></latexit>

u = A(x, x)  N(x), for all x 2
✓

xi

x�i

◆
,

✓
xi

x�i

◆�
L(◆◆7

xi 7! xi
x, x)  N(x)
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Vehicle with neural network controller

Design of the neural network

Dynamics of vehicle

ṗx = v cos(� + �(u2)) �̇ =
v

`r
sin(�(u2))

ṗy = v sin(� + �(u2)) v̇ = u1

�(u2) = arctan

✓
lr

lf + lr
tan(u2)

◆

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="A2alo9hmGjkV/Szvm5xHLLqG3J8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRbe63nrg2IlEPOE55ENOBEpFgFK3kd9OhqPSqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIMJ1SiY5NNKNzM8pWxEB7xjqaIxN8FkduyUnFilT6JE21JIZurviQmNjRnHoe2MKQ7NopeL/3mdDKPrYCJUmiFXbL4oyiTBhOSfk77QnKEcW0KZFvZWwoZUU4Y2nzwEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGAp7hFd4c5bw4787HvLXkFDOH8AfO5w9Md45d</latexit>

�

<latexit sha1_base64="oCQ0lk1JuSK7XTWsO5wNM6e34Do=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEL4o2o</latexit>u2

<latexit sha1_base64="nIpZJb1MbuHJpMvHIrUnibfCRsQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9rzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKXo2n</latexit>u1

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8, �8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8, �8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

Goal: steer the vehicle to the origin avoiding the obstacles

o✏ine controller: MPC with hard constraint to avoid the obstacles

run MPC for 65000 randomly chosen initial condition (20 sample per trajectory)

train a feedforward neural network 4 7! 100 7! 100 7! 2 with this data
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Vehicle with neural network controller

Design of the neural network

Dynamics of vehicle

ṗx = v cos(� + �(u2)) �̇ =
v

`r
sin(�(u2))

ṗy = v sin(� + �(u2)) v̇ = u1

�(u2) = arctan

✓
lr

lf + lr
tan(u2)

◆

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="A2alo9hmGjkV/Szvm5xHLLqG3J8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRbe63nrg2IlEPOE55ENOBEpFgFK3kd9OhqPSqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIMJ1SiY5NNKNzM8pWxEB7xjqaIxN8FkduyUnFilT6JE21JIZurviQmNjRnHoe2MKQ7NopeL/3mdDKPrYCJUmiFXbL4oyiTBhOSfk77QnKEcW0KZFvZWwoZUU4Y2nzwEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGAp7hFd4c5bw4787HvLXkFDOH8AfO5w9Md45d</latexit>

�

<latexit sha1_base64="oCQ0lk1JuSK7XTWsO5wNM6e34Do=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEL4o2o</latexit>u2

<latexit sha1_base64="nIpZJb1MbuHJpMvHIrUnibfCRsQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9rzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKXo2n</latexit>u1

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8, �8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8, �8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

Goal: steer the vehicle to the origin avoiding the obstacles

o✏ine controller: MPC with hard constraint to avoid the obstacles

run MPC for 65000 randomly chosen initial condition (20 sample per trajectory)

train a feedforward neural network 4 7! 100 7! 100 7! 2 with this data
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Vehicle with neural network controller

Design of RTA mechanism

start from (8, 8) toward (0, 0)

X0 = [x0, x0] with

x0 =
�
7.9 7.9 � 2⇡

3 � 0.01 1.99
�>

x0 =
�
8.1 8.1 � 2⇡

3 + 0.01 2.01
�>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8, �8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8, �8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start
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Vehicle with neural network controller

Design of RTA mechanism

partition the states to improve
accuracy

very small increase in computational
time

significant improvement in accuracy

mixed monotone approach certify that
closed-loop system is avoiding the
obstacle

blue = reachable set of naive compositional
red= reachable set of mixed monotone

mixed monotone approach

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

naive compositional approach

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
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Conclusions

A computationally e�cient framework for reachability of dynamical systems

Exploit the structure in isolated neural networks and neural network feedback loops

xu

<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System
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This framework naturally leads to tractable analysis of generalized neural networks

I Su�cient conditions for their well-posedness

I Hyper-rectangular over-approximation of reachable sets

Mixed monotone approach to design run-time assurance
algorithm for closed-loop systems with neural network
controllers
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<latexit sha1_base64="+CQ93OuRzG6MpVOO42EnWE82GIU=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx68RjRLJAMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8sFmCYSCDCSLGSXWSc37zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+V21XLvO4yigY3SCzlCALlEN3aI6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fw3qPQw==</latexit>

System
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Outline of this talk

Contraction theory and mixed monotonicity

Isolated learning algorithms

Learning-based feedback loop

Future research directions
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Future research directions

Scalable analysis and control of large-scale Cyber-Physical Systems (CPS)

contraction theory as a unifying framework

Verification and design of closed-loop learning-based systems

closed-loop dynamical system perspective

Security and fault protection in large-scale modern power grids

a network perspective to penetration of renewable generators to the grid
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Thank you for your attention!



Generalized neural networks

Origin and motivations

Origins:

S. Bai, J. Z. Kolter, and V. Koltun. Deep equilibrium models. In NeurIPS, 2019

L. El Ghaoui, F. Gu, B. Travacca, A. Askari, and A. Y. Tsai. Implicit deep learning. SIMODS, 2019

A. Kag, Z. Zhang, and V. Saligrama. RNNs incrementally evolving on an equilibrium manifold: A panacea for

vanishing and exploding gradients? In ICLR, 2020

Generalizing feedforward neural networks to fully-connected synaptic matrices

Intuition: zi+1 = �i(Aizi + bi) () z = �(Ax+Bu+b), where A has
upper diagonal structure.

Aupper-diagonal = Acomplete =
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Generalized neural networks

Origin and motivations

comparable accuracy to traditional neural networks with significant memory reduction

S. Bai, J. Z. Kolter, and V. Koltun. Deep equilibrium models. In NeurIPS, 2019

Intuition: generalized neural network = weight-tied infinite-layer network

x1 x2 x3 xku y
A A A

zi+1 = �i(Azi + Bix + bi) =) limi!1 zi = x⇤ solution to the
generalized neural network

suitable for learning constrained optimization problems

A. Agrawal, B. Amos, S. Barratt, S. Boyd, S. Diamond, and J. Z. Kolter. Di↵erentiable convex optimization

layers. In NeurIPS, 2019

Intuition: casting KKT condition as an implicit layer

S. Jafarpour Learning-based Feedback Systems April 26, 2023 38 / 35



Generalized neural networks

Origin and Motivations

vanishing and exploding gradient

A. Kag, Z. Zhang, and V. Saligrama. RNNs incrementally evolving on an equilibrium manifold: A panacea for

vanishing and exploding gradients? In ICLR, 2020

Intuition: the notion of “autapse” (time-delayed self-feedback) from neuroscience

Aupper-diagonal = AAutapse =

suitable for learning sti↵ problems or problems with discontinuity

S. Pfrommer, M. Halm, and M. Posa. ContactNets: Learning discontinuous contact dynamics with smooth,

implicit representations. arXiv preprint, 2020

S. Jafarpour Learning-based Feedback Systems April 26, 2023 39 / 35



Generalized Structure

Comparison with feedforward neural networks

Feedforward neural networks:

z(`+1) = �(A`z
(`) + b`), z(0) = x

u = Akz
(k) + bk

Generalized neural networks:

z = �(Az + Bx + b)

u = Cz + c
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Implicit Neural Networks

Feedforward neural networks as an INN

A large and flexible class of neural networks:
includes feedforward neural networks

xi+1 = �(Aix
i + bi), for all i 2 {0, . . . , k � 1}

y = Akxk + bk, u = x0

The equivalent INN is given by:
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Feedforward neural networks as an INN

A large and flexible class of neural networks:
includes feedforward neural networks

xi+1 = �(Aix
i + bi), for all i 2 {0, . . . , k � 1}

y = Akxk + bk, u = x0

The equivalent INN is given by:

2

�����4

xk

xk�1

...
x2

x1

3

�����5
= �

�

������

2

�����4

0 Ak�1 0 . . . 0
0 0 Ak�2 . . . 0
...

...
...

. . .
...

0 0 0 . . . A1

0 0 0 . . . 0

3

�����5

2

�����4

xk

xk�1

...
x2

x1

3

�����5
+

2

�����4

0
0
...
0

A0

3

�����5
u +

2

�����4

bk�1

bk�2
...
b1

b0

3

�����5

�

������
,

y =
�
Ak 0 0 . . . 0

�

2

�����4

xk

xk�1

...
x2

x1

3

�����5
+ bk

Jafarpour, Abate, Davydov, Bullo, Coogan Robustness Certificates for Implicit Neural Networks November 20, 2022 18 / 14

<latexit sha1_base64="Yu+KZr7VSaGwOAqiZt37hVJDiTY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD+dBr1R2K+4MZJl4OSlDjnqv9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9mlE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nCKNgRv8eVl0ryoeJeV6n21XLvJ4yjAMZzAGXhwBTW4gzo0gEEIz/AKb87IeXHenY9564qTzxzBHzifPy4ZjSQ=</latexit>

+b

<latexit sha1_base64="QroXE4m7yFBx2WJ1D800j1jYhHs=">AAAB63icbVDLSsNAFL2pr1pfUZduBovgqiTiayMU3bisYB/QhjKZTtqhM5MwMxFK6C+4caGIW3/InX/jpM1CWw9cOJxzL/feEyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H47vcbz9RpVksH80koYHAQ8kiRrDJpRTdoL5b9WreDGiZ+AWpQoFG3/3qDWKSCioN4Vjrru8lJsiwMoxwOq30Uk0TTMZ4SLuWSiyoDrLZrVN0YpUBimJlSxo0U39PZFhoPRGh7RTYjPSil4v/ed3URNdBxmSSGirJfFGUcmRilD+OBkxRYvjEEkwUs7ciMsIKE2PjqdgQ/MWXl0nrrOZf1i4ezqv12yKOMhzBMZyCD1dQh3toQBMIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AEw2Nng==</latexit>u =
<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

Implicit Neural Networks

Feedforward neural networks as an INN

A large and flexible class of neural networks:
includes feedforward neural networks

xi+1 = �(Aix
i + bi), for all i 2 {0, . . . , k � 1}

y = Akxk + bk, u = x0

The equivalent INN is given by:
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Training generalized neural networks

Promoting robustness via regularization

1 loss function L and training data (bxi, bui)N
i=1

2 ✏ = size of `1-perturbation in input: X = [x � ✏1r| {z }
x

, x + ✏1r| {z }
x

]

Training generalized neural networks

min
A,B,b,c

NX

i=1

L(bui, Czi + c)

zi = �(Azi + Bbui + b),

aii +
X

j=1

|aij |  � well-posedness

Training FFNNs

min
A,B,b,c

NX

i=1

L(bui, Cz(k)
i + c)

z(`+1)
i = �(A`z

(`)
i + b`), ` 2 {1, . . . , k � 1}

R(u(✏), u(✏)) uses y(✏) and u(✏) to estimate robustness margin

, ✏, � are hyperparameters
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Training generalized neural networks

Promoting robustness via regularization

1 loss function L and training data (bxi, bui)N
i=1

2 ✏ = size of `1-perturbation in input: X = [x � ✏1r| {z }
x

, x + ✏1r| {z }
x

]

output u 2 [u(✏), u(✏)]

Training generalized neural networks

min
A,B,b,c

NX

i=1

L(bui, Czi + c) + R(ui(✏), ui(✏))| {z }
robustness

zi = �(Azi + Bbui + b),

aii +
X

j=1

|aij |  � < 1 well-posedness

Training FFNNs (S. Gowal, et. al., 2018)

min
A,B,b,c

NX

i=1

L(bui, Cz(k)
i + c) + R(ui(✏), ui(✏))| {z }

robustness

z(`+1)
i = �(A`z

(`)
i + b`), ` 2 {1, . . . , k � 1}

R(u(✏), u(✏)) uses y(✏) and u(✏) to estimate robustness margin

, ✏, � are hyperparameters
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