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Neural Network Controllers
Motivations

Neural Networks as controllers in safety-critical applications
(self driving vehicle and mobile robots)

Goal: ensure and verify safety of the
closed-loop system

Features of neural network controllers:

large # of parameters with nonlinearity

sensitive wrt to input perturbations

limited closed-loop safety guarantees
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System
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Learning-based Feedback
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disturbance

Challenges

Sound and computationally efficient methods for safety verification
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Safety Verification via Reachability Analysis
Problem Statement

System : ẋ = f(x,w) State : x ∈ Rn Disturbance : w ∈ W ⊆ Rm

Reachable sets of dynamical systems

System: ẋ = f (x,w) State: x 2 Rn Disturbance: w 2 W ⇢ Rm

State space

Initial set

x1

x1(T)

x01(T)x2

x2(T)
State space

Initial set

T Reachable set

Initial set

Unsafe

Target

Overapproximation
T Reachable set

I Reachable sets characterize possible system evolution

I Overapproximations of reachable sets are appropriate for verification and safety

S. Coogan 3/31

reachable sets characterize evolution of the system

Rf (t,X0) = {xw(t) | xw(·) is a traj of the system for some w with x0 ∈ X0}

over-approximation of reachable sets for safety and verification

reachability of dynamical system is an old problem with several classical approaches

not scalable to large-scale nonlinear systems
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Contraction Theory
A framework for stability analysis

ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c if
the dist between every two traj is decreasing/increasing with exp rate c wrt ‖ · ‖

Common applications

convergence to reference trajectories

efficient equilibrium point computation

input-output robustness

entrainment to periodic orbits

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="wi0Ie671B5q+pQnuDOsZDzQkN+I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKcyEaJJbwIvHiOYByRJmJ7PJkNkHM7PCEvIJXjwo4tUv8ubfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDzq6ChRjLdZJCPV86jmUoS8bYSRvBcrTgNP8q43vcr87j1XWkThnUlj7gZ0HApfMGqsdJsO8bBYwmWMMSEEZYTULrEljUa9QuqIZJZFCVZoDYvvg1HEkoCHhkmqdZ/g2Lgzqoxgks8Lg0TzmLIpHfO+pSENuHZni1Pn6MwqI+RHylZo0EL9PjGjgdZp4NnOgJqJ/u1l4l9ePzF+3Z2JME4MD9lykZ9IZCKU/Y1GQnFmZGoJZUrYWxGbUEWZsekUbAhfn6L/SadSJhdlfFMtNaurOPJwAqdwDgRq0IRraEEbGIzhAZ7g2ZHOo/PivC5bc85q5hh+wHn7BFXEjcw=</latexit>y0

y(t)
<latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit><latexit sha1_base64="G60v/zmKfwsWL8x01beEcid3o+c=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZNCvb82GxhCoIIYwxzAiuXSJHGo16FdchziyHElihNSy+D0YRTSRTlgpiTB+j2Pop0ZZTweaFQWJYTOiUjFnfUUUkM366uHUOz5wygmGkXSkLF+r3iZRIY2YycJ2S2In57WXiX14/sWHdT7mKE8sUXS4KEwFtBLPH4YhrRq2YOUKo5u5WSCdEE2pdPAUXwten8H/SqVYwquDbi1LzahVHHpyAU1AGGNRAE9yAFmgDCibgATyBZ096j96L97pszXmrmWPwA97bJ9BGjhY=</latexit>

x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="ep+4VGlKV1k76QkZ9DOdG4ACxeY=">AAACCHicbVC7TsNAEDyHVwgvAyUFJxIkGiI7BVBG0FAGiTykxETnyzk55Xy27tagyEpJw6/QUIAQLZ9Ax99wSVxAwkgrjWZ2tbvjx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFMcMnqwEGwVqwYCX3Bmv7wauI375nSPJK3MIqZF5K+5AGnBIzUtQ8TyQH3uB7iBw4DrEiPJxqX2F16SmFc6tpFp+xMgReJm5EiylDr2l+dXkSTkEmggmjddp0YvJQo4FSwcaGTaBYTOiR91jZUkpBpL50+MsbHRunhIFKmJOCp+nsiJaHWo9A3nSGBgZ73JuJ/XjuB4MJLuYwTYJLOFgWJwBDhSSomAMUoiJEhhCpubsV0QBShYLIrmBDc+ZcXSaNSds/KlZtKsXqZxZFHB+gInSAXnaMqukY1VEcUPaJn9IrerCfrxXq3PmatOSub2Ud/YH3+AK5XmRw=</latexit>

unit disk with radius e�ct

<latexit sha1_base64="CePEb9FifnRKW6a7JN7QyV4El50="></latexit>

`1
<latexit sha1_base64="wLGhrPh6nAoRw1TaCIs8E60MsDI="></latexit>

`2
<latexit sha1_base64="08RwU98XUA8yyc2GvpS6ThlsQWk="></latexit>

`1
<latexit sha1_base64="4WKuB8iDJNhJExJ80io1IHfhKrc="></latexit>

`5

<latexit sha1_base64="vkrOFlGv1HG4K+dljrdsARvrR1o="></latexit>

`9

In this talk: contraction theory for reachability analysis
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Contraction Theory and Matrix Measures
Definition and Characterization

How to characterize contractivity using vector fields?

Matrix measure

Given a matrix A ∈ Rn×n and a norm ‖ · ‖:

µ‖·‖(A) := lim
h→0+

‖In + hA‖ − 1

h

Given η ∈ Rn≥0
µ2,η(A) =

1
2λmax(diag(η)A+A>diag(η))

µ1,η(A) = max
j

(
ajj +

∑
i 6=j
|aij |ηjηi

)

µ∞,η(A) = max
i

(
aii +

∑
j 6=i
|aij |ηjηi

)

directional derivative of matrix norm ‖ · ‖ in direction of A at point In,

In the literature: one-sided Lipschitz constant, logarithmic norm

Classical result

ẋ = f(x,w) is contracting wrt ‖ · ‖ with rate c iff

µ‖·‖(
∂f
∂x (x,w)) ≤ c, for all x,w
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Contraction-based Reachability Analysis
A global bound

Assume µ‖·‖

(
∂f
∂x (x,w)

)
≤ c and

∥∥∥ ∂f∂w (x,w)
∥∥∥ ≤ `

Theorem

If X0 = B‖·‖(r1, x
∗
0) and W = B‖·‖(r2, w

∗), then

Rf (t,X0) ⊆ B‖·‖(ectr1 + `
c(e

ct − 1)r2, x
∗(t))

where x∗(·) is the solution of ẋ = f(x,w∗) with x(0) = x∗0.

A starting point: Reachability estimates from contraction theory

For ẋ = f (x,w), x 2 Rn and w 2 W ✓ Rm, define
reachable set as

Rf (t;X0) = {x(t) : x(·) is sol’n for some w(·) with x0 2 X0}.

Suppose

µ
✓

∂ f
∂x

(x,w)

◆
 c and

����
∂ f
∂w

(x,w)

����
w!x

 `.

x⇤(0) x⇤(t)

If X0 = B(r1,x⇤0) and W = B(r2,w⇤) where B(·, ·) is ball with radius and center, then

Rf (t;X0) ✓ B
✓

ectr1 +
`

c
(ect �1)r2,x⇤(t)

◆

where ẋ⇤(t) = f (x⇤(t),w⇤) for all t .

(Pf. Rewriting of Grönwall Comparison Lemma, [Bullo, Corollary 3.17, p. 81].)

S. Coogan 5/31

Proof: let x(·) be a traj of ẋ = f(x,w). Using Taylor expansion, for h ≥ 0

x(t+ h)− x∗(t+ h) = x(t)− x∗(t) + h

A(x,w)︷ ︸︸ ︷(∫ 1

0
Dxf(τx+ (1− τ)x∗)dτ

)
(x(t)− x∗(t))

+ h

B(x,w)︷ ︸︸ ︷(∫ 1

0
Dwf(x, τw + (1− τ)w∗)dτ

)
(w − w∗) +O(h2)
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Contraction-based Reachability
Proof continued

D+‖x(t)− x∗(t)‖ = lim sup
h→0+

‖x(t+ h)− x∗(t+ h)‖ − ‖x(t)− x∗(t)‖
h

= lim sup
h→0+

‖ (In + hA(x,w)) (x(t)− x∗(t)) + hB(x,w)(w − w∗)‖ − ‖x(t)− x∗(t)‖
h

≤ lim sup
h→0+

‖ (In + hA(x,w)) (x(t)− x∗(t))‖+ h‖B(x,w)‖‖w − w∗‖ − ‖x(t)− x∗(t)‖
h

≤ µ‖·‖(A(x,w))‖x(t)− x∗(t)‖+ ‖B(x,w)‖‖w − w∗‖

≤ c‖x(t)− x∗(t)‖+ `‖w − w∗‖

generalized version of Grönwall’s lemma

overly conservative since c and ` are defined globally
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Monotone Dynamical Systems
Definition and Characterization

A dynamical system ẋ = f(x,w) is monotone1if

xu(0) �K yw(0) and u �C w =⇒ xu(t) �K yw(t) for all time

where �K is the partial order with induced by the cone K.

A polyhedral cone has the form

K = {y ∈ Rn | HKy ≥ 0p}︸ ︷︷ ︸
halfspace rep

= {VKy | y ≥ 0p}︸ ︷︷ ︸
vertex rep

Monotonicity test

1 HK(∂f∂x (x,w) + α(x,w)In)VK ≥ 0p for some α(x,w)

2 HC
∂f
∂w (x,w)VC ≥ 0q

Monotone dynamical systems

The system ẋ = f (x,w), x 2 Rn, w 2 Rm is monotone1 if

x0 �Kx x00 implies that x(t) �Kx x0(t) for all time,

for any w(·) and w0(·) such that w(t) �Kw w0(t) for all t, where �K is some partial
order induced by cone K (Kx ⇢ Rn or Kw ⇢ Rm).

Test for monotonicity (standard order ):

∂ f
∂x

(x,w) is Metzler (� 0 off-diag. entries)

∂ f
∂w

(x,w) � 0

x0

x

f(1;x)

f(1;x0)

Ordered
Trajectories

State Space

1D. Angeli and E. Sontag, “Monotone Control Systems”, IEEE TAC, 2003
S. Coogan 6/31
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Monotone Dynamical Systems
Definition and Characterization

A dynamical system ẋ = f(x,w) is monotone1if

xu(0) �K yw(0) and u �C w =⇒ xu(t) �K yw(t) for all time

where �K is the partial order with induced by the cone K.

Monotonicity test (for standard partial order ≤)

1
∂f
∂x (x,w) is Metzler (off-diag ≥ 0)

2
∂f
∂w (x,w) ≥ 0m

Monotone dynamical systems

The system ẋ = f (x,w), x 2 Rn, w 2 Rm is monotone1 if

x0 �Kx x00 implies that x(t) �Kx x0(t) for all time,

for any w(·) and w0(·) such that w(t) �Kw w0(t) for all t, where �K is some partial
order induced by cone K (Kx ⇢ Rn or Kw ⇢ Rm).

Test for monotonicity (standard order ):

∂ f
∂x

(x,w) is Metzler (� 0 off-diag. entries)

∂ f
∂w

(x,w) � 0

x0

x

f(1;x)

f(1;x0)

Ordered
Trajectories

State Space

1D. Angeli and E. Sontag, “Monotone Control Systems”, IEEE TAC, 2003
S. Coogan 6/31
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Reachability of Monotone Dynamical Systems
Hyper-rectangular over-approximations

Theorem

For a monotone system with W = [w,w]

Rf (t, [x0, x0]) ⊆ [xw(t), xw(t)]

where xw(·) (resp. xw(·)) is the trajectory with disturbance w(·) (resp.
w(·)) starting at x0 (resp. x0)

Example:

d

dt

[
x1
x2

]
=

[
x32 − x1 + w

x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability estimates for monotone systems

Reachability Analysis for Monotone Systems. For a monotone system,

Reachable set ✓ [lower trajectory,upper trajectory].

Reachability estimates from monotonicity are tight.

S. Coogan 7/31

Monotone System:
"

ẋ1

ẋ2

#
=

"
x3

2 � x1 +w
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

w 2 [w,w] = [2.2,2.3]

T = 1
�1 0 1 2 3 4

�1

0

1

2

x

x

with w

with wOverapproximation

x1
x 2
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Tightness of Monotone Bounds
Diagonally weighted `∞-norm contraction

Theorem

Let X = [x0, x0], W = [w,w], and η ∈ Rn≥0. Suppose that the monotone system ẋ = f(x,w)
is contracting with rate c wrt to ‖ · ‖∞,η, then

[xw(t), xw(t)] ⊆ B‖·‖∞,η
(ectr1 +

`(ect−1)
c r2, x

∗(t))

where x∗(·) is the solution to ẋ = f(x,w∗) with x∗(0) = x∗0 ∈ X0 and

r1 = max{‖x− x∗0‖∞,η, ‖x− x∗0‖∞,η},
r2 = max{‖w − w∗‖∞,η, ‖w − w∗‖∞,η}

Proof: both xw(·) and xw(·) are trajectories of the system

monotone reachability is at least as accurate as contraction reachability wrt
diagonally weighted `∞-norms
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Non-monotone Dynamical Systems
Reachability analysis

For non-monotone dynamical systems the extreme trajectories do not provide any
over-approximation of reachable sets

Example:

d

dt

[
x1
x2

]
=

[
x32 − x2 + w

x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability for nonmonotone systems

I Generally, cannot bound the reachable set between two extreme trajectories for
nonmonotone systems

S. Coogan 10/31

Nonmonotone System:
"

ẋ1

ẋ2

#
=

"
x2

2 +2
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

T = 1
�1 0 1 2 3 4 5

�1

0

1

2

3

x

x

Not Overapproximation

x1

x 2
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Mixed Monotone Theory
Embedding into a larger system

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t.

1 f(x,w) = d(x, x, w,w) for every x,w

2 cooperative: (x,w) 7→ d(x, x, w,w)

3 competitive: (x,w) 7→ d(x, x, w,w)

4 the same properties for d

The embedding system is a monotone dynamical system on R2n with
respect to the southeast partial order ≤SE:

[
x
x̂

]
≤SE

[
y
ŷ

]
⇐⇒ x ≤ y and ŷ ≤ x̂

In terms of cones, ≤SE is induced by the cone Rn≥0 ×−Rn≥0.

f locally Lipschitz =⇒ f has a decomposition function

d is not unique: structure of the system to construct one.
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Mixed Monotone Theory
Versatility and History

f locally Lipschitz =⇒ a decomposition function exists

decomposition functions are not unique (use structure of the
system to construct one)

History:

J-L. Gouze and L. P. Hadeler. Monotone flows and order intervals. Nonlinear World, 1994

G. Enciso, H. Smith, and E. Sontag. Nonmonotone systems decom- posable into
monotone systems with negative feedback . Journal of Differential Equations, 2006.

H. Smith. Global stability for mixed monotone systems. Journal of Difference Equations
and Applications, 2008
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Reachability using Embedding Systems
Hyper-rectangular over-approximations

Theorem

Assume W = [w0, w0] and X0 = [x0, x0] and

ẋ = d(x, x, w,w), x(0) = x0

ẋ = d(x, x, w,w), x(0) = x0

Then Rf (t,X0) ⊆ [x(t), x(t)]
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<latexit sha1_base64="2sDsUD8TBlXKiXTUTmIaY4liIVw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtWDJppg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO63U1haXlldK66XNja3tnfKu3tNLRNFaINILlU7wJpyJmjDMMNpO1YURwGnrWB0nfmtB6o0k+LOjGPqR3ggWMgINla670prZtn0adJze+WKW3WnQIvEy0kFctR75a9uX5IkosIQjrXueG5s/BQrwwink1I30TTGZIQHtGOpwBHVfjq9eoKOrNJHoVT2CYOm6u9EiiOtx1FgJyNshnrey8T/vE5iwks/ZSJODBVktihMODISZRWgPlOUGD62BBPF7K2IDLHCxNiiSrYEb/7Li6R5UvXOq2e3p5XaVV5HEQ7gEI7BgwuowQ3UoQEEFDzDK7w5j86L8+58zEYLTp7Zhz9wPn8A8DqSzw==</latexit>
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x(t)
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x(t)
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di(x, x, w, w)
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di(x, x, w, w)

(Scalable) a single trajectory of embedding system provides lower bound
(x) and upper bound (x) for the trajectories of the original system.
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Embedding System for Linear Dynamical System
A structure preserving decomposition

Metzler/non-Metzler decomposition: A = dAeMzl + bAcMzl

Example: A =



2 0 −1
1 −3 0
0 0 1


 =⇒ dAeMzl =



2 0 0
1 −3 0
0 0 1


 bAcMzl =



0 0 −1
0 0 0
0 0 0




Linear systems

Original system

ẋ = Ax+Bw

Embedding system

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

x1

x2 x3

x1x1

x2 x2 x3 x3

x1

x2 x3

x1x1

x2 x2 x3 x3
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Reachability using Embedding Systems
Example

Original System:

d
dt

[
x1
x2

]
=

[
x32−x2 + w

x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

red = cooperative, blue = competitive

Decomposition function

d(x, x, w,w) =

[
x32 + w
x1

]
+

[
−x2
0

]

d(x, x, w,w) =

[
x32 + w
x1

]
+

[
−x2
0

]

Embedding System:

d
dt




x1
x2
x1
x2


 =




x32 − x2 + w
x1

x32 − x2 + w
x1



[
w
w

]
=

[
2.2
2.3

]

[
x1(0)
x2(0)

]
=

[
−0.5
−0.5

] [
x1(0)
x2(0)

]
=

[
0.5
0.5

]
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x =


x1

x2

�

<latexit sha1_base64="uj50vfYUje7BtL2F8I5hAaMN+jI=">AAACIXicbZDLSsNAFIYn9VbrrerSzWARXJWkeNsIRTfiqoK9QBPKZHraDp1MwsyktIQ+jS/gI7h1Jy4EcaGP4qQWsa3/6ud8/4HzHz/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r6bCWFKo0pCHsuETBZwJqGqmOTQiCSTwOdT9/nXK6wOQioXiXo8i8ALSFazDKNFm1MrfuqHB6XYyHONL7PrQZSLxA6IlG47/0pbjunhmUHJBtH+zrXzBLtoT4UXjTE0BTVVp5Z/cdkjjAISmnCjVdOxIewmRmlEO45wbK4gI7ZMuNNsDFilBAlBeMpzUnuEJCZQaBf4YH5lremqepcP/WDPWnQsvYSKKNQhqIoZ1Yo51iNN34TaTQDUfGUOoZOYyTHtEEqrNU3OmsjNfcNHUSkXnrHh6d1IoX03LZ9EBOkTHyEHnqIxuUAVVEUWP6A19oi/rwXq2XqzXn2jGmu7soxlZH99oCKbj</latexit>

x =


x1

x2

�
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Decomposition functions
How to decompose a vector field?

Theorem

The best (tightest) decomposition function is given by

di(x, x, w,w) = min
z∈[x,x],zi=xi
u∈[w,w]

fi(z, u),

di(x, x, w,w) = max
z∈[x,x],zi=xi
u∈[w,w]

fi(z, u)

<latexit sha1_base64="js0nlDYNNWcEpLuzHtXuuj0PzOw=">AAACDXicbVBLSwMxGMzWV62vVY9eglWoIGVXinoRil48VrAP6C5LNs22odkHSVbaLvsHvPhXvHhQxKt3b/4bs+0etHUgMMzMl+QbN2JUSMP41gpLyyura8X10sbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eJP57QfCBQ2DezmOiO2jfkA9ipFUkqMfWT4aOcnEofAKWqGKZjclo9ShKfQcWpmcxieOXjaqxhRwkZg5KYMcDUf/snohjn0SSMyQEF3TiKSdIC4pZiQtWbEgEcJD1CddRQPkE2En021SeKyUHvRCrk4g4VT9PZEgX4ix76qkj+RAzHuZ+J/XjaV3aSc0iGJJAjx7yIsZlCHMqoE9ygmWbKwIwpyqv0I8QBxhqQosqRLM+ZUXSeusap5Xa3e1cv06r6MIDsAhqAATXIA6uAUN0AQYPIJn8AretCftRXvXPmbRgpbP7IM/0D5/AATum4Y=</latexit>

max
zi=xi

fi(z, u)
<latexit sha1_base64="Z4XiJeN8skUyIVLmSmR4BXXgPsA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqBuh6MZlBfuAJoTJdNIOnUzCzERsQ7/Ajb/ixoUibl2782+ctFlo64ELh3Punbn3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w+vMb98TIWnE79QoJm6I+pwGFCOlJc8sOyHlXjr2KLyETsJ7RGRPpQ8Tj05g4NHK+CQ59sySVbWmgIvEzkkJ5Gh45pfTi3ASEq4wQ1J2bStWboqEopiRSdFJJIkRHqI+6WrKUUikm07PmcCyVnowiIQuruBU/T2RolDKUejrzhCpgZz3MvE/r5uo4MJNKY8TRTiefRQkDKoIZtnAHhUEKzbSBGFB9a4QD5BAWOkEizoEe/7kRdI6rdpn1dptrVS/yuMogENwBCrABuegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65KRzxyAPzA+fwDJB5vw</latexit>

min
zi=xi

fi(z, u)

<latexit sha1_base64="P5vfElbFddzyLeQWERJDsDNtVbc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6jSTIo7M4mpH+GhYCEj2FjpvietmWXTp2mf9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR29RSdWGWAQqnsEwbN1N+JFEdaT6LATkbYjPSil4n/ed3EhJd+ykScGCrIfFGYcGQkyipAA6YoMXxiCSaK2VsRGWGFibFFlWwJ3uKXl0nrrOqdV2u3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ88cwh84nz9GW5MH</latexit>

xi
<latexit sha1_base64="bVTWRzK/uJIIfpV73W6S+ReSQxo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JIUZdFNy4r2Ae0IUwm03boZBLmIdbQL3HjQhG3foo7/8ZJm4W2Hhg4nHMP984JU0alct1vq7S2vrG5Vd6u7Ozu7Vftg8OOTLTApI0TloheiCRhlJO2ooqRXioIikNGuuHkJve7D0RImvB7NU2JH6MRp0OKkTJSYFcHmkdE5PHscRbQwK65dXcOZ5V4BalBgVZgfw2iBOuYcIUZkrLvuanyMyQUxYzMKgMtSYrwBI1I31COYiL9bH74zDk1SuQME2EeV85c/Z3IUCzlNA7NZIzUWC57ufif19dqeOVnlKdaEY4Xi4aaOSpx8haciAqCFZsagrCg5lYHj5FAWJmuKqYEb/nLq6RzXvcu6o27Rq15XdRRhmM4gTPw4BKacAstaAMGDc/wCm/Wk/VivVsfi9GSVWSO4A+szx99IJOk</latexit>xi

These optimization problems are, in general, not tractable

1 Compositional approach:
find the tight decomposition functions for a handful of elementary functions
write the vector field as composition of some elementary functions

2 Jacobian-based approach:
Taylor expansion for the vector field
formulas for linear systems
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Tightness of Mixed Monotone Bounds
Diagonally weighted `∞-norm contractions

Theorem

Let d
dt

[
x
x

]
=

[
d(x, x, w,w)

d(x, x, w,w)

]
:= e(x, x, w,w) be the embedding function with the tight

decomposition functions for ẋ = f(x,w). For any η ∈ Rn≥0

µ∞,η

(
∂f
∂x (x,w)

)
≤ c for all x,w

if and only if

µ∞,η⊗I2

(
∂e

∂[xx ]
(x, x, w,w)

)
≤ c, for all x, x, w,w

mixed monotone reachability is at least as accurate as contraction reachability wrt
diagonally weighted `∞-norms
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Reachability of Neural Network Loops
A Compositional Approach

Given the open-loop nonlinear system with a
neural network controller

ẋ = fo(x, u, w),

u = N(x),

study reachability of the closed-loop system

ẋ = fo(x,N(x), w) := f c(x,w)

Neural network feedback controllers: The reachability problem

System
ẋ = f (x,u,w)

x0 2 X0

u = N(x)

disturbance w 2 W

Unsafe

X0

Reachable
Set

I Goal: compute reachable sets of closed-loop system

Challenges: soundness, efficiency-vs-conservatism tradeoff

In this talk:
I Interval-based reachability using monotone systems theory

I Contraction-based adaptive partitioning

I Contraction with alternate partial orders for improved fidelity

S. Coogan 4/31

Challenge: finding a tight closed-loop
decomposition function

Compositional Approach:

1 compute the open-loop decomposition function do, d
o

for ẋ = fo(x, u, w)

2 construct the neural network bounding functions N and N

bounds from NN verification algorithms (CROWN, LipSDP, IBP, etc)
construction is expensive but queries is cheap

3 combine (1) and (2) to obtain a decomposition function for the closed-loop system
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Reachability of Neural Network Loops
Neural Network Bounds

Given a neural network controller u = N(x) and an interval [z, z],

N [z,z](x, x) ≤ N(x) ≤ N [z,z](x, x), for all [x, x] ⊆ [z, z]
<latexit sha1_base64="AYrgWwsSsfyj7y0Z71CdhKfmlE0=">AAAB4nicbZDLTsJAFIZP8YZ4Q126aSQmrkhrvC2JblxiIpcEGjKdHmDCdFpnpgTS8ALujAs3LvRNfA3fxil2A/iv/pzvP8n5jx9zprTj/FiFtfWNza3idmlnd2//oHx41FRRIik2aMQj2faJQs4ENjTTHNuxRBL6HFv+6D7jrTFKxSLxpKcxeiEZCNZnlGgz8rqJCFBmy+lk1itXnKozl71q3NxUIFe9V/7uBhFNQhSacqJUx3Vi7aVEakY5zkrdRGFM6IgMsBOMWawECVF56WR+9wJPSajUNPRn9llI9FAts2z4H+skun/rpUzEiUZBTcSwfsJtHdlZXztgEqnmU2MIlcxcZtMhkYRq85WSqewuF1w1zYuqe129erys1O7y8kU4gVM4BxduoAYPUIcGUHiGd/iELyuwXqxX6+0vWrDynWNYkPXxC+L7jAo=</latexit>x

<latexit sha1_base64="cmdglLdz0EBevCiX3vH/LGHANxg=">AAAB4nicbZC7TsNAEEXH4RXCK0BJYxEhUUU24lVG0FAGiTykxIrW60myynptdtcRwcoP0CEKGgr4E36Dv2Ed3CThVldz7khzx485U9pxfqzCyura+kZxs7S1vbO7V94/aKookRQbNOKRbPtEIWcCG5ppju1YIgl9ji1/dJvx1hilYpF40JMYvZAMBOszSrQZed1EBCiz5fR52itXnKozk71s3NxUIFe9V/7uBhFNQhSacqJUx3Vi7aVEakY5TkvdRGFM6IgMsBOMWawECVF56dPs7jmeklCpSehP7ZOQ6KFaZNnwP9ZJdP/aS5mIE42Cmohh/YTbOrKzvnbAJFLNJ8YQKpm5zKZDIgnV5islU9ldLLhsmmdV97J6cX9eqd3k5YtwBMdwCi5cQQ3uoA4NoPAI7/AJX1ZgvViv1ttftGDlO4cwJ+vjF+XhjAw=</latexit>z

<latexit sha1_base64="t4IbzPrDfjYcd8qYOOZ5JGxzxU4=">AAAB4XicbZDNTsJAFIVv8Q/xD3XpppGYuCKtEXVJdOMSE/lJaEOmwwUmTNvJzJSIDQ/gzrhw40IfxdfwbZxiN4BndXK/c5N7biA4U9pxfqzC2vrG5lZxu7Szu7d/UD48aqk4kRSbNOax7AREIWcRNjXTHDtCIgkDju1gfJfx9gSlYnH0qKcC/ZAMIzZglGgz8rzYwGw3fZ71yhWn6sxlrxo3NxXI1eiVv71+TJMQI005UarrOkL7KZGaUY6zkpcoFISOyRC7/QkTKiIhKj99mp+9wFMSKjUNg5l9FhI9UsssG/7Huoke3Pgpi0SiMaImYtgg4baO7ayu3WcSqeZTYwiVzFxm0xGRhGrzlJKp7C4XXDWti6p7Va09XFbqt3n5IpzAKZyDC9dQh3toQBMoCHiHT/iyqPVivVpvf9GCle8cw4Ksj18unoug</latexit>

z
<latexit sha1_base64="y3V3a0xQKNuo0+FRfUbThyQxEe4=">AAAB4XicbZDNTsJAFIVv8Q/xD3XpppGYuCKtEXVJdOMSE/lJaEOmwwUmTNvJzJRAGh7AnXHhxoU+iq/h2zjFbgDP6uR+5yb33EBwprTj/FiFjc2t7Z3ibmlv/+DwqHx80lJxIik2acxj2QmIQs4ibGqmOXaERBIGHNvB+CHj7QlKxeLoWc8E+iEZRmzAKNFm5HmxgdluOp33yhWn6ixkrxs3NxXI1eiVv71+TJMQI005UarrOkL7KZGaUY7zkpcoFISOyRC7/QkTKiIhKj+dLs5e4ikJlZqFwdy+CIkeqVWWDf9j3UQP7vyURSLRGFETMWyQcFvHdlbX7jOJVPOZMYRKZi6z6YhIQrV5SslUdlcLrpvWVdW9qdaeriv1+7x8Ec7gHC7BhVuowyM0oAkUBLzDJ3xZ1HqxXq23v2jByndOYUnWxy8ruIue</latexit>

x

CROWN2provides affine bounds of the form

A[z,z]x+ b[z,z] ≤ N(x) ≤ A[z,z]x+ b[z,z], for all x ∈ [z, z]. (1)

Given the CROWN bounds (1), we have

N [z,z](x, x) = A+
[z,z]x+A

−
[z,z]x+ b[z,z],

N [z,z](x, x) = A
+
[z,z]x+A−[z,z]x+ b[z,z]

2Zhang, Weng, Chen, Hsieh,Daniel, “Efficient neural network robustness certification with general activation
functions.” NeurIPS, 2018.
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Reachability of Neural Network Loops
Closed-loop Decomposition function

Theorem

Given open-loop decomposition functions do, d
o

for ẋ = fo(x, u, w) and the neural network
bounds N [z,z], N [z,z] for the neural network controller u = N(x). Then

dci (x, x, w,w) = doi (x, x, η
i, ηi, w, w)

d
c
i (x, x, w,w) = d

o
i (x, x, ν

i, νi, w, w)

where

ηi = N [x,x](x, x[i:x]) ηi = N [x,x](x, x[i:x]),

νi = N [x,x](x[i:x], x) νi = N [x,x](x[i:x], x),

are decomposition functions for the closed-loop system where v[i:w] is the vector v with ith
component replaced with ith component of w.
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Reachability of Neural Network Loops
A pictorial explanation

Original system:

<latexit sha1_base64="x52exv4hBCAiFQoC/Q71ipNCzec="></latexit>

ẋ = fo(x, u, w)
<latexit sha1_base64="bETqIQR9VyYk3rYmIeXoGE7ntA8=">AAACGHicbVDLSsNAFJ3UV42vqEs3wSJUFzUp+NgIRTeupIJ9QFPKZHLbDp1MwsxELCGf4cZfceNCEbfd+TdOH4JWD1w4nHPvzL3HjxmVynE+jdzC4tLySn7VXFvf2NyytnfqMkoEgRqJWCSaPpbAKIeaoopBMxaAQ59Bwx9cjf3GPQhJI36nhjG0Q9zjtEsJVlrqWMepN3kkFRBkng89ylPMaI8fZWZycVN8ODQ94MG3lnWsglNyJrD/EndGCmiGascaeUFEkhC4IgxL2XKdWLVTLBQlDDLTSyTEmAxwD1qachyCbKeTnTL7QCuB3Y2ELq7sifpzIsWhlMPQ150hVn05743F/7xWorrn7ZTyOFHAyfSjbsJsFdnjlOyACiCKDTXBRFC9q036WGCidJamDsGdP/kvqZdL7mnp5LZcqFzO4sijPbSPishFZ6iCrlEV1RBBj+gZvaI348l4Md6Nj2lrzpjN7KJfMEZfAqKgWg==</latexit>

u = N(x)

<latexit sha1_base64="hUTIb8tBFja0d/HtXV0GhaqmyMs=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAhuLEnBx7LoxmUF+4A2lMn0ph06mQkzk0II/RM3LhRx65+482+ctllo64ELh3Pu5d57woQzbTzv21lb39jc2i7tlHf39g8O3aPjlpapotCkkkvVCYkGzgQ0DTMcOokCEocc2uH4fua3J6A0k+LJZAkEMRkKFjFKjJX6risTEJdcygTrTBuI+27Fq3pz4FXiF6SCCjT67ldvIGkagzCUE627vpeYICfKMMphWu6lGhJCx2QIXUsFiUEH+fzyKT63ygBHUtkSBs/V3xM5ibXO4tB2xsSM9LI3E//zuqmJboOciSQ1IOhiUZRybCSexYAHTAE1PLOEUMXsrZiOiCLU2LDKNgR/+eVV0qpV/evq1WOtUr8r4iihU3SGLpCPblAdPaAGaiKKJugZvaI3J3denHfnY9G65hQzJ+gPnM8fqzCTsQ==</latexit>

open-loop system

<latexit sha1_base64="0xSjrMZybe3GAr10/A34G6b8qH0=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHZJfByJXjxiIo8EVjI79MKE2dnNzKyEEP7DiweN8eq/ePNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbD25nffEKleSwfzDhBP6J9yUPOqLHSo8RUUUEkmlGsht1iyS27c5BV4mWkBBlq3eJXpxezNEJpmKBatz03Mf6EKsOZwGmhk2pMKBvSPrYtlTRC7U/mV0/JmVV6JIyVLWnIXP09MaGR1uMosJ0RNQO97M3E/7x2asJrf8JlkhqUbLEoTAUxMZlFQHpcITNibAllittbCRtQRZmxQRVsCN7yy6ukUSl7l+WL+0qpepPFkYcTOIVz8OAKqnAHNagDAwXP8Apvzsh5cd6dj0VrzslmjuEPnM8f2IuSvw==</latexit>

neural network

Embedding system:

<latexit sha1_base64="YAEqMf1iMxTsCRV1QNs4IysMpsw="></latexit>

ẋ = do(x, x, u, u, w, w)

ẋ = d
o
(x, x, u, u, w, w)

<latexit sha1_base64="VW+xB/1h5u5qIVFsoTMkSF/KDFk=">AAAB7HicbZC7TgJBFIZn8YZ4WzVWNhOJiRXZJfFSEm0sMZFLAhsyO3uACbMzm7mgZMNb2BkLGwt9CV/Dt3HBbQD/6s/5ziTznTDhTBvP+3EKa+sbm1vF7dLO7t7+gXt41NTSKgoNKrlU7ZBo4ExAwzDDoZ0oIHHIoRWO7ma8NQalmRSPZpJAEJOBYH1GiclGPfdEgFWEYwHmSaoRDqUVke65Za/izYNXi5+XMspT77nf3UhSG4MwlBOtO76XmCAlyjDKYVrqWg0JoSMygE40ZokWJAYdpM9zgwWekljrSRxO8XlMzFAvs9nwP9axpn8TpEwk1oCg2UrG+pZjI/HMHEdMATV8khVCFct+humQKEJNdp9SpuwvC66WZrXiX1UuH6rl2m0uX0Sn6AxdIB9doxq6R3XUQBSl6B19oi9HOC/Oq/P2t1pw8jfHaCHOxy+7f49T</latexit>

neural network bounds

<latexit sha1_base64="8ZsSnYnfEyrRNszRXEiftjVjki0=">AAAB8XicbZC7SgNBFIZnvcZ4W7XTZjEINobdgJcyaGMZwVwgWcLs7EkyZG7MzAaXJeBr2ImFjYU+gq/h27iJaZL4Vz/nOwPznUgxaqzv/zgrq2vrG5uFreL2zu7evntw2DAy0QTqRDKpWxE2wKiAuqWWQUtpwDxi0IyGdxPeHIE2VIpHmyoIOe4L2qME23zUdY+lAnHBpFQe8AjimIq+Z1JjgXfdkl/2p/GWSzArJTRLret+d2JJEg7CEoaNaQe+smGGtaWEwbjYSQwoTIa4D+14RJURmIMJs6epxhzPMDcm5dHYO+PYDswimwz/Y+3E9m7CjAqVWBAkX8lZL2Geld5E34upBmJZmhdMNM1/5pEB1pjY/EjFXDlYFFwujUo5uCpfPlRK1duZfAGdoFN0jgJ0jaroHtVQHRH0jN7RJ/pyjPPivDpvf6srzuzNEZqL8/ELJ5qRRg==</latexit>

open-loop embedding system

<latexit sha1_base64="SojiYRSBzxddfVXu8dW56AfmGoI="></latexit>

u = N(x, x)

u = N(x, x)

How does the interconnection work?

NN bounds N [x,x], N [x,x] are constructed on [x, x]

NN bounds are evaluated on each edge, i.e.,
u = N [x,x](x, x[i:x]) and u = N [x,x](x, x[i:x])
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Conclusions

mixed monotone and contraction-based reachability

connection between these two reachability approaches

compositional approach for reachability analysis of NN controlled systems
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Example: Bicycle Model
Design of the neural network

Dynamics of bicycle

ṗx = v cos(φ+ β(u2)) φ̇ =
v

`r
sin(β(u2))

ṗy = v sin(φ+ β(u2)) v̇ = u1

β(u2) = arctan

(
lr

lf + lr
tan(u2)

)

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="A2alo9hmGjkV/Szvm5xHLLqG3J8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRbe63nrg2IlEPOE55ENOBEpFgFK3kd9OhqPSqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIMJ1SiY5NNKNzM8pWxEB7xjqaIxN8FkduyUnFilT6JE21JIZurviQmNjRnHoe2MKQ7NopeL/3mdDKPrYCJUmiFXbL4oyiTBhOSfk77QnKEcW0KZFvZWwoZUU4Y2nzwEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGAp7hFd4c5bw4787HvLXkFDOH8AfO5w9Md45d</latexit>

�

<latexit sha1_base64="oCQ0lk1JuSK7XTWsO5wNM6e34Do=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEL4o2o</latexit>u2

<latexit sha1_base64="nIpZJb1MbuHJpMvHIrUnibfCRsQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9rzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKXo2n</latexit>u1

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

Goal: steer the bicycle to the origin avoiding the obstacles

offline controller: MPC with hard constraint to avoid the obstacles

run MPC for 65000 randomly chosen initial condition (20 sample per trajectory)

train a feedforward neural network 4 7→ 100 7→ 100 7→ 2 with this data
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Example: Bicycle Model
Numerical Experiments

start from (8, 8) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.9 7.9 −2π

3 − 0.01 1.99
)>

x0 =
(
8.1 8.1 −2π

3 + 0.01 2.01
)>

CROWN for verification of neural network

partition the states to improve accuracy

mixed monotone approach certify that
closed-loop system is avoiding the obstacle

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py
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