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Neural Network Controllers
Motivations

Neural Networks as controllers in safety-critical applications
(examples: autonomous vehicles and mobile robots)

Goal: ensure and verify safety of the
closed-loop system

Issues with neural network controllers:

large # of parameters with nonlinearity

sensitive wrt to input perturbations

limited closed-loop safety guarantees
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Learning-based Feedback
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disturbance

Challenges

Rigorous verification and computational efficiency vs. accuracy.
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Safety Verification via Reachability Analysis
Problem Statement

System : ẋ = f(x,w) State : x ∈ Rn Disturbance : w ∈ W ⊆ Rm

Reachable sets of dynamical systems

System: ẋ = f (x,w) State: x 2 Rn Disturbance: w 2 W ⇢ Rm

State space

Initial set

x1

x1(T)

x01(T)x2

x2(T)
State space

Initial set

T Reachable set

Initial set

Unsafe

Target

Overapproximation
T Reachable set

I Reachable sets characterize possible system evolution

I Overapproximations of reachable sets are appropriate for verification and safety

S. Coogan 3/31

reachable sets characterize evolution of the system

Rf (t,X0) = {xw(t) | xw(·) is a traj of the system for some w with x0 ∈ X0}

over-approximation of reachable sets for safety and verification

reachability of dynamical system is an old problem with several classical approaches

Classical approaches are not scalable to large-scale nonlinear systems
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Monotone Dynamical Systems
Definition and Characterization

A dynamical system ẋ = f(x,w) is monotone1(with respect to cones K,C) if

xu(0) �K yw(0) and u �C w =⇒ xu(t) �K yw(t) for all time

where �K (�C) is the partial order with induced by the cone K (cone C).

A polyhedral cone has the form

K = {y ∈ Rn | HKy ≥ 0p}︸ ︷︷ ︸
halfspace rep

= {VKy | y ≥ 0p}︸ ︷︷ ︸
vertex rep

Monotonicity test

1 HK(∂f∂x (x,w) + α(x,w)In)VK ≥ 0 for some α(x,w)

2 HK
∂f
∂w (x,w)VC ≥ 0

Monotone dynamical systems

The system ẋ = f (x,w), x 2 Rn, w 2 Rm is monotone1 if

x0 �Kx x00 implies that x(t) �Kx x0(t) for all time,

for any w(·) and w0(·) such that w(t) �Kw w0(t) for all t, where �K is some partial
order induced by cone K (Kx ⇢ Rn or Kw ⇢ Rm).

Test for monotonicity (standard order ):

∂ f
∂x

(x,w) is Metzler (� 0 off-diag. entries)

∂ f
∂w

(x,w) � 0

x0

x

f(1;x)

f(1;x0)

Ordered
Trajectories

State Space

1D. Angeli and E. Sontag, “Monotone Control Systems”, IEEE TAC, 2003
S. Coogan 6/31

1D. Angeli and E. Sontag, “Monotone control systems”, IEEE TAC, 2003
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Monotone Dynamical Systems
Definition and Characterization

A dynamical system ẋ = f(x,w) is monotone1(with respect to cones K,C) if

xu(0) �K yw(0) and u �C w =⇒ xu(t) �K yw(t) for all time

where �K (�C) is the partial order with induced by the cone K (cone C).

Monotonicity test (for the standard cone Rn≥0)

1
∂f
∂x (x,w) is Metzler (off-diag ≥ 0)

2
∂f
∂w (x,w) ≥ 0m

Monotone dynamical systems

The system ẋ = f (x,w), x 2 Rn, w 2 Rm is monotone1 if

x0 �Kx x00 implies that x(t) �Kx x0(t) for all time,

for any w(·) and w0(·) such that w(t) �Kw w0(t) for all t, where �K is some partial
order induced by cone K (Kx ⇢ Rn or Kw ⇢ Rm).

Test for monotonicity (standard order ):

∂ f
∂x

(x,w) is Metzler (� 0 off-diag. entries)

∂ f
∂w

(x,w) � 0

x0

x

f(1;x)

f(1;x0)

Ordered
Trajectories

State Space

1D. Angeli and E. Sontag, “Monotone Control Systems”, IEEE TAC, 2003
S. Coogan 6/31

In this talk: monotone system theory for reachability analysis

1D. Angeli and E. Sontag, “Monotone control systems”, IEEE TAC, 2003
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Reachability of Monotone Dynamical Systems
Hyper-rectangular over-approximations

Theorem (classical result)

For a monotone system with W = [w,w]

Rf (t, [x0, x0]) ⊆ [xw(t), xw(t)]

where xw(·) (resp. xw(·)) is the trajectory with disturbance w (resp. w)
starting at x0 (resp. x0)

Example:

d

dt

[
x1
x2

]
=

[
x32 − x1 + w

x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability estimates for monotone systems

Reachability Analysis for Monotone Systems. For a monotone system,

Reachable set ✓ [lower trajectory,upper trajectory].

Reachability estimates from monotonicity are tight.

S. Coogan 7/31

Monotone System:
"

ẋ1

ẋ2

#
=

"
x3

2 � x1 +w
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

w 2 [w,w] = [2.2,2.3]

T = 1
�1 0 1 2 3 4

�1

0

1

2

x

x

with w

with wOverapproximation

x1
x 2
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Non-monotone Dynamical Systems
Reachability analysis

For non-monotone dynamical systems the extreme trajectories do not provide any
over-approximation of reachable sets

Example:

d

dt

[
x1
x2

]
=

[
x32 − x2 + w

x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability for nonmonotone systems

I Generally, cannot bound the reachable set between two extreme trajectories for
nonmonotone systems

S. Coogan 10/31

Nonmonotone System:
"

ẋ1

ẋ2

#
=

"
x2

2 +2
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

T = 1
�1 0 1 2 3 4 5

�1

0

1

2

3

x

x

Not Overapproximation

x1

x 2
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Mixed Monotone Theory
Embedding into a larger system

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t.

1 f(x,w) = d(x, x, w,w) for every x,w

2 cooperative: (x,w) 7→ d(x, x, w,w)

3 competitive: (x,w) 7→ d(x, x, w,w)

4 the same properties for d

The embedding system is a monotone dynamical system on R2n with
respect to the southeast partial order ≤SE:

[
x
x̂

]
≤SE

[
y
ŷ

]
⇐⇒ x ≤ y and ŷ ≤ x̂

In terms of cones, ≤SE is induced by the cone Rn≥0 ×−Rn≥0.

f locally Lipschitz =⇒ f has a decomposition function

d is not unique: structure of the system to construct one.

S. Jafarpour (CU Boulder) Interval Reachability of Systems with NN Controllers September 28, 2023 8 / 22



Mixed Monotone Theory
Versatility and History

f locally Lipschitz =⇒ a decomposition function exists

The best (tightest) decomposition function is given by

di(x, x, w,w) = min
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u), di(x, x, w,w) = max
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u)

A short (and incomplete) history:

J-L. Gouze and L. P. Hadeler. Monotone flows and order intervals. Nonlinear World, 1994

G. Enciso, H. Smith, and E. Sontag. Nonmonotone systems decomposable into monotone
systems with negative feedback . Journal of Differential Equations, 2006.

H. Smith. Global stability for mixed monotone systems. Journal of Difference Equations
and Applications, 2008
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Reachability using Embedding Systems
Hyper-rectangular over-approximations

Theorem2

Assume W = [w,w] and X0 = [x0, x0] and

ẋ = d(x, x, w,w), x(0) = x0

ẋ = d(x, x, w,w), x(0) = x0

Then Rf (t,X0) ⊆ [x(t), x(t)]
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x(t)
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Reachable set

(Scalable) a single trajectory of embedding system provides lower bound
(x) and upper bound (x) for the trajectories of the original system.

2Coogan and Arcak, “Efficient finite abstraction of mixed monotone systems”, HSCC, 2015.
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Reachability using Embedding Systems
Example

Original System:

d
dt

[
x1
x2

]
=

[
x32−x2 + w

x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

red = cooperative, blue = competitive

Decomposition function

d(x, x, w,w) =

[
x32 + w
x1

]
+

[
−x2
0

]

d(x, x, w,w) =

[
x32 + w
x1

]
+

[
−x2
0

]

Embedding System:

d
dt




x1
x2
x1
x2


 =




x32 − x2 + w
x1

x32 − x2 + w
x1



[
w
w

]
=

[
2.2
2.3

]

[
x1(0)
x2(0)

]
=

[
−0.5
−0.5

] [
x1(0)
x2(0)

]
=

[
0.5
0.5

]
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Rf (1, X0)
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x =


x1

x2

�

<latexit sha1_base64="uj50vfYUje7BtL2F8I5hAaMN+jI=">AAACIXicbZDLSsNAFIYn9VbrrerSzWARXJWkeNsIRTfiqoK9QBPKZHraDp1MwsyktIQ+jS/gI7h1Jy4EcaGP4qQWsa3/6ud8/4HzHz/iTGnbfrcyS8srq2vZ9dzG5tb2Tn53r6bCWFKo0pCHsuETBZwJqGqmOTQiCSTwOdT9/nXK6wOQioXiXo8i8ALSFazDKNFm1MrfuqHB6XYyHONL7PrQZSLxA6IlG47/0pbjunhmUHJBtH+zrXzBLtoT4UXjTE0BTVVp5Z/cdkjjAISmnCjVdOxIewmRmlEO45wbK4gI7ZMuNNsDFilBAlBeMpzUnuEJCZQaBf4YH5lremqepcP/WDPWnQsvYSKKNQhqIoZ1Yo51iNN34TaTQDUfGUOoZOYyTHtEEqrNU3OmsjNfcNHUSkXnrHh6d1IoX03LZ9EBOkTHyEHnqIxuUAVVEUWP6A19oi/rwXq2XqzXn2jGmu7soxlZH99oCKbj</latexit>

x =


x1

x2

�
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Systems with NN Controllers
A Mixed Monotone Approach

Given the open-loop nonlinear system with a
neural network controller

ẋ = f(x, u, w),

u = N(x),

study reachability of the closed-loop system

ẋ = f(x,N(x), w) := f c(x,w)

Neural network feedback controllers: The reachability problem

System
ẋ = f (x,u,w)

x0 2 X0

u = N(x)

disturbance w 2 W

Unsafe

X0

Reachable
Set

I Goal: compute reachable sets of closed-loop system

Challenges: soundness, efficiency-vs-conservatism tradeoff

In this talk:
I Interval-based reachability using monotone systems theory

I Contraction-based adaptive partitioning

I Contraction with alternate partial orders for improved fidelity

S. Coogan 4/31

Challenge: find a decomposition function
for closed-loop system

Key observation: Interval bounds for neural networks combines nicely
with mixed monotone theory for the open-loop system!

Interval bounds for NN using verification algorithms (CROWN, LipSDP, IBP, etc)

Question: How to capture the interaction between NN and the system
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Decomposition Functions for Systems
A Jacobian-based Approach

Jacobian-based: ẋ = f(x,w) such that ∂f
∂x ∈ [J [x,x], J [x,x]] and ∂f

∂w ∈ [J [w,w], J [w,w]], then

[
d(x, x, w,w)

d(x, x, w,w)

]
=

[−[J [x,x]]
− [J [x,x]]

−

−[J [x,x]]
+ [J [x,x]]

+

] [
x
x

]
+

[−[J [w,w]]
− [J [w,w]]

−

−[J [w,w]]
+ [J [w,w]]

+

] [
w
w

]
+

[
f(x,w)
f(x,w)

]

Interval arithmetic allows computing Jacobian
bounds efficiently using inclusion functions.

npinterval3: Toolbox that implements intervals
as native data-type in numpy.

Decomposition functions from interval arithmetic and inclusion functions

Given a map g : Rn ! Rm, (G,G) is an inclusion function for g if

G(x,bx)  g(z)  G(x,bx) for every x  bx and all z 2 [x,bx].
G = (G,G) is a [y,by]-localized inclusion function if this is true only for [x,bx] ✓ [y,by].

I Interval arithmetic allows computing inclusion
functions (natural, Taylor series-based, etc.)

I npinterval5: Toolbox that implements
intervals as native data-type in numpy (efficient
vectorization, canonical constructions of natural
inclusion functions)

g(x1 ,x2) = [(x1 + x2)2 ,4sin((x1 � x2)/4)]T

vs.
g(x1 ,x2) =

[x2
2 +2x1x2 + x2

2 ,4sin(x1/4)cos(x2/4)�4cos(x1/4)sin(x2/4)]T

5Harapanahalli, Jafarpour, Coogan, WFVML, 2023, https://github.com/gtfactslab/npinterval
S. Coogan 7/22

3Harapanahalli, Jafarpour, Coogan. “A Toolbox for Fast Interval Arithmetic in numpy with an Application to
Formal Verification of Neural Network Controlled Systems”, 2nd WFVML, ICML, 2023
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Interval Bounds for Neural Networks
Input-output Bounds vs. Functional Bounds

Input-output bounds: Given a neural network controller u = N(x)

u[x,x] ≤ N(x) ≤ u[x,x], for all x ∈ [x, x]

Functional bounds: Given a neural network controller u = N(x)

N [x,x](x) ≤ N(x) ≤ N [x,x](x), for all x ∈ [x, x]

Example: CROWN4can provide both input-output and functional bounds.

CROWN functional bounds:

N [x,x](x) = A[x,x]x+ b[x,x],

N [x,x](x) = A[x,x]x+ b[x,x]

CROWN input-output bounds:

u[x,x] = A+
[x,x]x+A

−
[x,x]x+ b[x,x],

u[x,x] = A
+
[x,x]x+A−[x,x]x+ b[x,x]

4Zhang, Weng, Chen, Hsieh, Daniel. “Efficient neural network robustness certification with general
activation functions.” NeurIPS, 2018.
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Approach #1: Interconnection-based Approach
A pictorial explanation

Original system:

<latexit sha1_base64="lE4Sb3Uo0fZGJybFiooKZ5KBtUY="></latexit>

ẋ = f(x, u, w)
<latexit sha1_base64="bETqIQR9VyYk3rYmIeXoGE7ntA8=">AAACGHicbVDLSsNAFJ3UV42vqEs3wSJUFzUp+NgIRTeupIJ9QFPKZHLbDp1MwsxELCGf4cZfceNCEbfd+TdOH4JWD1w4nHPvzL3HjxmVynE+jdzC4tLySn7VXFvf2NyytnfqMkoEgRqJWCSaPpbAKIeaoopBMxaAQ59Bwx9cjf3GPQhJI36nhjG0Q9zjtEsJVlrqWMepN3kkFRBkng89ylPMaI8fZWZycVN8ODQ94MG3lnWsglNyJrD/EndGCmiGascaeUFEkhC4IgxL2XKdWLVTLBQlDDLTSyTEmAxwD1qachyCbKeTnTL7QCuB3Y2ELq7sifpzIsWhlMPQ150hVn05743F/7xWorrn7ZTyOFHAyfSjbsJsFdnjlOyACiCKDTXBRFC9q036WGCidJamDsGdP/kvqZdL7mnp5LZcqFzO4sijPbSPishFZ6iCrlEV1RBBj+gZvaI348l4Md6Nj2lrzpjN7KJfMEZfAqKgWg==</latexit>

u = N(x)

<latexit sha1_base64="hUTIb8tBFja0d/HtXV0GhaqmyMs=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAhuLEnBx7LoxmUF+4A2lMn0ph06mQkzk0II/RM3LhRx65+482+ctllo64ELh3Pu5d57woQzbTzv21lb39jc2i7tlHf39g8O3aPjlpapotCkkkvVCYkGzgQ0DTMcOokCEocc2uH4fua3J6A0k+LJZAkEMRkKFjFKjJX6risTEJdcygTrTBuI+27Fq3pz4FXiF6SCCjT67ldvIGkagzCUE627vpeYICfKMMphWu6lGhJCx2QIXUsFiUEH+fzyKT63ygBHUtkSBs/V3xM5ibXO4tB2xsSM9LI3E//zuqmJboOciSQ1IOhiUZRybCSexYAHTAE1PLOEUMXsrZiOiCLU2LDKNgR/+eVV0qpV/evq1WOtUr8r4iihU3SGLpCPblAdPaAGaiKKJugZvaI3J3denHfnY9G65hQzJ+gPnM8fqzCTsQ==</latexit>

open-loop system

<latexit sha1_base64="0xSjrMZybe3GAr10/A34G6b8qH0=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHZJfByJXjxiIo8EVjI79MKE2dnNzKyEEP7DiweN8eq/ePNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbD25nffEKleSwfzDhBP6J9yUPOqLHSo8RUUUEkmlGsht1iyS27c5BV4mWkBBlq3eJXpxezNEJpmKBatz03Mf6EKsOZwGmhk2pMKBvSPrYtlTRC7U/mV0/JmVV6JIyVLWnIXP09MaGR1uMosJ0RNQO97M3E/7x2asJrf8JlkhqUbLEoTAUxMZlFQHpcITNibAllittbCRtQRZmxQRVsCN7yy6ukUSl7l+WL+0qpepPFkYcTOIVz8OAKqnAHNagDAwXP8Apvzsh5cd6dj0VrzslmjuEPnM8f2IuSvw==</latexit>

neural network

Embedding system:

<latexit sha1_base64="VW+xB/1h5u5qIVFsoTMkSF/KDFk=">AAAB7HicbZC7TgJBFIZn8YZ4WzVWNhOJiRXZJfFSEm0sMZFLAhsyO3uACbMzm7mgZMNb2BkLGwt9CV/Dt3HBbQD/6s/5ziTznTDhTBvP+3EKa+sbm1vF7dLO7t7+gXt41NTSKgoNKrlU7ZBo4ExAwzDDoZ0oIHHIoRWO7ma8NQalmRSPZpJAEJOBYH1GiclGPfdEgFWEYwHmSaoRDqUVke65Za/izYNXi5+XMspT77nf3UhSG4MwlBOtO76XmCAlyjDKYVrqWg0JoSMygE40ZokWJAYdpM9zgwWekljrSRxO8XlMzFAvs9nwP9axpn8TpEwk1oCg2UrG+pZjI/HMHEdMATV8khVCFct+humQKEJNdp9SpuwvC66WZrXiX1UuH6rl2m0uX0Sn6AxdIB9doxq6R3XUQBSl6B19oi9HOC/Oq/P2t1pw8jfHaCHOxy+7f49T</latexit>

neural network bounds

<latexit sha1_base64="8ZsSnYnfEyrRNszRXEiftjVjki0=">AAAB8XicbZC7SgNBFIZnvcZ4W7XTZjEINobdgJcyaGMZwVwgWcLs7EkyZG7MzAaXJeBr2ImFjYU+gq/h27iJaZL4Vz/nOwPznUgxaqzv/zgrq2vrG5uFreL2zu7evntw2DAy0QTqRDKpWxE2wKiAuqWWQUtpwDxi0IyGdxPeHIE2VIpHmyoIOe4L2qME23zUdY+lAnHBpFQe8AjimIq+Z1JjgXfdkl/2p/GWSzArJTRLret+d2JJEg7CEoaNaQe+smGGtaWEwbjYSQwoTIa4D+14RJURmIMJs6epxhzPMDcm5dHYO+PYDswimwz/Y+3E9m7CjAqVWBAkX8lZL2Geld5E34upBmJZmhdMNM1/5pEB1pjY/EjFXDlYFFwujUo5uCpfPlRK1duZfAGdoFN0jgJ0jaroHtVQHRH0jN7RJ/pyjPPivDpvf6srzuzNEZqL8/ELJ5qRRg==</latexit>

open-loop embedding system

<latexit sha1_base64="5/Ua+6ADkQEMeBgfoHNc45XJQRA="></latexit>

ẋi = di(x, x, ⌘i, ⌘i, w, w)

ẋi = di(x, x, ⌫i, ⌫i, w, w)

<latexit sha1_base64="QvYiIX8zRhjmT9BSmWMswHELDAQ="></latexit>

⌫i = u[xi:x,x]

⌘j = u[x,xi:x]

How does the interconnection-based approach work?

closed-loop embedding system = interconnection of
NN interval bounds + open-loop embedding system

NN bounds are evaluated on each edge instead of
the whole box, i.e., we use u[xi:x,x] and u[xi:x,x]
instead of u[x,x] and u[x,x].

<latexit sha1_base64="b8d1uesKDizvnjfsYCVnhB4yplc=">AAACTXichVHLSsNAFJ2pr5pWrbp0EyyCiJRE8LEsunFZwT6gCWUyuW0HJ5MwMyktIf/mH7gW/A13Iia1PtoKntW559yZueeOF3GmtGU948LK6tr6RnHTKJW3tncqu3stFcaSQpOGPJQdjyjgTEBTM82hE0kggceh7T3c5H57BFKxUNzrSQRuQAaC9RklOpN6lZHjwYCJhHA2ECep4cTCB5nflsRpL+n+qsfpqROOvgs3dRzjR/i323BA+F/v9CpVq2ZNYS4Te0aqaIZGr/Lo+CGNAxCacqJU17Yi7SZEakY55HMriAh9IAPo+iMWKUECUG4ynq5ozk9IoNQk8FLzKCB6qBa9XPzL68a6f+UmTESxBkGzlszrx9zUoZmv1vSZBKr5JCOESpZNZtIhkYTq7AOMLLK9GHCZtM5q9kXt/O6sWr+ehS+iA3SIjpGNLlEd3aIGaiKKXnABl3AZP+FX/IbfP1sLeHZmH82hsPEBHXG2nw==</latexit>u[x,x]

u[x,x]

<latexit sha1_base64="AQ6fmYcASLJxeN8hXPV/h7jZjRc="></latexit>u[xi:x,x]

u[xi:x,x]

<latexit sha1_base64="ZIZfA1jpVwj90/7Tr7RQIWXcy4g=">AAAB43icbZDLTsJAFIZP8YZ4Q126aSQmrkhrvC2JblxiIpcEKpkOB5gwnTYzUwJp+gTujAs3LvRJfA3fxil2A/iv/pzvP8n5jx9xprTj/FiFtfWNza3idmlnd2//oHx41FRhLCk2aMhD2faJQs4ENjTTHNuRRBL4HFv++D7jrQlKxULxpGcRegEZCjZglGgzeu6GBma7yTTtsV654lSduexV4+amArnqvfJ3tx/SOEChKSdKdVwn0l5CpGaUY1rqxgojQsdkiJ3+hEVKkACVl0znhy/whARKzQI/tc8CokdqmWXD/1gn1oNbL2EiijUKaiKGDWJu69DOCtt9JpFqPjOGUMnMZTYdEUmoNm8pmcrucsFV07youtfVq8fLSu0uL1+EEziFc3DhBmrwAHVoAAUJ7/AJXxZaL9ar9fYXLVj5zjEsyPr4BaFojHo=</latexit>

xi

<latexit sha1_base64="qiftA7lv79eZNd69Ho/3zzBlKNA=">AAAB5nicbZC5TsNQEEXHYQthiYGSxiJCoopsxFZG0FAGiSxSYlnPz5PkKc+L3hIlsvILdIiChgL+g9/gb7CDmyTc6mrOHWnu+AlnUtn2j1Ha2Nza3invVvb2Dw6r5tFxW8ZaUGzRmMei6xOJnEXYUkxx7CYCSehz7Pjjh5x3Jigki6NnNUvQDckwYgNGicpGnlnt6yhAka+n07nHPLNm1+2FrHXjFKYGhZqe+d0PYqpDjBTlRMqeYyfKTYlQjHKcV/paYkLomAyxF0xYIiMSonTT6eL2JZ6SUMpZ6M+t85CokVxl+fA/1tNqcOemLEq0wohmkYwNNLdUbOWdrYAJpIrPMkOoYNllFh0RQajKPlPJKjurBddN+7Lu3NSvn65qjfuifBlO4QwuwIFbaMAjNKEFFDS8wyd8GSPjxXg13v6iJaPYOYElGR+/zwmNFw==</latexit>xi
<latexit sha1_base64="qiftA7lv79eZNd69Ho/3zzBlKNA=">AAAB5nicbZC5TsNQEEXHYQthiYGSxiJCoopsxFZG0FAGiSxSYlnPz5PkKc+L3hIlsvILdIiChgL+g9/gb7CDmyTc6mrOHWnu+AlnUtn2j1Ha2Nza3invVvb2Dw6r5tFxW8ZaUGzRmMei6xOJnEXYUkxx7CYCSehz7Pjjh5x3Jigki6NnNUvQDckwYgNGicpGnlnt6yhAka+n07nHPLNm1+2FrHXjFKYGhZqe+d0PYqpDjBTlRMqeYyfKTYlQjHKcV/paYkLomAyxF0xYIiMSonTT6eL2JZ6SUMpZ6M+t85CokVxl+fA/1tNqcOemLEq0wohmkYwNNLdUbOWdrYAJpIrPMkOoYNllFh0RQajKPlPJKjurBddN+7Lu3NSvn65qjfuifBlO4QwuwIFbaMAjNKEFFDS8wyd8GSPjxXg13v6iJaPYOYElGR+/zwmNFw==</latexit>xi

<latexit sha1_base64="ZIZfA1jpVwj90/7Tr7RQIWXcy4g=">AAAB43icbZDLTsJAFIZP8YZ4Q126aSQmrkhrvC2JblxiIpcEKpkOB5gwnTYzUwJp+gTujAs3LvRJfA3fxil2A/iv/pzvP8n5jx9xprTj/FiFtfWNza3idmlnd2//oHx41FRhLCk2aMhD2faJQs4ENjTTHNuRRBL4HFv++D7jrQlKxULxpGcRegEZCjZglGgzeu6GBma7yTTtsV654lSduexV4+amArnqvfJ3tx/SOEChKSdKdVwn0l5CpGaUY1rqxgojQsdkiJ3+hEVKkACVl0znhy/whARKzQI/tc8CokdqmWXD/1gn1oNbL2EiijUKaiKGDWJu69DOCtt9JpFqPjOGUMnMZTYdEUmoNm8pmcrucsFV07youtfVq8fLSu0uL1+EEziFc3DhBmrwAHVoAAUJ7/AJXxZaL9ar9fYXLVj5zjEsyPr4BaFojHo=</latexit>

xi
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Systems with NN Controllers
Interconnection-based Approach

Theorem5

1 Decomposition function d, d for the open-loop system ẋ = f(x, u, w)

2 Interval input-output bounds u[x,x], u[x,x] for the neural network controller u = N(x),

Then

dci (x, x, w,w) = di(x, x, η
i, ηi, w, w)

d
c
i (x, x, w,w) = di(x, x, ν

i, νi, w, w)

where

ηi = u[x,xi:x] ηi = u[x,xi:x], νi = u[xi:x,x] νi = u[xi:x,x],

is a decomposition function for the closed-loop system where vi:w is the vector v with ith
component replaced with ith component of w.

5Jafarpour, Harapanahalli, Coogan. “Efficient Interaction-aware Interval Reachability of Neural Network
Feedback Loops”, arXiv, 2003
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Approach #2: Interaction-based Approach
A pictorial explanation

Original system:

<latexit sha1_base64="ChAgjvEaytaIdH+1BUHeJI2FJpY=">AAAB6XicbZDLTsJAFIZPvSLeKi7dNBITN5KWxMuS6MYlJnJJoCHT6QEmzHSamSmhITyEO+PCjQt9DF/Dt7FgN4D/6s/5/pOc/wQxZ9q47o+1sbm1vbNb2CvuHxweHdsnpaaWiaLYoJJL1Q6IRs4ibBhmOLZjhUQEHFvB6GHOW2NUmsno2aQx+oIMItZnlJhs1LNLlEuN4RWXMnZ0qg2Knl12K+5CzrrxclOGXPWe/d0NJU0ERoZyonXHc2PjT4kyjHKcFbuJxpjQERlgJxyzWEdEoPank8X5S3xKhNapCGbOhSBmqFfZfPgf6ySmf+dPWRQnBiOaRTLWT7hjpDOv7YRMITU8zQyhimWXOXRIFKEme04xq+ytFlw3zWrFu6lcP1XLtfu8fAHO4BwuwYNbqMEj1KEBFCbwDp/wZY2sF+vVevuLblj5ziksyfr4BXTAjf8=</latexit>

closed-loop system

<latexit sha1_base64="5pmY0DH16rytiTxt9nUEc381wMs=">AAAB+nicbVC7TgJBFJ3FF+ILtbSZSEwgIWTX+GpMiDZWBhN5JLAhs8NdmDD7yMwsQtb9AH/DzljYWGjnb/g3DriN4KlO7jn3ca4TciaVaX4bmaXlldW17HpuY3Nreye/u9eQQSQo1GnAA9FyiATOfKgrpji0QgHEczg0neH1VG+OQEgW+PdqEoLtkb7PXEaJ0qVuvtDpBSoeJ/gSu8VxGced2cxYQC+5LY5LSfmhpF1mxZwBLxIrJQWUotbNf+mpNPLAV5QTKduWGSo7JkIxyiHJdSIJIaFD0od2b8RC6RMPpB2PZ7v/6DHxpJx4ToKPPKIGcl6bFv/T2pFyL+yY+WGkwKfaojU34lgFePoH3GMCqOITTQgVTF+G6YAIQpX+Vk5HtuYDLpLGccU6q5zenRSqV2n4LDpAh6iILHSOqugG1VAdUfSE3tAH+jQejWfjxXj9tWaMtGcf/YHx/gMlqJPw</latexit>

ẋ = f(x, N(x), w)

Embedding system:

<latexit sha1_base64="OvjFIKFN/Mtn5USrLfYbE2F+kKk=">AAACBXicbVDJSgNBEO1xjXGLetRDYxC8GGYCLsegF48RzALJEHp6KkmTXobuHiEMuXjxV7x4UMSr/+DNv7GzHDTxQcHjvSqq6kUJZ8b6/re3tLyyurae28hvbm3v7Bb29utGpZpCjSqudDMiBjiTULPMcmgmGoiIODSiwc3YbzyANkzJeztMIBSkJ1mXUWKd1CkcUa4MxGdcqQSDiCCOmexhMzQWRKdQ9Ev+BHiRBDNSRDNUO4WvdqxoKkBayokxrcBPbJgRbRnlMMq3UwMJoQPSg5ajkggwYTb5YoRPnBLjrtKupMUT9fdERoQxQxG5TkFs38x7Y/E/r5Xa7lWYMZmkFiSdLuqmHFuFx5HgmGmglg8dIVQzdyumfaIJtS64vAshmH95kdTLpeCidH5XLlauZ3Hk0CE6RqcoQJeogm5RFdUQRY/oGb2iN+/Je/HevY9p65I3mzlAf+B9/gCo75iw</latexit>

closed-loop embedding system

<latexit sha1_base64="AJezCu9BhU4rY4q046JPmifeV1I="></latexit>
ẋ
ẋ

�
=


[H]+ � J [x,x] [H]�

[H]+ � J [x,x] [H]�

� 
x
x

�
+

�[J [w,w]]
� [J [w,w]]

+

�[J [w,w]]
� [J [w,w]]

+

� 
w
w

�
+ Q

How does the interaction-based approach work?

Closed-loop decomposition function = Jacobian
based for f(x,N(x), w).

Neural Network affine functional bounds
N [x,x] = A[x,x]x+ b[x,x],

N [x,x] = A[x,x]x+ b[x,x]
are used to compute the interactions.

<latexit sha1_base64="O+IAkB6fHUSPWRZGWiRjXfx01fg="></latexit>

H = J [x,x] + [J [u,u]]
+A[x,x] + [J [u,u]]

�A[x,x]

H = J [x,x] + [J [u,u]]
+A[x,x] + [J [u,u]]

�A[x,x]
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Systems with NN Controllers
Interaction-based Approach

Theorem6

Let ∂f
∂x ∈ [J [x,x], J [x,x]],

∂f
∂u ∈ [J [u,u], J [u,u]], and ∂f

∂w ∈ [J [w,w], J [w,w]]. Then

[
dci (x, x, w,w)

d
c
i (x, x, w,w)

]
=

[
[H]+ − J [x,x] [H]−

[H]+ − J [x,x] [H]−

] [
x
x

]
+

[−[J [w,w]]
− [J [w,w]]

+

−[J [w,w]]
− [J [w,w]]

+

] [
w
w

]
+Q

where

H = J [x,x] + [J [u,u]]
+A[x,x] + [J [u,u]]

−A[x,x]

H = J [x,x] + [J [u,u]]
+A[x,x] + [J [u,u]]

−A[x,x]

is a decomposition function for the closed-loop system.

6Jafarpour, Harapanahalli, Coogan. “Efficient Interaction-aware Interval Reachability of Neural Network
Feedback Loops”, arXiv, 2003
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Case Study: Bicycle Model
Design of the neural network

Dynamics of bicycle

ṗx = v cos(φ+ β(u2)) φ̇ =
v

`r
sin(β(u2))

ṗy = v sin(φ+ β(u2)) v̇ = u1

β(u2) = arctan

(
lr

lf + lr
tan(u2)

)

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="A2alo9hmGjkV/Szvm5xHLLqG3J8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRbe63nrg2IlEPOE55ENOBEpFgFK3kd9OhqPSqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIMJ1SiY5NNKNzM8pWxEB7xjqaIxN8FkduyUnFilT6JE21JIZurviQmNjRnHoe2MKQ7NopeL/3mdDKPrYCJUmiFXbL4oyiTBhOSfk77QnKEcW0KZFvZWwoZUU4Y2nzwEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGAp7hFd4c5bw4787HvLXkFDOH8AfO5w9Md45d</latexit>

�

<latexit sha1_base64="oCQ0lk1JuSK7XTWsO5wNM6e34Do=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEL4o2o</latexit>u2

<latexit sha1_base64="nIpZJb1MbuHJpMvHIrUnibfCRsQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9rzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKXo2n</latexit>u1

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

Goal: steer the bicycle to the origin avoiding the obstacles

offline controller: MPC with hard constraint to avoid the obstacles

run MPC for 65000 randomly chosen initial condition (20 sample per trajectory)

train a feedforward neural network 4 7→ 100 7→ 100 7→ 2 with this data
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Case Study: Bicycle Model
Numerical Experiments

start from (8, 8) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.95 6.95 −2π

3 − 0.01 1.99
)>

x0 =
(
8.05 7.05 −2π

3 + 0.01 2.01
)>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

12 IEEE TRANSACTIONS ON AUTOMATIC CONTROL

using autoLiRPA [53]. Further performance improvements
of ReachMM are likely possible by, e.g., implementing as
compiled code, and are subject of ongoing and future work.

A. Nonlinear bicycle model
In the first experiment, we compare the interconnection-

based and the interaction-based approach. Consider the non-
linear dynamics of a bicycle adopted from [54]:

ṗx = v cos(� + �(u2)) �̇ =
v

`r
sin(�(u2))

ṗy = v sin(� + �(u2)) v̇ = u1 (23)

where [px, py]> 2 R2 is the displacement of the center of mass
in the x � y plane, � 2 [�⇡,⇡) is the heading angle in the
plane, and v 2 R�0 is the speed of the center of mass. Control
input u1 is the applied force, input u2 is the angle of the front
wheel, and �(u2) = arctan

⇣
`f

`f +`r
tan(u2)

⌘
is the slip slide

angle where the parameter `f (`r) is the distance between the
center of mass and the front (rear) wheel. In this example,
for the sake of simplicity, we set `f = `r = 1. Let x =
[px, py,�, v]> and u = [u1, u2]

>. We apply the neural network
controller (4 ⇥ 100 ⇥ 100 ⇥ 2, ReLU activations) defined in
[38], which was trained to mimic an MPC that stabilizes the
vehicle to the origin while avoiding a circular obstacle centered
at (4, 4) with a radius of 2. The dynamics are simulated using
Euler integration with a step size of 0.125. In Figure 3, we
compare the accuracy and runtime of different reachability
approaches for the bicycle model.

Discussion: Figure 3 shows that the naive input-output
approach is the fastest approach with low accuracy of over-
approximation. Using the interconnection-based approach with
Fcon improves the accuracy with a slight increase in the
runtime. In comparison, the interaction-based approach with
the Jacobian-based cornered inclusion function Fact is notably
slower due to the computation of Jacobian bounds (16) in
this approach. Over short time horizons, the interaction-based
approach is more accurate, however, its accuracy deteriorates
for longer horizons, which can be attributed to the decrease
in accuracy of the Jacobian bounds (16). As has been shown
in Proposition 4, the accuracy of the intersection Fcon ^ Fact

is better than both Fcon and Fact. Finally, using the mixed
Jacobian-based cornered inclusion function (cf. Remark 5(ii))
significantly improves the accuracy of the interaction-based
approach with little effect on its runtime.

B. Double Integrator Model
In the second experiment, we focus on reachability of

linear open-loop systems with neural network controllers. We
study the accuracy and efficiency of the interaction-based
approach (19) for the double integrator benchmark system

x(t + 1) =


1 1
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u(t). (24)

For this example, we use the discrete-time version of our
framework as derived in [52, Section VII.B]. We apply the
neural network controller (2 ⇥ 10 ⇥ 5 ⇥ 1, ReLU activations)
defined in [30] and consider the interaction-based approach

Fig. 3. Accuracy and runtime comparison between different reachability
approaches for the bicycle model (23) from the initial set [7.95, 8.05]⇥
[6.95, 7.05]⇥ [�2⇡/3�0.01,�2⇡/3+0.01]⇥ [1.99, 2.01]: (a) a
naive input-output approach combining the natural inclusion function for
the open-loop dynamics and the affine inclusion function for the neural
network, (b) the interconnection-based approach with the closed-loop
inclusion function Fcon defined in (15) constructed from the natural
inclusion function for the open loop dynamics and affine inclusion
function for the neural network, (c) the interaction-based approach with
Jacobian-based cornered inclusion function Fact defined in (17), (d)
the intersection of the interconnection-based inclusion and interaction-
based approach Fcon ^ Fact, (e) the interaction-based approach with
mixed states Jacobian-based cornered inclusion function defined in (17)
and Remark 5(ii), and (f) the interaction-based approach with mixed
states and control Jacobian-based cornered inclusion function defined
(17) and Remark 5(ii). The blue boxes are hyper-rectangular over-
approximation of reachable sets and 100 simulated trajectories of the
system are shown in red.

with the closed-loop inclusion function Fact defined in (19).
We use contraction-guided adaptive partitioning proposed
in [52] to improve the accuracy. Additionally, we compare our
proposed ReachMM to state-of-the-art algorithms for linear
discrete-time systems: ReachLP [30] with uniform partitioning
(ReachLP-Unif) and greedy simulation guided partitioning
(ReachLP-GSG), and ReachLipBnB [55] (branch-and-bound
using LipSDP [24]). Each algorithm is run with two different
sets of hyper-parameters, aiming to compare their perfor-
mances across various regimes. The setup for ReachMM is
(", Dp, DN); ReachLP-Unif is # initial partitions, ReachLP-
GSG is # of total propogator calls, ReachLipBnB is ". The
results are shown in Figure 4 and the runtime comparisons are
shown in Table II.

Method Setup Runtime (s) Area
ReachMM (0.1, 3, 1) 0.103 ± 0.003 6.2 · 10�2

(0.05, 6, 2) 1.762 ± 0.026 9.9 · 10�3

ReachLP-Unif 4 0.212 ± 0.002 1.5 · 10�1

16 3.149 ± 0.004 1.0 · 10�2

ReachLP-GSG 55 0.913 ± 0.031 5.3 · 10�1

205 2.164 ± 0.042 8.8 · 10�2

ReachLipBnB 0.1 0.956 ± 0.067 5.4 · 10�1

0.001 3.681 ± 0.100 1.2 · 10�2
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using autoLiRPA [53]. Further performance improvements
of ReachMM are likely possible by, e.g., implementing as
compiled code, and are subject of ongoing and future work.

A. Nonlinear bicycle model
In the first experiment, we compare the interconnection-

based and the interaction-based approach. Consider the non-
linear dynamics of a bicycle adopted from [54]:

ṗx = v cos(� + �(u2)) �̇ =
v

`r
sin(�(u2))

ṗy = v sin(� + �(u2)) v̇ = u1 (23)

where [px, py]> 2 R2 is the displacement of the center of mass
in the x � y plane, � 2 [�⇡,⇡) is the heading angle in the
plane, and v 2 R�0 is the speed of the center of mass. Control
input u1 is the applied force, input u2 is the angle of the front
wheel, and �(u2) = arctan

⇣
`f

`f +`r
tan(u2)

⌘
is the slip slide

angle where the parameter `f (`r) is the distance between the
center of mass and the front (rear) wheel. In this example,
for the sake of simplicity, we set `f = `r = 1. Let x =
[px, py,�, v]> and u = [u1, u2]

>. We apply the neural network
controller (4 ⇥ 100 ⇥ 100 ⇥ 2, ReLU activations) defined in
[38], which was trained to mimic an MPC that stabilizes the
vehicle to the origin while avoiding a circular obstacle centered
at (4, 4) with a radius of 2. The dynamics are simulated using
Euler integration with a step size of 0.125. In Figure 3, we
compare the accuracy and runtime of different reachability
approaches for the bicycle model.

Discussion: Figure 3 shows that the naive input-output
approach is the fastest approach with low accuracy of over-
approximation. Using the interconnection-based approach with
Fcon improves the accuracy with a slight increase in the
runtime. In comparison, the interaction-based approach with
the Jacobian-based cornered inclusion function Fact is notably
slower due to the computation of Jacobian bounds (16) in
this approach. Over short time horizons, the interaction-based
approach is more accurate, however, its accuracy deteriorates
for longer horizons, which can be attributed to the decrease
in accuracy of the Jacobian bounds (16). As has been shown
in Proposition 4, the accuracy of the intersection Fcon ^ Fact

is better than both Fcon and Fact. Finally, using the mixed
Jacobian-based cornered inclusion function (cf. Remark 5(ii))
significantly improves the accuracy of the interaction-based
approach with little effect on its runtime.

B. Double Integrator Model
In the second experiment, we focus on reachability of

linear open-loop systems with neural network controllers. We
study the accuracy and efficiency of the interaction-based
approach (19) for the double integrator benchmark system
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For this example, we use the discrete-time version of our
framework as derived in [52, Section VII.B]. We apply the
neural network controller (2 ⇥ 10 ⇥ 5 ⇥ 1, ReLU activations)
defined in [30] and consider the interaction-based approach
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naive input-output approach combining the natural inclusion function for
the open-loop dynamics and the affine inclusion function for the neural
network, (b) the interconnection-based approach with the closed-loop
inclusion function Fcon defined in (15) constructed from the natural
inclusion function for the open loop dynamics and affine inclusion
function for the neural network, (c) the interaction-based approach with
Jacobian-based cornered inclusion function Fact defined in (17), (d)
the intersection of the interconnection-based inclusion and interaction-
based approach Fcon ^ Fact, (e) the interaction-based approach with
mixed states Jacobian-based cornered inclusion function defined in (17)
and Remark 5(ii), and (f) the interaction-based approach with mixed
states and control Jacobian-based cornered inclusion function defined
(17) and Remark 5(ii). The blue boxes are hyper-rectangular over-
approximation of reachable sets and 100 simulated trajectories of the
system are shown in red.

with the closed-loop inclusion function Fact defined in (19).
We use contraction-guided adaptive partitioning proposed
in [52] to improve the accuracy. Additionally, we compare our
proposed ReachMM to state-of-the-art algorithms for linear
discrete-time systems: ReachLP [30] with uniform partitioning
(ReachLP-Unif) and greedy simulation guided partitioning
(ReachLP-GSG), and ReachLipBnB [55] (branch-and-bound
using LipSDP [24]). Each algorithm is run with two different
sets of hyper-parameters, aiming to compare their perfor-
mances across various regimes. The setup for ReachMM is
(", Dp, DN); ReachLP-Unif is # initial partitions, ReachLP-
GSG is # of total propogator calls, ReachLipBnB is ". The
results are shown in Figure 4 and the runtime comparisons are
shown in Table II.
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(0.05, 6, 2) 1.762 ± 0.026 9.9 · 10�3
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using autoLiRPA [53]. Further performance improvements
of ReachMM are likely possible by, e.g., implementing as
compiled code, and are subject of ongoing and future work.

A. Nonlinear bicycle model
In the first experiment, we compare the interconnection-

based and the interaction-based approach. Consider the non-
linear dynamics of a bicycle adopted from [54]:

ṗx = v cos(� + �(u2)) �̇ =
v
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ṗy = v sin(� + �(u2)) v̇ = u1 (23)

where [px, py]> 2 R2 is the displacement of the center of mass
in the x � y plane, � 2 [�⇡,⇡) is the heading angle in the
plane, and v 2 R�0 is the speed of the center of mass. Control
input u1 is the applied force, input u2 is the angle of the front
wheel, and �(u2) = arctan

⇣
`f

`f +`r
tan(u2)

⌘
is the slip slide

angle where the parameter `f (`r) is the distance between the
center of mass and the front (rear) wheel. In this example,
for the sake of simplicity, we set `f = `r = 1. Let x =
[px, py,�, v]> and u = [u1, u2]

>. We apply the neural network
controller (4 ⇥ 100 ⇥ 100 ⇥ 2, ReLU activations) defined in
[38], which was trained to mimic an MPC that stabilizes the
vehicle to the origin while avoiding a circular obstacle centered
at (4, 4) with a radius of 2. The dynamics are simulated using
Euler integration with a step size of 0.125. In Figure 3, we
compare the accuracy and runtime of different reachability
approaches for the bicycle model.

Discussion: Figure 3 shows that the naive input-output
approach is the fastest approach with low accuracy of over-
approximation. Using the interconnection-based approach with
Fcon improves the accuracy with a slight increase in the
runtime. In comparison, the interaction-based approach with
the Jacobian-based cornered inclusion function Fact is notably
slower due to the computation of Jacobian bounds (16) in
this approach. Over short time horizons, the interaction-based
approach is more accurate, however, its accuracy deteriorates
for longer horizons, which can be attributed to the decrease
in accuracy of the Jacobian bounds (16). As has been shown
in Proposition 4, the accuracy of the intersection Fcon ^ Fact

is better than both Fcon and Fact. Finally, using the mixed
Jacobian-based cornered inclusion function (cf. Remark 5(ii))
significantly improves the accuracy of the interaction-based
approach with little effect on its runtime.

B. Double Integrator Model
In the second experiment, we focus on reachability of

linear open-loop systems with neural network controllers. We
study the accuracy and efficiency of the interaction-based
approach (19) for the double integrator benchmark system
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For this example, we use the discrete-time version of our
framework as derived in [52, Section VII.B]. We apply the
neural network controller (2 ⇥ 10 ⇥ 5 ⇥ 1, ReLU activations)
defined in [30] and consider the interaction-based approach
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approaches for the bicycle model (23) from the initial set [7.95, 8.05]⇥
[6.95, 7.05]⇥ [�2⇡/3�0.01,�2⇡/3+0.01]⇥ [1.99, 2.01]: (a) a
naive input-output approach combining the natural inclusion function for
the open-loop dynamics and the affine inclusion function for the neural
network, (b) the interconnection-based approach with the closed-loop
inclusion function Fcon defined in (15) constructed from the natural
inclusion function for the open loop dynamics and affine inclusion
function for the neural network, (c) the interaction-based approach with
Jacobian-based cornered inclusion function Fact defined in (17), (d)
the intersection of the interconnection-based inclusion and interaction-
based approach Fcon ^ Fact, (e) the interaction-based approach with
mixed states Jacobian-based cornered inclusion function defined in (17)
and Remark 5(ii), and (f) the interaction-based approach with mixed
states and control Jacobian-based cornered inclusion function defined
(17) and Remark 5(ii). The blue boxes are hyper-rectangular over-
approximation of reachable sets and 100 simulated trajectories of the
system are shown in red.

with the closed-loop inclusion function Fact defined in (19).
We use contraction-guided adaptive partitioning proposed
in [52] to improve the accuracy. Additionally, we compare our
proposed ReachMM to state-of-the-art algorithms for linear
discrete-time systems: ReachLP [30] with uniform partitioning
(ReachLP-Unif) and greedy simulation guided partitioning
(ReachLP-GSG), and ReachLipBnB [55] (branch-and-bound
using LipSDP [24]). Each algorithm is run with two different
sets of hyper-parameters, aiming to compare their perfor-
mances across various regimes. The setup for ReachMM is
(", Dp, DN); ReachLP-Unif is # initial partitions, ReachLP-
GSG is # of total propogator calls, ReachLipBnB is ". The
results are shown in Figure 4 and the runtime comparisons are
shown in Table II.
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of ReachMM are likely possible by, e.g., implementing as
compiled code, and are subject of ongoing and future work.

A. Nonlinear bicycle model
In the first experiment, we compare the interconnection-

based and the interaction-based approach. Consider the non-
linear dynamics of a bicycle adopted from [54]:
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ṗy = v sin(� + �(u2)) v̇ = u1 (23)

where [px, py]> 2 R2 is the displacement of the center of mass
in the x � y plane, � 2 [�⇡,⇡) is the heading angle in the
plane, and v 2 R�0 is the speed of the center of mass. Control
input u1 is the applied force, input u2 is the angle of the front
wheel, and �(u2) = arctan
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angle where the parameter `f (`r) is the distance between the
center of mass and the front (rear) wheel. In this example,
for the sake of simplicity, we set `f = `r = 1. Let x =
[px, py,�, v]> and u = [u1, u2]

>. We apply the neural network
controller (4 ⇥ 100 ⇥ 100 ⇥ 2, ReLU activations) defined in
[38], which was trained to mimic an MPC that stabilizes the
vehicle to the origin while avoiding a circular obstacle centered
at (4, 4) with a radius of 2. The dynamics are simulated using
Euler integration with a step size of 0.125. In Figure 3, we
compare the accuracy and runtime of different reachability
approaches for the bicycle model.

Discussion: Figure 3 shows that the naive input-output
approach is the fastest approach with low accuracy of over-
approximation. Using the interconnection-based approach with
Fcon improves the accuracy with a slight increase in the
runtime. In comparison, the interaction-based approach with
the Jacobian-based cornered inclusion function Fact is notably
slower due to the computation of Jacobian bounds (16) in
this approach. Over short time horizons, the interaction-based
approach is more accurate, however, its accuracy deteriorates
for longer horizons, which can be attributed to the decrease
in accuracy of the Jacobian bounds (16). As has been shown
in Proposition 4, the accuracy of the intersection Fcon ^ Fact

is better than both Fcon and Fact. Finally, using the mixed
Jacobian-based cornered inclusion function (cf. Remark 5(ii))
significantly improves the accuracy of the interaction-based
approach with little effect on its runtime.

B. Double Integrator Model
In the second experiment, we focus on reachability of

linear open-loop systems with neural network controllers. We
study the accuracy and efficiency of the interaction-based
approach (19) for the double integrator benchmark system
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For this example, we use the discrete-time version of our
framework as derived in [52, Section VII.B]. We apply the
neural network controller (2 ⇥ 10 ⇥ 5 ⇥ 1, ReLU activations)
defined in [30] and consider the interaction-based approach
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approaches for the bicycle model (23) from the initial set [7.95, 8.05]⇥
[6.95, 7.05]⇥ [�2⇡/3�0.01,�2⇡/3+0.01]⇥ [1.99, 2.01]: (a) a
naive input-output approach combining the natural inclusion function for
the open-loop dynamics and the affine inclusion function for the neural
network, (b) the interconnection-based approach with the closed-loop
inclusion function Fcon defined in (15) constructed from the natural
inclusion function for the open loop dynamics and affine inclusion
function for the neural network, (c) the interaction-based approach with
Jacobian-based cornered inclusion function Fact defined in (17), (d)
the intersection of the interconnection-based inclusion and interaction-
based approach Fcon ^ Fact, (e) the interaction-based approach with
mixed states Jacobian-based cornered inclusion function defined in (17)
and Remark 5(ii), and (f) the interaction-based approach with mixed
states and control Jacobian-based cornered inclusion function defined
(17) and Remark 5(ii). The blue boxes are hyper-rectangular over-
approximation of reachable sets and 100 simulated trajectories of the
system are shown in red.

with the closed-loop inclusion function Fact defined in (19).
We use contraction-guided adaptive partitioning proposed
in [52] to improve the accuracy. Additionally, we compare our
proposed ReachMM to state-of-the-art algorithms for linear
discrete-time systems: ReachLP [30] with uniform partitioning
(ReachLP-Unif) and greedy simulation guided partitioning
(ReachLP-GSG), and ReachLipBnB [55] (branch-and-bound
using LipSDP [24]). Each algorithm is run with two different
sets of hyper-parameters, aiming to compare their perfor-
mances across various regimes. The setup for ReachMM is
(", Dp, DN); ReachLP-Unif is # initial partitions, ReachLP-
GSG is # of total propogator calls, ReachLipBnB is ". The
results are shown in Figure 4 and the runtime comparisons are
shown in Table II.
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Conclusions

reachability using mixed monotone theory

mixed monotone theory for reachability of NN controlled systems

two methods for capturing the interaction between system and NN controller
1 interconnection-based approach
2 interaction-based approach

Future directions:

forward invariance of systems with NN controllers

design of suitable correction actions

ensuring safety in the training of NN
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Embedding System for Linear Dynamical System
A structure preserving decomposition

Metzler/non-Metzler decomposition: A = dAeMzl + bAcMzl

Example: A =



2 0 −1
1 −3 0
0 0 1


 =⇒ dAeMzl =



2 0 0
1 −3 0
0 0 1


 bAcMzl =



0 0 −1
0 0 0
0 0 0




Linear systems

Original system

ẋ = Ax+Bw

Embedding system

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

x1

x2 x3

x1x1

x2 x2 x3 x3

x1

x2 x3

x1x1

x2 x2 x3 x3
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