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Learning-enabled Autonomous Systems
Motivations and Success Stories

Increase in deployment of learning components in autonomous systems

availability of data and computation tools

performance and efficiency

Success stories and potential applications

Self-driving vehicles Manufacturing Fulfillment center

Learning-enabled systems are often deployed in safety-critical environments
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Learning-enabled Autonomous Systems
Safety Assurance as a Challenge

But can we ensure their safety?
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Learning-enabled Autonomous Systems
Safety Assurance as a Challenge

But can we ensure their safety?

What is special about Learning-based components?
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Learning-enabled Autonomous Systems
Safety Assurance as a Challenge

But can we ensure their safety?

highly sensitive to input perturbations

Image credit: MIT CSAIL
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Learning-enabled Autonomous Systems
Safety Assurance as a Challenge

But can we ensure their safety?

highly sensitive to input perturbations

large # of parameters with nonlinearity
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Learning-enabled Autonomous Systems
Safety Assurance as a Challenge

But can we ensure their safety?

highly sensitive to input perturbations

large # of parameters with nonlinearity

limited guarantee in their design
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Learning-enabled Autonomous Systems
Safety Assurance as a Challenge

But can we ensure their safety?

highly sensitive to input perturbations

large # of parameters with nonlinearity

limited guarantee in their design

Scalable and computationally efficient methods for safety assurance
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Learning-enabled Autonomous Systems
Safety in Machine Learning

ML focus on safety and robustness of stand-alone learning algorithms
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N(x)

Different approaches:

analysis (Goodfellow et al., 2015, Zhang et al., 2019, Fazlyab et al., 2023)

design (Papernot et al., 2016, Carlini and Wagner, 2017, Madry et al., 2018)

In autonomous systems, learning algorithms are a component of the system
(controller, motion planner, obstacle detection)

New challenges arises when learning algorithms are used in-the-loop
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Learning-enabled Autonomous Systems
Learning-based Feedback Controllers

In this talk: Learning-based component is a controller

Goal: Ensure safety of the closed-loop system
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Learning-based Feedback
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disturbance

<latexit sha1_base64="CRJLQEP1bX0gWJXiPiMxoTWxILI=">AAAB2XicbZA7TwJREIVn8YX4Qi1tNhITK7JLIloSLbTERB7JsiGzlwFuuPvIvXeJZENhZyxsLPTn+Df8N+7iNoCnOpnvTDJnvEhwpS3rxyhsbG5t7xR3S3v7B4dH5eOTtgpjyajFQhHKroeKBA+opbkW1I0koe8J6niTu4x3piQVD4MnPYvI9XEU8CFnqLPRfYiiX65YVWshc93YualArma//N0bhCz2KdBMoFKObUXaTVBqzgTNS71YUYRsgiNyBlMeqQB9Um7yvDh3iSfoKzXzvbl54aMeq1WWDf9jTqyHN27CgyjWFLA0krJhLEwdmllNc8AlMS1mqUEmeXqZycYoken0GaW0sr1acN20a1W7Xr16rFUat3n5IpzBOVyCDdfQgAdoQgsYjOEdPuHLcIwX49V4+4sWjHznFJZkfPwCmiGHnw==</latexit>

Goal
<latexit sha1_base64="QWgQ1RO7dOLtkq8D75RtawUILAc=">AAAB23icbZBLT8JQEIWnPhFfqEs3jcTEFWlJfCyJblxiYoEEGjK9TOHK7W1z7y2REFbujAs3LvTX+Df8NxbsBvCsTuY7k8yZIBFcG8f5sdbWNza3tgs7xd29/YPD0tFxQ8epYuSxWMSqFaAmwSV5hhtBrUQRRoGgZjC8m/HmiJTmsXw044T8CPuSh5yhyUYNT2oMqVsqOxVnLnvVuLkpQ656t/Td6cUsjUgaJlDrtuskxp+gMpwJmhY7qaYE2RD71O6NeKIlRqT9yfP84AU+wUjrcRRM7fMIzUAvs9nwP9ZOTXjjT7hMUkOSZZGMhamwTWzPito9rogZMc4MMsWzy2w2QIXMZO8oZpXd5YKrplGtuFeVy4dquXably/AKZzBBbhwDTW4hzp4wOAJ3uETvizferFerbe/6JqV75zAgqyPXyoNiJI=</latexit>

Unsafe
<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System

<latexit sha1_base64="vd+jz4JlcJnsgN+ug7mcfdHi2J8=">AAACBHicbVDLSsNAFJ3UV62vqEs3g0Vw05IUfCwLgroQrGAf0oYymdy2QyeTMDMplpCtP+BvuBMXbkT0K/wbk9pNW8/qcM+9h3OuG3KmtGX9GLml5ZXVtfx6YWNza3vH3N1rqCCSFOo04IFsuUQBZwLqmmkOrVAC8V0OTXd4kenNEUjFAnGvxyE4PukL1mOU6HTUNUtxZ2IS33I2gisJIBJ8A0QKJvqlzNnDlwCeS+gwwV2zaJWtCfAisaekiKaodc3PjhfQyAehKSdKtW0r1E5MpGaUQ1LoRArC1Jr0oe2NWKgE8UE58eMk1IweE1+pse8m+MgneqDmtWz4n9aOdO/ciZkIIw2Cpiup1os41gHOPoI9JoFqPk4JoZKlyTAdEEmoTv9WSCvb8wUXSaNStk/LJ3eVYvVhWj6PDtAhOkY2OkNVdI1qqI4oekbv6At9G0/Gi/FqvP2t5ozpzT6agfHxCxgqmRo=</latexit>

Learning-based Feedback

<latexit sha1_base64="9zERcPRAs93s2osxuymZk45Rxsw=">AAAB4HicbZC7TsNAEEXH4RXCK0BJYxEhUUV2JB5lBA1lkMhDcqxovZ4kq6zX1u46IrLS0yEKGgr4FX6Dv2Ed3CThVldzZjRzJ0g4U9pxfqzSxubW9k55t7K3f3B4VD0+6ag4lRTbNOax7AVEIWcC25ppjr1EIokCjt1gcp/z7hSlYrF40rME/YiMBBsySrQpeaHZkMqACIqDas2pOwvZ68YtTA0KtQbV734Y0zRCoSknSnmuk2g/I1IzynFe6acKE0InZIReOGWJEiRC5WfPi6uXeEYipWZRMLcvIqLHapXlxf+Yl+rhrZ8xkaQaBTUthg1TbuvYztPaIZNINZ8ZQ6hk5jKbjokkVJufVExkdzXguuk06u51/eqxUWveFeHLcAbncAku3EATHqAFbaAQwzt8wpcVWC/Wq/X211qyiplTWJL18QsgSor2</latexit>

disturbance

<latexit sha1_base64="CRJLQEP1bX0gWJXiPiMxoTWxILI=">AAAB2XicbZA7TwJREIVn8YX4Qi1tNhITK7JLIloSLbTERB7JsiGzlwFuuPvIvXeJZENhZyxsLPTn+Df8N+7iNoCnOpnvTDJnvEhwpS3rxyhsbG5t7xR3S3v7B4dH5eOTtgpjyajFQhHKroeKBA+opbkW1I0koe8J6niTu4x3piQVD4MnPYvI9XEU8CFnqLPRfYiiX65YVWshc93YualArma//N0bhCz2KdBMoFKObUXaTVBqzgTNS71YUYRsgiNyBlMeqQB9Um7yvDh3iSfoKzXzvbl54aMeq1WWDf9jTqyHN27CgyjWFLA0krJhLEwdmllNc8AlMS1mqUEmeXqZycYoken0GaW0sr1acN20a1W7Xr16rFUat3n5IpzBOVyCDdfQgAdoQgsYjOEdPuHLcIwX49V4+4sWjHznFJZkfPwCmiGHnw==</latexit>

Goal
<latexit sha1_base64="QWgQ1RO7dOLtkq8D75RtawUILAc=">AAAB23icbZBLT8JQEIWnPhFfqEs3jcTEFWlJfCyJblxiYoEEGjK9TOHK7W1z7y2REFbujAs3LvTX+Df8NxbsBvCsTuY7k8yZIBFcG8f5sdbWNza3tgs7xd29/YPD0tFxQ8epYuSxWMSqFaAmwSV5hhtBrUQRRoGgZjC8m/HmiJTmsXw044T8CPuSh5yhyUYNT2oMqVsqOxVnLnvVuLkpQ656t/Td6cUsjUgaJlDrtuskxp+gMpwJmhY7qaYE2RD71O6NeKIlRqT9yfP84AU+wUjrcRRM7fMIzUAvs9nwP9ZOTXjjT7hMUkOSZZGMhamwTWzPito9rogZMc4MMsWzy2w2QIXMZO8oZpXd5YKrplGtuFeVy4dquXably/AKZzBBbhwDTW4hzp4wOAJ3uETvizferFerbe/6JqV75zAgqyPXyoNiJI=</latexit>

Unsafe
<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System

<latexit sha1_base64="vd+jz4JlcJnsgN+ug7mcfdHi2J8=">AAACBHicbVDLSsNAFJ3UV62vqEs3g0Vw05IUfCwLgroQrGAf0oYymdy2QyeTMDMplpCtP+BvuBMXbkT0K/wbk9pNW8/qcM+9h3OuG3KmtGX9GLml5ZXVtfx6YWNza3vH3N1rqCCSFOo04IFsuUQBZwLqmmkOrVAC8V0OTXd4kenNEUjFAnGvxyE4PukL1mOU6HTUNUtxZ2IS33I2gisJIBJ8A0QKJvqlzNnDlwCeS+gwwV2zaJWtCfAisaekiKaodc3PjhfQyAehKSdKtW0r1E5MpGaUQ1LoRArC1Jr0oe2NWKgE8UE58eMk1IweE1+pse8m+MgneqDmtWz4n9aOdO/ciZkIIw2Cpiup1os41gHOPoI9JoFqPk4JoZKlyTAdEEmoTv9WSCvb8wUXSaNStk/LJ3eVYvVhWj6PDtAhOkY2OkNVdI1qqI4oekbv6At9G0/Gi/FqvP2t5ozpzT6agfHxCxgqmRo=</latexit>

Learning-based Feedback

<latexit sha1_base64="9zERcPRAs93s2osxuymZk45Rxsw=">AAAB4HicbZC7TsNAEEXH4RXCK0BJYxEhUUV2JB5lBA1lkMhDcqxovZ4kq6zX1u46IrLS0yEKGgr4FX6Dv2Ed3CThVldzZjRzJ0g4U9pxfqzSxubW9k55t7K3f3B4VD0+6ag4lRTbNOax7AVEIWcC25ppjr1EIokCjt1gcp/z7hSlYrF40rME/YiMBBsySrQpeaHZkMqACIqDas2pOwvZ68YtTA0KtQbV734Y0zRCoSknSnmuk2g/I1IzynFe6acKE0InZIReOGWJEiRC5WfPi6uXeEYipWZRMLcvIqLHapXlxf+Yl+rhrZ8xkaQaBTUthg1TbuvYztPaIZNINZ8ZQ6hk5jKbjokkVJufVExkdzXguuk06u51/eqxUWveFeHLcAbncAku3EATHqAFbaAQwzt8wpcVWC/Wq/X211qyiplTWJL18QsgSor2</latexit>

disturbance
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Learning-enabled Autonomous Systems
Learning-based Feedback Controllers

In this talk: Learning-based component is a controller

Goal: Ensure safety of the closed-loop system

<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System

<latexit sha1_base64="vd+jz4JlcJnsgN+ug7mcfdHi2J8=">AAACBHicbVDLSsNAFJ3UV62vqEs3g0Vw05IUfCwLgroQrGAf0oYymdy2QyeTMDMplpCtP+BvuBMXbkT0K/wbk9pNW8/qcM+9h3OuG3KmtGX9GLml5ZXVtfx6YWNza3vH3N1rqCCSFOo04IFsuUQBZwLqmmkOrVAC8V0OTXd4kenNEUjFAnGvxyE4PukL1mOU6HTUNUtxZ2IS33I2gisJIBJ8A0QKJvqlzNnDlwCeS+gwwV2zaJWtCfAisaekiKaodc3PjhfQyAehKSdKtW0r1E5MpGaUQ1LoRArC1Jr0oe2NWKgE8UE58eMk1IweE1+pse8m+MgneqDmtWz4n9aOdO/ciZkIIw2Cpiup1os41gHOPoI9JoFqPk4JoZKlyTAdEEmoTv9WSCvb8wUXSaNStk/LJ3eVYvVhWj6PDtAhOkY2OkNVdI1qqI4oekbv6At9G0/Gi/FqvP2t5ozpzT6agfHxCxgqmRo=</latexit>

Learning-based Feedback

<latexit sha1_base64="9zERcPRAs93s2osxuymZk45Rxsw=">AAAB4HicbZC7TsNAEEXH4RXCK0BJYxEhUUV2JB5lBA1lkMhDcqxovZ4kq6zX1u46IrLS0yEKGgr4FX6Dv2Ed3CThVldzZjRzJ0g4U9pxfqzSxubW9k55t7K3f3B4VD0+6ag4lRTbNOax7AVEIWcC25ppjr1EIokCjt1gcp/z7hSlYrF40rME/YiMBBsySrQpeaHZkMqACIqDas2pOwvZ68YtTA0KtQbV734Y0zRCoSknSnmuk2g/I1IzynFe6acKE0InZIReOGWJEiRC5WfPi6uXeEYipWZRMLcvIqLHapXlxf+Yl+rhrZ8xkaQaBTUthg1TbuvYztPaIZNINZ8ZQ6hk5jKbjokkVJufVExkdzXguuk06u51/eqxUWveFeHLcAbncAku3EATHqAFbaAQwzt8wpcVWC/Wq/X211qyiplTWJL18QsgSor2</latexit>

disturbance

<latexit sha1_base64="CRJLQEP1bX0gWJXiPiMxoTWxILI=">AAAB2XicbZA7TwJREIVn8YX4Qi1tNhITK7JLIloSLbTERB7JsiGzlwFuuPvIvXeJZENhZyxsLPTn+Df8N+7iNoCnOpnvTDJnvEhwpS3rxyhsbG5t7xR3S3v7B4dH5eOTtgpjyajFQhHKroeKBA+opbkW1I0koe8J6niTu4x3piQVD4MnPYvI9XEU8CFnqLPRfYiiX65YVWshc93YualArma//N0bhCz2KdBMoFKObUXaTVBqzgTNS71YUYRsgiNyBlMeqQB9Um7yvDh3iSfoKzXzvbl54aMeq1WWDf9jTqyHN27CgyjWFLA0krJhLEwdmllNc8AlMS1mqUEmeXqZycYoken0GaW0sr1acN20a1W7Xr16rFUat3n5IpzBOVyCDdfQgAdoQgsYjOEdPuHLcIwX49V4+4sWjHznFJZkfPwCmiGHnw==</latexit>

Goal
<latexit sha1_base64="QWgQ1RO7dOLtkq8D75RtawUILAc=">AAAB23icbZBLT8JQEIWnPhFfqEs3jcTEFWlJfCyJblxiYoEEGjK9TOHK7W1z7y2REFbujAs3LvTX+Df8NxbsBvCsTuY7k8yZIBFcG8f5sdbWNza3tgs7xd29/YPD0tFxQ8epYuSxWMSqFaAmwSV5hhtBrUQRRoGgZjC8m/HmiJTmsXw044T8CPuSh5yhyUYNT2oMqVsqOxVnLnvVuLkpQ656t/Td6cUsjUgaJlDrtuskxp+gMpwJmhY7qaYE2RD71O6NeKIlRqT9yfP84AU+wUjrcRRM7fMIzUAvs9nwP9ZOTXjjT7hMUkOSZZGMhamwTWzPito9rogZMc4MMsWzy2w2QIXMZO8oZpXd5YKrplGtuFeVy4dquXably/AKZzBBbhwDTW4hzp4wOAJ3uETvizferFerbe/6JqV75zAgqyPXyoNiJI=</latexit>

Unsafe
<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System

<latexit sha1_base64="vd+jz4JlcJnsgN+ug7mcfdHi2J8=">AAACBHicbVDLSsNAFJ3UV62vqEs3g0Vw05IUfCwLgroQrGAf0oYymdy2QyeTMDMplpCtP+BvuBMXbkT0K/wbk9pNW8/qcM+9h3OuG3KmtGX9GLml5ZXVtfx6YWNza3vH3N1rqCCSFOo04IFsuUQBZwLqmmkOrVAC8V0OTXd4kenNEUjFAnGvxyE4PukL1mOU6HTUNUtxZ2IS33I2gisJIBJ8A0QKJvqlzNnDlwCeS+gwwV2zaJWtCfAisaekiKaodc3PjhfQyAehKSdKtW0r1E5MpGaUQ1LoRArC1Jr0oe2NWKgE8UE58eMk1IweE1+pse8m+MgneqDmtWz4n9aOdO/ciZkIIw2Cpiup1os41gHOPoI9JoFqPk4JoZKlyTAdEEmoTv9WSCvb8wUXSaNStk/LJ3eVYvVhWj6PDtAhOkY2OkNVdI1qqI4oekbv6At9G0/Gi/FqvP2t5ozpzT6agfHxCxgqmRo=</latexit>

Learning-based Feedback

<latexit sha1_base64="9zERcPRAs93s2osxuymZk45Rxsw=">AAAB4HicbZC7TsNAEEXH4RXCK0BJYxEhUUV2JB5lBA1lkMhDcqxovZ4kq6zX1u46IrLS0yEKGgr4FX6Dv2Ed3CThVldzZjRzJ0g4U9pxfqzSxubW9k55t7K3f3B4VD0+6ag4lRTbNOax7AVEIWcC25ppjr1EIokCjt1gcp/z7hSlYrF40rME/YiMBBsySrQpeaHZkMqACIqDas2pOwvZ68YtTA0KtQbV734Y0zRCoSknSnmuk2g/I1IzynFe6acKE0InZIReOGWJEiRC5WfPi6uXeEYipWZRMLcvIqLHapXlxf+Yl+rhrZ8xkaQaBTUthg1TbuvYztPaIZNINZ8ZQ6hk5jKbjokkVJufVExkdzXguuk06u51/eqxUWveFeHLcAbncAku3EATHqAFbaAQwzt8wpcVWC/Wq/X211qyiplTWJL18QsgSor2</latexit>

disturbance

<latexit sha1_base64="CRJLQEP1bX0gWJXiPiMxoTWxILI=">AAAB2XicbZA7TwJREIVn8YX4Qi1tNhITK7JLIloSLbTERB7JsiGzlwFuuPvIvXeJZENhZyxsLPTn+Df8N+7iNoCnOpnvTDJnvEhwpS3rxyhsbG5t7xR3S3v7B4dH5eOTtgpjyajFQhHKroeKBA+opbkW1I0koe8J6niTu4x3piQVD4MnPYvI9XEU8CFnqLPRfYiiX65YVWshc93YualArma//N0bhCz2KdBMoFKObUXaTVBqzgTNS71YUYRsgiNyBlMeqQB9Um7yvDh3iSfoKzXzvbl54aMeq1WWDf9jTqyHN27CgyjWFLA0krJhLEwdmllNc8AlMS1mqUEmeXqZycYoken0GaW0sr1acN20a1W7Xr16rFUat3n5IpzBOVyCDdfQgAdoQgsYjOEdPuHLcIwX49V4+4sWjHznFJZkfPwCmiGHnw==</latexit>

Goal
<latexit sha1_base64="QWgQ1RO7dOLtkq8D75RtawUILAc=">AAAB23icbZBLT8JQEIWnPhFfqEs3jcTEFWlJfCyJblxiYoEEGjK9TOHK7W1z7y2REFbujAs3LvTX+Df8NxbsBvCsTuY7k8yZIBFcG8f5sdbWNza3tgs7xd29/YPD0tFxQ8epYuSxWMSqFaAmwSV5hhtBrUQRRoGgZjC8m/HmiJTmsXw044T8CPuSh5yhyUYNT2oMqVsqOxVnLnvVuLkpQ656t/Td6cUsjUgaJlDrtuskxp+gMpwJmhY7qaYE2RD71O6NeKIlRqT9yfP84AU+wUjrcRRM7fMIzUAvs9nwP9ZOTXjjT7hMUkOSZZGMhamwTWzPito9rogZMc4MMsWzy2w2QIXMZO8oZpXd5YKrplGtuFeVy4dquXably/AKZzBBbhwDTW4hzp4wOAJ3uETvizferFerbe/6JqV75zAgqyPXyoNiJI=</latexit>

Unsafe
<latexit sha1_base64="ACB0spEXASiomrlhLpjWtB05fKA=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYSbgcgx48RjRLJIMoadTk7TpZejuEYaQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ99VtPoA1T8t5mCYSCDCSLGSXWSc27zFgQvVLZr/gz4GUS5KSMctR7pa9uX9FUgLSUE2M6gZ/YcEy0ZZTDpNhNDSSEjsgAOo5KIsCE49m1E3zqlD6OlXYlLZ6pvyfGRBiTich1CmKHZtGbiv95ndTGV+GYySS1IOl8UZxybBWevo77TAO1PHOEUM3crZgOiSbUuoCKLoRg8eVl0qxWgovK+W21XHvI4yigY3SCzlCALlEN3aA6aiCKHtEzekVvnvJevHfvY9664uUzR+gPvM8fymWPWg==</latexit>

System
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Learning-enabled Autonomous Systems
Learning-based Feedback Controllers

In this talk: Learning-based component is a controller

Goal: Ensure safety of the closed-loop system
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Outline of this talk

Safety via Reachability Analysis

Mixed Monotone Reachability

Neural Network-Controlled Systems
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Reachability Analysis of Systems
Problem Statement

System : ẋ = f(x,w) State : x ∈ Rn Uncertainty : w ∈ W ⊆ Rm

Reachability Analysis of Control Systems
Problem Statement

System : ẋ = f(x, w) State : x 2 Rn Disturbance : w 2 W ✓ Rm

Reachable sets of dynamical systems

System: ẋ = f (x,w) State: x 2 Rn Disturbance: w 2 W � Rm

State space

Initial set

x1

x1(T)

x�1(T)x2

x2(T)
State space

Initial set

T Reachable set

Initial set

Unsafe

Target

Overapproximation
T Reachable set

� Reachable sets characterize possible system evolution

� Overapproximations of reachable sets are appropriate for verification and safety

S. Coogan 3/31

reachable sets characterize evolution of the system

Rf (t, X0) = {xw(t) | xw(·) is a traj of the system for some w with x0 2 X0}
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Reachability Analysis of Systems
Safety verification via T -reachable sets

A large number of safety specifications can be represented using reachable sets

Example: Reach-avoid problem

Reachability Analysis of Control Systems
Problem Statement
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Unsafe

Rf (T,X0,W) ∩ Unsafe set = ∅

State space

Initial set

T Reachable set

<latexit sha1_base64="6RUiKkGCnpZiWuQcVrgnFfGf7Lk=">AAAB23icbZA7TwJREIVn8YX4Qi1tNhITK7JL4qMk2lhiwiuBDZm9DHDl7u7NvXeJZENlZyxsLPTX+Df8Ny64DeCpTuY7k8wZXwqujeP8WLmNza3tnfxuYW//4PCoeHzS1FGsGDVYJCLV9lGT4CE1DDeC2lIRBr6glj++n/PWhJTmUVg3U0legMOQDzhDk46adVRDMr1iySk7C9nrxs1MCTLVesXvbj9icUChYQK17riONF6CynAmaFboxpoksjEOqdOfcKlDDEh7yfPi4CWeYKD1NPBn9kWAZqRX2Xz4H+vEZnDrJTyUsaGQpZGUDWJhm8ieF7X7XBEzYpoaZIqnl9lshAqZSd9RSCu7qwXXTbNSdq/LV4+VUvUuK5+HMziHS3DhBqrwADVoAIMneIdP+LI868V6td7+ojkr2zmFJVkfvzEWiJc=</latexit>

Target

Rf (Tfinal,X0,W) ⊆ Target set

Combining different instantiation of Reach-avoid problem =⇒
diverse range of specifications

(complex planning using logics, invariance, stability)
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System: ẋ = f (x,w) State: x 2 Rn Disturbance: w 2 W � Rm

State space

Initial set

x1

x1(T)

x�1(T)x2

x2(T)
State space

Initial set

T Reachable set

Initial set

Unsafe

Target

Overapproximation
T Reachable set

� Reachable sets characterize possible system evolution

� Overapproximations of reachable sets are appropriate for verification and safety

S. Coogan 3/31

reachable sets characterize evolution of the system

Rf (t, X0) = {xw(t) | xw(·) is a traj of the system for some w with x0 2 X0}

S. Jafarpour (CU Boulder) Interval Reachability of Systems with NN Controllers October 4, 2023 8 / 33

<latexit sha1_base64="QWgQ1RO7dOLtkq8D75RtawUILAc=">AAAB23icbZBLT8JQEIWnPhFfqEs3jcTEFWlJfCyJblxiYoEEGjK9TOHK7W1z7y2REFbujAs3LvTX+Df8NxbsBvCsTuY7k8yZIBFcG8f5sdbWNza3tgs7xd29/YPD0tFxQ8epYuSxWMSqFaAmwSV5hhtBrUQRRoGgZjC8m/HmiJTmsXw044T8CPuSh5yhyUYNT2oMqVsqOxVnLnvVuLkpQ656t/Td6cUsjUgaJlDrtuskxp+gMpwJmhY7qaYE2RD71O6NeKIlRqT9yfP84AU+wUjrcRRM7fMIzUAvs9nwP9ZOTXjjT7hMUkOSZZGMhamwTWzPito9rogZMc4MMsWzy2w2QIXMZO8oZpXd5YKrplGtuFeVy4dquXably/AKZzBBbhwDTW4hzp4wOAJ3uETvizferFerbe/6JqV75zAgqyPXyoNiJI=</latexit>

Unsafe

Rf (T,X0,W) ∩ Unsafe set = ∅

State space

Initial set

T Reachable set

<latexit sha1_base64="6RUiKkGCnpZiWuQcVrgnFfGf7Lk=">AAAB23icbZA7TwJREIVn8YX4Qi1tNhITK7JL4qMk2lhiwiuBDZm9DHDl7u7NvXeJZENlZyxsLPTX+Df8Ny64DeCpTuY7k8wZXwqujeP8WLmNza3tnfxuYW//4PCoeHzS1FGsGDVYJCLV9lGT4CE1DDeC2lIRBr6glj++n/PWhJTmUVg3U0legMOQDzhDk46adVRDMr1iySk7C9nrxs1MCTLVesXvbj9icUChYQK17riONF6CynAmaFboxpoksjEOqdOfcKlDDEh7yfPi4CWeYKD1NPBn9kWAZqRX2Xz4H+vEZnDrJTyUsaGQpZGUDWJhm8ieF7X7XBEzYpoaZIqnl9lshAqZSd9RSCu7qwXXTbNSdq/LV4+VUvUuK5+HMziHS3DhBqrwADVoAIMneIdP+LI868V6td7+ojkr2zmFJVkfvzEWiJc=</latexit>

Target

Rf (Tfinal,X0,W) ⊆ Target set

Combining different instantiation of Reach-avoid problem =⇒
diverse range of specifications

(complex planning using logics, invariance, stability)

S. Jafarpour (CU Boulder) Safety Assurance in NN-Controlled Systems 9 / 28



Reachability Analysis of Systems
Why is it difficult?

Computing exact reachable sets are computationally challenging

Solution: over-approximations of reachable sets

Over-approximation: Rf (T,X0,W) ⊆ Rf (T,X0,W)
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Neural Network-Controlled Systems
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Monotone Dynamical Systems
Definition and Characterization

A dynamical system ẋ = f(x,w) is monotone if

xu(0) ≤ yw(0) and u ≤ w =⇒ xu(t) ≤ yw(t) for all time

where ≤ is the component-wise partial order.

Kamke–Müller condition1

A dynamical system ẋ = f(x,w) is monotone iff

1
∂f
∂x (x,w) is Metzler (off-diag ≥ 0) for all x,w

2
∂f
∂w (x,w) ≥ 0n×m for all x,w

Monotone dynamical systems

The system ẋ = f (x,w), x 2 Rn, w 2 Rm is monotone1 if

x0 �Kx x00 implies that x(t) �Kx x0(t) for all time,

for any w(·) and w0(·) such that w(t) �Kw w0(t) for all t, where �K is some partial
order induced by cone K (Kx ⇢ Rn or Kw ⇢ Rm).

Test for monotonicity (standard order ):

∂ f
∂x

(x,w) is Metzler (� 0 off-diag. entries)

∂ f
∂w

(x,w) � 0

x0

x

f(1;x)

f(1;x0)

Ordered
Trajectories

State Space

1D. Angeli and E. Sontag, “Monotone Control Systems”, IEEE TAC, 2003
S. Coogan 6/31
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Monotone Dynamical Systems
Definition and Characterization

A dynamical system ẋ = f(x,w) is monotone if

xu(0) ≤ yw(0) and u ≤ w =⇒ xu(t) ≤ yw(t) for all time

where ≤ is the component-wise partial order.

Kamke–Müller condition1

A dynamical system ẋ = f(x,w) is monotone iff

1
∂f
∂x (x,w) is Metzler (off-diag ≥ 0) for all x,w

2
∂f
∂w (x,w) ≥ 0n×m for all x,w

Monotone dynamical systems

The system ẋ = f (x,w), x 2 Rn, w 2 Rm is monotone1 if

x0 �Kx x00 implies that x(t) �Kx x0(t) for all time,

for any w(·) and w0(·) such that w(t) �Kw w0(t) for all t, where �K is some partial
order induced by cone K (Kx ⇢ Rn or Kw ⇢ Rm).

Test for monotonicity (standard order ):

∂ f
∂x

(x,w) is Metzler (� 0 off-diag. entries)

∂ f
∂w

(x,w) � 0

x0

x

f(1;x)

f(1;x0)

Ordered
Trajectories

State Space

1D. Angeli and E. Sontag, “Monotone Control Systems”, IEEE TAC, 2003
S. Coogan 6/31
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Monotone Dynamical Systems
Generalization to partial orders

A dynamical system ẋ = f(x,w) is monotone if

xu(0) �K yw(0) and u �C w =⇒ xu(t) �K yw(t) for all time

where �K (�C) is the partial order with induced by the cone K (C).

A polyhedral cone has the form

K = {y ∈ Rn | HKy ≥ 0p}︸ ︷︷ ︸
halfspace rep

= {VKy | y ≥ 0p}︸ ︷︷ ︸
vertex rep

Kamke–Müller condition2

1 HK(∂f∂x (x,w) + α(x,w)In)VK ≥ 0p for some α(x,w)

2 HK
∂f
∂w (x,w)VC ≥ 0q

cSJ and S. Coogan, “Monotonicity and Contraction on Polyhedral Cones”, TAC 2024.
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Reachability of Monotone Systems
Hyper-rectangular over-approximations

Theorem (classical)3

For a monotone system with W = [w,w]

Rf (t, [x0, x0], [w,w]) ⊆ [xw(t), xw(t)]

where xw(·) (resp. xw(·)) is the trajectory with disturbance w(·) (resp.
w(·)) starting at x0 (resp. x0)

3MW Hirsch, H Smith. “Monotone dynamical systems”, 2006 [Book]
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Reachability of Monotone Systems
Hyper-rectangular over-approximations

Theorem (classical)3

For a monotone system with W = [w,w]

Rf (t, [x0, x0], [w,w]) ⊆ [xw(t), xw(t)]

where xw(·) (resp. xw(·)) is the trajectory with disturbance w(·) (resp.
w(·)) starting at x0 (resp. x0)

Example:

d

dt

[
x1

x2

]
=

[
x3

2 − x1 + w
x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability estimates for monotone systems

Reachability Analysis for Monotone Systems. For a monotone system,

Reachable set ✓ [lower trajectory,upper trajectory].

Reachability estimates from monotonicity are tight.

S. Coogan 7/31

Monotone System:
"

ẋ1

ẋ2

#
=

"
x3

2 � x1 +w
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

w 2 [w,w] = [2.2,2.3]

T = 1
�1 0 1 2 3 4

�1

0

1

2

x

x

with w

with wOverapproximation

x1
x 2

3MW Hirsch, H Smith. “Monotone dynamical systems”, 2006 [Book]
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Reachability of Monotone Systems
Hyper-rectangular over-approximations

Theorem (classical)3

For a monotone system with W = [w,w]

Rf (t, [x0, x0], [w,w]) ⊆ [xw(t), xw(t)]

where xw(·) (resp. xw(·)) is the trajectory with disturbance w(·) (resp.
w(·)) starting at x0 (resp. x0)

does not hold for non-monotone systems

Example:

d

dt

[
x1

x2

]
=

[
x3

2 − x2 + w
x1

]

W = [2.2 , 2.3] X0 =

[[
−0.5
−0.5

]
,

[
0.5
0.5

]]

Reachability for nonmonotone systems

I Generally, cannot bound the reachable set between two extreme trajectories for
nonmonotone systems

S. Coogan 10/31

Nonmonotone System:
"

ẋ1

ẋ2

#
=

"
x2

2 +2
x1

#

[x,x] = [(�0.5,�0.5),(0.5,0.5)]

T = 1
�1 0 1 2 3 4 5

�1

0

1

2

3

x

x

Not Overapproximation

x1
x 2

3MW Hirsch, H Smith. “Monotone dynamical systems”, 2006 [Book]
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Mixed Monotone Theory
Stability using Monotonicity

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t.

1 f(x,w) = d(x, x, w,w) for every x,w

2 cooperative: (x,w) 7→ di(x, x, w,w)

3 competitive: (x,w) 7→ di(x, x, w,w)

4 the same properties for d
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ẋ = f(x,w)

Embedding system
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Mixed Monotone Theory
Stability using Monotonicity

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t.

1 f(x,w) = d(x, x, w,w) for every x,w

2 cooperative: (x,w) 7→ di(x, x, w,w)

3 competitive: (x,w) 7→ di(x, x, w,w)

4 the same properties for d

The embedding system is a monotone dynamical system on R2n with
respect to the southeast partial order ≤SE:

[
x
x̂

]
≤SE

[
y
ŷ

]
⇐⇒ x ≤ y and ŷ ≤ x̂

In terms of cones, ≤SE is induced by the cone Rn≥0 ×−Rn≥0.
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Mixed Monotone Theory
Stability using Monotonicity

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t.

1 f(x,w) = d(x, x, w,w) for every x,w

2 cooperative: (x,w) 7→ di(x, x, w,w)

3 competitive: (x,w) 7→ di(x, x, w,w)

4 the same properties for d

Computing decomposition function:

close connection with inclusion function in Numerical Analysis4

Jacobian-based: mean-value inequality and interval arithmetic5

dL. Jaulin, et al. “Applied Interval Analysis”, 2001 [Book]
eA. Harapanahalli, SJ, S. Coogan, “A toolbox for fast interval arithmetic in Numpy”, 2023
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Mixed Monotone Theory
Stability using Monotonicity

Key idea: embed the dynamical system on Rn into a dynamical system on R2n

Assume W = [w,w] and X0 = [x0, x0]

Original system

ẋ = f(x,w)

Embedding system

ẋ = d(x, x, w,w),

ẋ = d(x, x, w,w)

d, d are decomposition functions s.t.

1 f(x,w) = d(x, x, w,w) for every x,w

2 cooperative: (x,w) 7→ di(x, x, w,w)

3 competitive: (x,w) 7→ di(x, x, w,w)

4 the same properties for d

In this talk: mixed monotone theory for reachability analysis
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Interval-based Reachability
Embedding Systems

Theorem6

Assume W = [w,w] and X0 = [x0, x0] and

ẋ = d(x, x, w,w), x(0) = x0

ẋ = d(x, x, w,w), x(0) = x0

Then Rf (t,X0,W) ⊆ [x(t), x(t)]
<latexit sha1_base64="bqEDg/G6ubld0mAMeCEr+/MfUtA=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRbBVUnE17LoxmUF+4A2hMnkth06mYR5iDX0S9y4UMStn+LOv3HSZqGtBwYO59zDvXPClFGpXPfbKq2srq1vlDcrW9s7u1V7b78tEy0ItEjCEtENsQRGObQUVQy6qQAchww64fgm9zsPICRN+L2apODHeMjpgBKsjBTY1b7mEYg8nj1OAzewa27dncFZJl5BaqhAM7C/+lFCdAxcEYal7HluqvwMC0UJg2mlryWkmIzxEHqGchyD9LPZ4VPn2CiRM0iEeVw5M/V3IsOxlJM4NJMxViO56OXif15Pq8GVn1GeagWczBcNNHNU4uQtOBEVQBSbGIKJoOZWh4ywwESZriqmBG/xy8ukfVr3Lurnd2e1xnVRRxkdoiN0gjx0iRroFjVRCxGk0TN6RW/Wk/VivVsf89GSVWQO0B9Ynz8nDpNs</latexit>x0

<latexit sha1_base64="2sDsUD8TBlXKiXTUTmIaY4liIVw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtWDJppg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO63U1haXlldK66XNja3tnfKu3tNLRNFaINILlU7wJpyJmjDMMNpO1YURwGnrWB0nfmtB6o0k+LOjGPqR3ggWMgINla670prZtn0adJze+WKW3WnQIvEy0kFctR75a9uX5IkosIQjrXueG5s/BQrwwink1I30TTGZIQHtGOpwBHVfjq9eoKOrNJHoVT2CYOm6u9EiiOtx1FgJyNshnrey8T/vE5iwks/ZSJODBVktihMODISZRWgPlOUGD62BBPF7K2IDLHCxNiiSrYEb/7Li6R5UvXOq2e3p5XaVV5HEQ7gEI7BgwuowQ3UoQEEFDzDK7w5j86L8+58zEYLTp7Zhz9wPn8A8DqSzw==</latexit>

x0
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x(t)
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x(t)
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Reachable set

a single trajectory of embedding system provides lower bound (x) and
upper bound (x) for the trajectories of the original system.

(Computational efficient): solve for one trajectory of embedding system

(Scalable): embedding system is 2n-dimensional

6S. Coogan and M. Arcak, “Efficient finite abstraction of mixed monotone systems”, TAC 2015.
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Outline of this talk

Safety via Reachability Analysis

Mixed Monotone Reachability

Neural Network-Controlled Systems
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Safety of NN-Controlled Systems
Problem Statement

An open-loop nonlinear system with a
Neural Network (NN) controller

ẋ = f(x, u, w),

u = N(x),

safety of the closed-loop system

ẋ = f(x,N(x), w) := f c(x,w)

Neural network feedback controllers: The reachability problem

System
ẋ = f (x,u,w)

x0 2 X0

u = N(x)

disturbance w 2 W

Unsafe

X0

Reachable
Set

I Goal: compute reachable sets of closed-loop system

Challenges: soundness, efficiency-vs-conservatism tradeoff

In this talk:
I Interval-based reachability using monotone systems theory

I Contraction-based adaptive partitioning

I Contraction with alternate partial orders for improved fidelity

S. Coogan 4/31

u = N(x) is pre-trained feed-forward NN:

ξ(i)(x) = φ(i)(W (i−1)ξ(i−1)(x) + b(i−1))

x = ξ(0), u =W (k)ξ(k)(x) + b(k) := N(x),
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directly performing reachability on f c is computationally challenging
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Compositional Approach

Combine MM reachability with neural network verification algorithms
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Safety of NN-Controlled Systems
Literature Review of reachability approaches

Linear Systems:

M. Everett, et al. Reachability analysis of neural feedback loops, IEEE Access, 2021

H. Hu, et al. Reach-SDP: Reachability analysis of closed-loop systems with neural network controllers via
semidefinite programming, CDC, 2020

Nonlinear Systems:

N. Rober, et al. Backward reachability analysis of neural feedback loops: Techniques for linear and
nonlinear systems, OJCSYS, 2023

C. Sidrane, et al. OVERT: An algorithm for safety verification of neural network control policies for
nonlinear systems, JMLR, 2022.

C. Huang, et al. ReachNN: Reachability analysis of neural-network controlled systems, TECS, 2019

R. Ivanov, et al. Verisig 2.0: Verification of neural network controllers using taylor model preconditioning,
CAV, 2021

C. Huang, et al. POLAR: A polynomial arithmetic framework for verifying neural-network controlled
systems, ATVA, 2022

C. Schilling, et al. Verification of neural-network control systems by integrating Taylor models and
zonotopes, AAAI, 2022
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NN Verification Algorithms
Interval Input-output Bounds

Compositional Approach

Combine MM reachability with neural network verification algorithms

Input-output bounds: Given a neural network controller u = N(x)

u[x,x] ≤ N(x) ≤ u[x,x], for all x ∈ [x, x]

Many neural network verification algorithms can produce such bounds, including:

Lipschitz-based estimates (Combettes et al., 2019),

convex relaxation bounds (H. Zhang et al., 2018),

interval arithmatics (S. Gowal et al., 2018),

polyhedral bounds (M. Fazlyab et al., 2019)
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Embedding System for NN Controlled Systems
A Compositional Approach

Reachability of open-loop system treating u as a
parameter

Neural network verification algorithm for bounds on u

Reachability of open-loop system + Neural network
verification bounds

Neural network feedback controllers: The reachability problem

System
ẋ = f (x,u,w)

x0 2 X0

u = N(x)

disturbance w 2 W

Unsafe

X0

Reachable
Set

I Goal: compute reachable sets of closed-loop system

Challenges: soundness, efficiency-vs-conservatism tradeoff

In this talk:
I Interval-based reachability using monotone systems theory

I Contraction-based adaptive partitioning

I Contraction with alternate partial orders for improved fidelity

S. Coogan 4/31
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ẋ = f (x,u,w)

x0 2 X0

u = N(x)

disturbance w 2 W

Unsafe

X0

Reachable
Set

I Goal: compute reachable sets of closed-loop system

Challenges: soundness, efficiency-vs-conservatism tradeoff

In this talk:
I Interval-based reachability using monotone systems theory

I Contraction-based adaptive partitioning

I Contraction with alternate partial orders for improved fidelity

S. Coogan 4/31

Input-output over-approximation:
Rfc(t,X0,W) ⊆ [x(t), x(t)]

S. Jafarpour (CU Boulder) Safety Assurance in NN-Controlled Systems 21 / 28



Embedding System for NN Controlled Systems
A Compositional Approach

ẋ = d(x, x, u, u, w,w)
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ẋ = d(x, x, u[x,x], u[x,x], w, w)
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Input-output over-approximation:
Rfc(t,X0,W) ⊆ [x(t), x(t)]

It lead to overly-conservative estimates of reachable set
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Stabilizing Effects
Issues with the Input-output over-approximations

Neural network controller as disturbances (worst-case scenario)
It does not capture the stabilizing effect of the neural network.

An illustrative example
ẋ = x+ u+ w with controller u = −Kx, for some unknown 1.5 = K ≤ K ≤ K = 3.

Input-output bounds

First find the bounds u ≤ Kx ≤ u, then

ẋ = x+ u+ w

ẋ = x+ u+ w

This system is unstable.

Functional bounds

First replace u = Kx in the system, then

ẋ = (1−K)x+ w

ẋ = (1−K)x+ w

This system is stable.

We need to know the functional dependencies of neural network bounds
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ẋ = x+ u+ w
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New Perspective toward NN Verifiers
Function Approximation

Functional bounds: Given a neural network controller u = N(x)

N [x,x](x) ≤ N(x) ≤ N [x,x](x), for all x ∈ [x, x]

the bounds N [x,x](x) and N [x,x](x) are functions of x.

Example: CROWN7can provide functional bounds.

7H. Zhang et al., “Efficient neural network robustness certification with general activation functions”,
NeurIPS 2018.
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Functional bounds: Given a neural network controller u = N(x)

N [x,x](x) ≤ N(x) ≤ N [x,x](x), for all x ∈ [x, x]

the bounds N [x,x](x) and N [x,x](x) are functions of x.

Example: CROWN7can provide functional bounds.

CROWN verification algorithm

Bounding the value of each neurons

Linear upper and lower bounds on the
activation function

First-Order Neural Network Inclusion Function

Assumption (Local A�ne Bounds of Neural Network)

Given a neural network N , there exists an algorithm that returns a tuple (C[⇠,⇠], d[⇠,⇠], d[⇠,⇠])

valid for the localization [⇠, ⇠], such that for any x 2 [x, x] ⇢ [⇠, ⇠],

C[⇠,⇠]x + d  N(x)  C[⇠,⇠]x + d,

which implies that N is a [⇠, ⇠]-localized inclusion function for N , where
⇣

N

N

⌘
=

✓
C+

[⇠,⇠]
x+C�

[⇠,⇠]
x+d[⇠,⇠]

C�
[⇠,⇠]

x+C+

[⇠,⇠]
x+d[⇠,⇠]

◆
.

Many o↵-the-shelf neural network verifiers
can return bounds of this form, in
particular CROWN [3], pictured on right

For ReLU, can use regression to extract C,
then a MILP to optimize (d, d).

[3] H. Zhang, et al., NeurIPS
A. Harapanahalli Forward Invariance in Neural Network Controlled Systems 9

7H. Zhang et al., “Efficient neural network robustness certification with general activation functions”,
NeurIPS 2018.
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New Perspective toward NN Verifiers
Function Approximation

Functional bounds: Given a neural network controller u = N(x)

N [x,x](x) ≤ N(x) ≤ N [x,x](x), for all x ∈ [x, x]

the bounds N [x,x](x) and N [x,x](x) are functions of x.

Example: CROWN7can provide functional bounds.

CROWN functional bounds:

N [x,x](x) = A[x,x]x+ b[x,x],

N [x,x](x) = A[x,x]x+ b[x,x]

CROWN input-output bounds:

u[x,x] = A+
[x,x]x+A−[x,x]x+ b[x,x],

u[x,x] = A
+
[x,x]x+A

−
[x,x]x+ b[x,x]

7H. Zhang et al., “Efficient neural network robustness certification with general activation functions”,
NeurIPS 2018.
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Embedding System for NN Controlled Systems
Functional Approach

Evolution of the system on [x, x]:

ẋ = f(x,N(x), w)

where A[x,x]x+ b[x,x] ≤ N(x) ≤ A[x,x]x+ b[x,x]
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disturbance

)

where

A[x,x]x︸ ︷︷ ︸
stabilizing term

+ b︸︷︷︸
disturbance
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Embedding System for NN Controlled Systems
Functional Approach

Evolution of the system on [x, x]:

ẋ = f(x,N(x), w︸︷︷︸
disturbance

)

where

A[x,x]x︸ ︷︷ ︸
stabilizing term

+ b︸︷︷︸
disturbance

≤ N(x) ≤ A[x,x]x︸ ︷︷ ︸
stabilizing term

+ b︸︷︷︸
disturbance

Reachability analysis: treat b and w as disturbances and A[x,x]x
as a part of the system to obtain a decomposition function
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Embedding System for NN Controlled Systems
Functional Approach

Theorem8

Original system

<latexit sha1_base64="5pmY0DH16rytiTxt9nUEc381wMs=">AAAB+nicbVC7TgJBFJ3FF+ILtbSZSEwgIWTX+GpMiDZWBhN5JLAhs8NdmDD7yMwsQtb9AH/DzljYWGjnb/g3DriN4KlO7jn3ca4TciaVaX4bmaXlldW17HpuY3Nreye/u9eQQSQo1GnAA9FyiATOfKgrpji0QgHEczg0neH1VG+OQEgW+PdqEoLtkb7PXEaJ0qVuvtDpBSoeJ/gSu8VxGced2cxYQC+5LY5LSfmhpF1mxZwBLxIrJQWUotbNf+mpNPLAV5QTKduWGSo7JkIxyiHJdSIJIaFD0od2b8RC6RMPpB2PZ7v/6DHxpJx4ToKPPKIGcl6bFv/T2pFyL+yY+WGkwKfaojU34lgFePoH3GMCqOITTQgVTF+G6YAIQpX+Vk5HtuYDLpLGccU6q5zenRSqV2n4LDpAh6iILHSOqugG1VAdUfSE3tAH+jQejWfjxXj9tWaMtGcf/YHx/gMlqJPw</latexit>

ẋ = f(x, N(x), w)

Embedding system

<latexit sha1_base64="AJezCu9BhU4rY4q046JPmifeV1I="></latexit>
ẋ
ẋ

�
=


[H]+ � J [x,x] [H]�

[H]+ � J [x,x] [H]�

� 
x
x

�
+

�[J [w,w]]
� [J [w,w]]

+

�[J [w,w]]
� [J [w,w]]

+

� 
w
w

�
+ Q

H and H capture the stabilizing interactions between nonlinear system and neural network.

Functional over-approximation: Rfc(t,X0,W) ⊆ [x(t), x(t)]

Computational aspects

one trajectory of 2n-dim embedding system (fast using integration methods)

implement NN verification algorithm per time-step (fast using CROWN)

8SJ and A. Harapanahalli and S. Coogan, “Efficient interaction-aware interval analysis of neural network
feedback loops”, TAC, 2024
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Case Study: Vehicle Platooning
Obstacle Avoidance

Dynamics of the jth vehicle

ṗjx = vjx, v̇jx = tanh(ujx) + wjx,

ṗjy = vjy, v̇jy = tanh(ujy) + wjy,

where wjx, w
j
y ∼ U([−0.001, 0.001]).

<latexit sha1_base64="QWgQ1RO7dOLtkq8D75RtawUILAc=">AAAB23icbZBLT8JQEIWnPhFfqEs3jcTEFWlJfCyJblxiYoEEGjK9TOHK7W1z7y2REFbujAs3LvTX+Df8NxbsBvCsTuY7k8yZIBFcG8f5sdbWNza3tgs7xd29/YPD0tFxQ8epYuSxWMSqFaAmwSV5hhtBrUQRRoGgZjC8m/HmiJTmsXw044T8CPuSh5yhyUYNT2oMqVsqOxVnLnvVuLkpQ656t/Td6cUsjUgaJlDrtuskxp+gMpwJmhY7qaYE2RD71O6NeKIlRqT9yfP84AU+wUjrcRRM7fMIzUAvs9nwP9ZOTXjjT7hMUkOSZZGMhamwTWzPito9rogZMc4MMsWzy2w2QIXMZO8oZpXd5YKrplGtuFeVy4dquXably/AKZzBBbhwDTW4hzp4wOAJ3uETvizferFerbe/6JqV75zAgqyPXyoNiJI=</latexit>
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Case Study: Vehicle Platooning
Obstacle Avoidance

Dynamics of the jth vehicle

ṗjx = vjx, v̇jx = tanh(ujx) + wjx,

ṗjy = vjy, v̇jy = tanh(ujy) + wjy,

where wjx, w
j
y ∼ U([−0.001, 0.001]). First vehicle

uses a neural network controller

4× 100× 100× 2, with ReLU activations

and is trained using trajectory data from an MPC
controller for the first vehicle.
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Obstacle Avoidance

Dynamics of the jth vehicle

ṗjx = vjx, v̇jx = tanh(ujx) + wjx,

ṗjy = vjy, v̇jy = tanh(ujy) + wjy,

where wjx, w
j
y ∼ U([−0.001, 0.001]). Other vehicles

use PD controller

ujd = kp

(
pj−1
d − pjd − r

vj−1
d

‖vj−1‖2

)

+ kv(v
j−1
d − vjd),

where d ∈ {x, y}.
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Case Study: Vehicle Platooning
Obstacle Avoidance

Dynamics of the jth vehicle

ṗjx = vjx, v̇jx = tanh(ujx) + wjx,

ṗjy = vjy, v̇jy = tanh(ujy) + wjy,

where wjx, w
j
y ∼ U([−0.001, 0.001]). Other vehicles

use PD controller

ujd = kp

(
pj−1
d − pjd − r

vj−1
d

‖vj−1‖2

)

+ kv(v
j−1
d − vjd),

where d ∈ {x, y}.
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PD

Safety: platoon avoids the obstacle
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Case Study: Vehicle Platooning
Obstacle Avoidance

Dynamics of the jth vehicle

ṗjx = vjx, v̇jx = tanh(ujx) + wjx,

ṗjy = vjy, v̇jy = tanh(ujy) + wjy,

where wjx, w
j
y ∼ U([−0.001, 0.001]).

Input-output bounds

a platoon of 9 vehicles

reachable over-approximations for t ∈ [0, 1.5]
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Case Study: Vehicle Platooning
Obstacle Avoidance

Dynamics of the jth vehicle

ṗjx = vjx, v̇jx = tanh(ujx) + wjx,

ṗjy = vjy, v̇jy = tanh(ujy) + wjy,

where wjx, w
j
y ∼ U([−0.001, 0.001]).

Functional bounds

a platoon of 9 vehicles

reachable over-approximations for t ∈ [0, 1.5]

N (units) # of states Our Approach (s) POLAR (s) JuliaReach (s)

4 16 1.369 14.182 12.579
9 36 3.144 43.428 59.929

20 80 9.737 316.337 −
50 200 46.426 4256.435 −

Table: Run-time comparison
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POLAR = C. Huang et al., ATVA 2022

JuliaReach = C. Schilling et al., AAAI 2022
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Conclusions and Future Directions
Key takeaways

1 reachability as a framework for safety certification of autonomous systems

2 computationally efficient approach for reachability using mixed monotone theory

3 compositional approach for verification of neural network-controlled systems

4 capture stabilizing effect of learning-based components

Future Research Directions:

built-in safety: reachability guarantees in training of neural network controllers

interactive NN verifier: optimize the NN verifier to obtain the tightest reachable set

beyond stability: capture the effect of specifications such as invariance, optimality, logic

stochastic systems: capture the effect of stochastic noise in NN-controlled systems

S. Jafarpour (CU Boulder) Safety Assurance in NN-Controlled Systems 27 / 28



Conclusions and Future Directions
Key takeaways

1 reachability as a framework for safety certification of autonomous systems

2 computationally efficient approach for reachability using mixed monotone theory

3 compositional approach for verification of neural network-controlled systems

4 capture stabilizing effect of learning-based components

Future Research Directions:

built-in safety: reachability guarantees in training of neural network controllers

interactive NN verifier: optimize the NN verifier to obtain the tightest reachable set

beyond stability: capture the effect of specifications such as invariance, optimality, logic

stochastic systems: capture the effect of stochastic noise in NN-controlled systems

S. Jafarpour (CU Boulder) Safety Assurance in NN-Controlled Systems 27 / 28



Conclusions and Future Directions
Key takeaways

1 reachability as a framework for safety certification of autonomous systems

2 computationally efficient approach for reachability using mixed monotone theory

3 compositional approach for verification of neural network-controlled systems

4 capture stabilizing effect of learning-based components

Future Research Directions:

built-in safety: reachability guarantees in training of neural network controllers

interactive NN verifier: optimize the NN verifier to obtain the tightest reachable set

beyond stability: capture the effect of specifications such as invariance, optimality, logic

stochastic systems: capture the effect of stochastic noise in NN-controlled systems

S. Jafarpour (CU Boulder) Safety Assurance in NN-Controlled Systems 27 / 28



Conclusions and Future Directions
Key takeaways

1 reachability as a framework for safety certification of autonomous systems

2 computationally efficient approach for reachability using mixed monotone theory

3 compositional approach for verification of neural network-controlled systems

4 capture stabilizing effect of learning-based components

Future Research Directions:

built-in safety: reachability guarantees in training of neural network controllers

interactive NN verifier: optimize the NN verifier to obtain the tightest reachable set

beyond stability: capture the effect of specifications such as invariance, optimality, logic

stochastic systems: capture the effect of stochastic noise in NN-controlled systems

S. Jafarpour (CU Boulder) Safety Assurance in NN-Controlled Systems 27 / 28



Conclusions and Future Directions
Key takeaways

1 reachability as a framework for safety certification of autonomous systems

2 computationally efficient approach for reachability using mixed monotone theory

3 compositional approach for verification of neural network-controlled systems

4 capture stabilizing effect of learning-based components

Future Research Directions:

built-in safety: reachability guarantees in training of neural network controllers

interactive NN verifier: optimize the NN verifier to obtain the tightest reachable set

beyond stability: capture the effect of specifications such as invariance, optimality, logic

stochastic systems: capture the effect of stochastic noise in NN-controlled systems

S. Jafarpour (CU Boulder) Safety Assurance in NN-Controlled Systems 27 / 28



Thank you for your attention!



Back up Slides



Mixed Monotone Theory
Computing of decomposition functions

How to compute a decomposition function for a system?

Different approaches for constructing decomposition functions

linear systems

polynomial systems

Every locally Lipschitz system has at least one decomposition function

The best (tightest) decomposition function is given by

di(x, x, w,w) = min
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u),

di(x, x, w,w) = max
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u)

<latexit sha1_base64="js0nlDYNNWcEpLuzHtXuuj0PzOw=">AAACDXicbVBLSwMxGMzWV62vVY9eglWoIGVXinoRil48VrAP6C5LNs22odkHSVbaLvsHvPhXvHhQxKt3b/4bs+0etHUgMMzMl+QbN2JUSMP41gpLyyura8X10sbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eJP57QfCBQ2DezmOiO2jfkA9ipFUkqMfWT4aOcnEofAKWqGKZjclo9ShKfQcWpmcxieOXjaqxhRwkZg5KYMcDUf/snohjn0SSMyQEF3TiKSdIC4pZiQtWbEgEcJD1CddRQPkE2En021SeKyUHvRCrk4g4VT9PZEgX4ix76qkj+RAzHuZ+J/XjaV3aSc0iGJJAjx7yIsZlCHMqoE9ygmWbKwIwpyqv0I8QBxhqQosqRLM+ZUXSeusap5Xa3e1cv06r6MIDsAhqAATXIA6uAUN0AQYPIJn8AretCftRXvXPmbRgpbP7IM/0D5/AATum4Y=</latexit>

max
zi=xi

fi(z, u)
<latexit sha1_base64="Z4XiJeN8skUyIVLmSmR4BXXgPsA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqBuh6MZlBfuAJoTJdNIOnUzCzERsQ7/Ajb/ixoUibl2782+ctFlo64ELh3Punbn3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w+vMb98TIWnE79QoJm6I+pwGFCOlJc8sOyHlXjr2KLyETsJ7RGRPpQ8Tj05g4NHK+CQ59sySVbWmgIvEzkkJ5Gh45pfTi3ASEq4wQ1J2bStWboqEopiRSdFJJIkRHqI+6WrKUUikm07PmcCyVnowiIQuruBU/T2RolDKUejrzhCpgZz3MvE/r5uo4MJNKY8TRTiefRQkDKoIZtnAHhUEKzbSBGFB9a4QD5BAWOkEizoEe/7kRdI6rdpn1dptrVS/yuMogENwBCrABuegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65KRzxyAPzA+fwDJB5vw</latexit>

min
zi=xi

fi(z, u)

<latexit sha1_base64="P5vfElbFddzyLeQWERJDsDNtVbc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6jSTIo7M4mpH+GhYCEj2FjpvietmWXTp2mf9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR29RSdWGWAQqnsEwbN1N+JFEdaT6LATkbYjPSil4n/ed3EhJd+ykScGCrIfFGYcGQkyipAA6YoMXxiCSaK2VsRGWGFibFFlWwJ3uKXl0nrrOqdV2u3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ88cwh84nz9GW5MH</latexit>

xi
<latexit sha1_base64="bVTWRzK/uJIIfpV73W6S+ReSQxo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JIUZdFNy4r2Ae0IUwm03boZBLmIdbQL3HjQhG3foo7/8ZJm4W2Hhg4nHMP984JU0alct1vq7S2vrG5Vd6u7Ozu7Vftg8OOTLTApI0TloheiCRhlJO2ooqRXioIikNGuuHkJve7D0RImvB7NU2JH6MRp0OKkTJSYFcHmkdE5PHscRbQwK65dXcOZ5V4BalBgVZgfw2iBOuYcIUZkrLvuanyMyQUxYzMKgMtSYrwBI1I31COYiL9bH74zDk1SuQME2EeV85c/Z3IUCzlNA7NZIzUWC57ufif19dqeOVnlKdaEY4Xi4aaOSpx8haciAqCFZsagrCg5lYHj5FAWJmuKqYEb/nLq6RzXvcu6o27Rq15XdRRhmM4gTPw4BKacAstaAMGDc/wCm/Wk/VivVsfi9GSVWSO4A+szx99IJOk</latexit>xi

obtaining this decomposition function is computationally complicated.
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<latexit sha1_base64="js0nlDYNNWcEpLuzHtXuuj0PzOw=">AAACDXicbVBLSwMxGMzWV62vVY9eglWoIGVXinoRil48VrAP6C5LNs22odkHSVbaLvsHvPhXvHhQxKt3b/4bs+0etHUgMMzMl+QbN2JUSMP41gpLyyura8X10sbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eJP57QfCBQ2DezmOiO2jfkA9ipFUkqMfWT4aOcnEofAKWqGKZjclo9ShKfQcWpmcxieOXjaqxhRwkZg5KYMcDUf/snohjn0SSMyQEF3TiKSdIC4pZiQtWbEgEcJD1CddRQPkE2En021SeKyUHvRCrk4g4VT9PZEgX4ix76qkj+RAzHuZ+J/XjaV3aSc0iGJJAjx7yIsZlCHMqoE9ygmWbKwIwpyqv0I8QBxhqQosqRLM+ZUXSeusap5Xa3e1cv06r6MIDsAhqAATXIA6uAUN0AQYPIJn8AretCftRXvXPmbRgpbP7IM/0D5/AATum4Y=</latexit>

max
zi=xi

fi(z, u)
<latexit sha1_base64="Z4XiJeN8skUyIVLmSmR4BXXgPsA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqBuh6MZlBfuAJoTJdNIOnUzCzERsQ7/Ajb/ixoUibl2782+ctFlo64ELh3Punbn3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w+vMb98TIWnE79QoJm6I+pwGFCOlJc8sOyHlXjr2KLyETsJ7RGRPpQ8Tj05g4NHK+CQ59sySVbWmgIvEzkkJ5Gh45pfTi3ASEq4wQ1J2bStWboqEopiRSdFJJIkRHqI+6WrKUUikm07PmcCyVnowiIQuruBU/T2RolDKUejrzhCpgZz3MvE/r5uo4MJNKY8TRTiefRQkDKoIZtnAHhUEKzbSBGFB9a4QD5BAWOkEizoEe/7kRdI6rdpn1dptrVS/yuMogENwBCrABuegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65KRzxyAPzA+fwDJB5vw</latexit>

min
zi=xi

fi(z, u)

<latexit sha1_base64="P5vfElbFddzyLeQWERJDsDNtVbc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6jSTIo7M4mpH+GhYCEj2FjpvietmWXTp2mf9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR29RSdWGWAQqnsEwbN1N+JFEdaT6LATkbYjPSil4n/ed3EhJd+ykScGCrIfFGYcGQkyipAA6YoMXxiCSaK2VsRGWGFibFFlWwJ3uKXl0nrrOqdV2u3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ88cwh84nz9GW5MH</latexit>

xi
<latexit sha1_base64="bVTWRzK/uJIIfpV73W6S+ReSQxo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JIUZdFNy4r2Ae0IUwm03boZBLmIdbQL3HjQhG3foo7/8ZJm4W2Hhg4nHMP984JU0alct1vq7S2vrG5Vd6u7Ozu7Vftg8OOTLTApI0TloheiCRhlJO2ooqRXioIikNGuuHkJve7D0RImvB7NU2JH6MRp0OKkTJSYFcHmkdE5PHscRbQwK65dXcOZ5V4BalBgVZgfw2iBOuYcIUZkrLvuanyMyQUxYzMKgMtSYrwBI1I31COYiL9bH74zDk1SuQME2EeV85c/Z3IUCzlNA7NZIzUWC57ufif19dqeOVnlKdaEY4Xi4aaOSpx8haciAqCFZsagrCg5lYHj5FAWJmuKqYEb/nLq6RzXvcu6o27Rq15XdRRhmM4gTPw4BKacAstaAMGDc/wCm/Wk/VivVsfi9GSVWSO4A+szx99IJOk</latexit>xi

obtaining this decomposition function is computationally complicated.
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Mixed Monotone Theory
Computing of decomposition functions

How to compute a decomposition function for a system?

Different approaches for constructing decomposition functions

linear systems

polynomial systems

Every locally Lipschitz system has at least one decomposition function

The best (tightest) decomposition function is given by

di(x, x, w,w) = min
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u),

di(x, x, w,w) = max
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u)
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zi=xi

fi(z, u)
<latexit sha1_base64="Z4XiJeN8skUyIVLmSmR4BXXgPsA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqBuh6MZlBfuAJoTJdNIOnUzCzERsQ7/Ajb/ixoUibl2782+ctFlo64ELh3Punbn3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w+vMb98TIWnE79QoJm6I+pwGFCOlJc8sOyHlXjr2KLyETsJ7RGRPpQ8Tj05g4NHK+CQ59sySVbWmgIvEzkkJ5Gh45pfTi3ASEq4wQ1J2bStWboqEopiRSdFJJIkRHqI+6WrKUUikm07PmcCyVnowiIQuruBU/T2RolDKUejrzhCpgZz3MvE/r5uo4MJNKY8TRTiefRQkDKoIZtnAHhUEKzbSBGFB9a4QD5BAWOkEizoEe/7kRdI6rdpn1dptrVS/yuMogENwBCrABuegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65KRzxyAPzA+fwDJB5vw</latexit>

min
zi=xi

fi(z, u)

<latexit sha1_base64="P5vfElbFddzyLeQWERJDsDNtVbc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6jSTIo7M4mpH+GhYCEj2FjpvietmWXTp2mf9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR29RSdWGWAQqnsEwbN1N+JFEdaT6LATkbYjPSil4n/ed3EhJd+ykScGCrIfFGYcGQkyipAA6YoMXxiCSaK2VsRGWGFibFFlWwJ3uKXl0nrrOqdV2u3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ88cwh84nz9GW5MH</latexit>

xi
<latexit sha1_base64="bVTWRzK/uJIIfpV73W6S+ReSQxo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JIUZdFNy4r2Ae0IUwm03boZBLmIdbQL3HjQhG3foo7/8ZJm4W2Hhg4nHMP984JU0alct1vq7S2vrG5Vd6u7Ozu7Vftg8OOTLTApI0TloheiCRhlJO2ooqRXioIikNGuuHkJve7D0RImvB7NU2JH6MRp0OKkTJSYFcHmkdE5PHscRbQwK65dXcOZ5V4BalBgVZgfw2iBOuYcIUZkrLvuanyMyQUxYzMKgMtSYrwBI1I31COYiL9bH74zDk1SuQME2EeV85c/Z3IUCzlNA7NZIzUWC57ufif19dqeOVnlKdaEY4Xi4aaOSpx8haciAqCFZsagrCg5lYHj5FAWJmuKqYEb/nLq6RzXvcu6o27Rq15XdRRhmM4gTPw4BKacAstaAMGDc/wCm/Wk/VivVsfi9GSVWSO4A+szx99IJOk</latexit>xi

obtaining this decomposition function is computationally complicated.
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Mixed Monotone Theory
Computing of decomposition functions

How to compute a decomposition function for a system?

Different approaches for constructing decomposition functions

linear systems

polynomial systems

Every locally Lipschitz system has at least one decomposition function

The best (tightest) decomposition function is given by

di(x, x, w,w) = min
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u),

di(x, x, w,w) = max
z∈[x,x],zi=xi

u∈[w,w]

fi(z, u)
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max
zi=xi

fi(z, u)
<latexit sha1_base64="Z4XiJeN8skUyIVLmSmR4BXXgPsA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqBuh6MZlBfuAJoTJdNIOnUzCzERsQ7/Ajb/ixoUibl2782+ctFlo64ELh3Punbn3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w+vMb98TIWnE79QoJm6I+pwGFCOlJc8sOyHlXjr2KLyETsJ7RGRPpQ8Tj05g4NHK+CQ59sySVbWmgIvEzkkJ5Gh45pfTi3ASEq4wQ1J2bStWboqEopiRSdFJJIkRHqI+6WrKUUikm07PmcCyVnowiIQuruBU/T2RolDKUejrzhCpgZz3MvE/r5uo4MJNKY8TRTiefRQkDKoIZtnAHhUEKzbSBGFB9a4QD5BAWOkEizoEe/7kRdI6rdpn1dptrVS/yuMogENwBCrABuegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65KRzxyAPzA+fwDJB5vw</latexit>

min
zi=xi

fi(z, u)

<latexit sha1_base64="P5vfElbFddzyLeQWERJDsDNtVbc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6jSTIo7M4mpH+GhYCEj2FjpvietmWXTp2mf9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR29RSdWGWAQqnsEwbN1N+JFEdaT6LATkbYjPSil4n/ed3EhJd+ykScGCrIfFGYcGQkyipAA6YoMXxiCSaK2VsRGWGFibFFlWwJ3uKXl0nrrOqdV2u3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ88cwh84nz9GW5MH</latexit>

xi
<latexit sha1_base64="bVTWRzK/uJIIfpV73W6S+ReSQxo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JIUZdFNy4r2Ae0IUwm03boZBLmIdbQL3HjQhG3foo7/8ZJm4W2Hhg4nHMP984JU0alct1vq7S2vrG5Vd6u7Ozu7Vftg8OOTLTApI0TloheiCRhlJO2ooqRXioIikNGuuHkJve7D0RImvB7NU2JH6MRp0OKkTJSYFcHmkdE5PHscRbQwK65dXcOZ5V4BalBgVZgfw2iBOuYcIUZkrLvuanyMyQUxYzMKgMtSYrwBI1I31COYiL9bH74zDk1SuQME2EeV85c/Z3IUCzlNA7NZIzUWC57ufif19dqeOVnlKdaEY4Xi4aaOSpx8haciAqCFZsagrCg5lYHj5FAWJmuKqYEb/nLq6RzXvcu6o27Rq15XdRRhmM4gTPw4BKacAstaAMGDc/wCm/Wk/VivVsfi9GSVWSO4A+szx99IJOk</latexit>xi

obtaining this decomposition function is computationally complicated.
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Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?
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Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Assume f : R→ R is scalar:

Mean-value Inequality

f(x) +
[
minz∈[x,x]

∂f
∂x

]
(x− x) ≤ f(x) ≤ f(x) +

[
maxz∈[x,x]

∂f
∂x

]
(x− x)

where [A]+ = max{A, 0} and [A]− = min{A, 0}.
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Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Assume f : R→ R is scalar:

Mean-value Inequality

f(x) +

[
min
z∈[x,x]

∂f

∂x

]−
(x− x)

︸ ︷︷ ︸
d(x,x)

≤ f(x) ≤ f(x) +
[
max
z∈[x,x]

∂f

∂x

]+

(x− x)
︸ ︷︷ ︸

d(x,x)

where [A]+ = max{A, 0} and [A]− = min{A, 0}.
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Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Assume f : R→ R is scalar:

Mean-value Inequality

f(x) +

[
min
z∈[x,x]

∂f

∂x

]−
(x− x)

︸ ︷︷ ︸
d(x,x)

≤ f(x) ≤ f(x) +
[
max
z∈[x,x]

∂f

∂x

]+

(x− x)
︸ ︷︷ ︸

d(x,x)

where [A]+ = max{A, 0} and [A]− = min{A, 0}.

The effect of x on d(x, x) is competitive.

The effect of x on d(x, x) is cooperative.
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Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Assume f : R→ R is scalar:

Mean-value Inequality

f(x) +

[
min
z∈[x,x]

∂f

∂x

]−
(x− x)

︸ ︷︷ ︸
d(x,x)

≤ f(x) ≤ f(x) +
[
max
z∈[x,x]

∂f

∂x

]+

(x− x)
︸ ︷︷ ︸

d(x,x)

where [A]+ = max{A, 0} and [A]− = min{A, 0}.

The effect of x on d(x, x) is competitive.

The effect of x on d(x, x) is cooperative.

Punchline

sign pattern of ∂f
∂x separates cooperative and competitive effect of states.
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Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Theorem9

Jacobian-based: ẋ = f(x, u) such that ∂f
∂x ∈ [J [x,x], J [x,x]] and ∂f

∂u ∈ [J [u,u], J [u,u]], then

[
d(x, x, u, u)

d(x, x, u, u)

]
=

[
−[M ]− [M ]−

−[M ]+ [M ]+

] [
x
x

]
+

[
−[N ]− [N ]−

−[N ]+ [N ]+

] [
u
u

]
+

[
f(x, u)
f(x, u)

]

x 7→ R1 7→ R2 7→ . . . 7→ Rn 7→ x, then the i-th column of M is minz∈Ri,w∈[u,u]
∂fi
∂x (z, w)

Interval analysis for computing Jacobian bounds.

Use tools and techniques from interval analysis.

<latexit sha1_base64="AYrgWwsSsfyj7y0Z71CdhKfmlE0=">AAAB4nicbZDLTsJAFIZP8YZ4Q126aSQmrkhrvC2JblxiIpcEGjKdHmDCdFpnpgTS8ALujAs3LvRNfA3fxil2A/iv/pzvP8n5jx9zprTj/FiFtfWNza3idmlnd2//oHx41FRRIik2aMQj2faJQs4ENjTTHNuxRBL6HFv+6D7jrTFKxSLxpKcxeiEZCNZnlGgz8rqJCFBmy+lk1itXnKozl71q3NxUIFe9V/7uBhFNQhSacqJUx3Vi7aVEakY5zkrdRGFM6IgMsBOMWawECVF56WR+9wJPSajUNPRn9llI9FAts2z4H+skun/rpUzEiUZBTcSwfsJtHdlZXztgEqnmU2MIlcxcZtMhkYRq85WSqewuF1w1zYuqe129erys1O7y8kU4gVM4BxduoAYPUIcGUHiGd/iELyuwXqxX6+0vWrDynWNYkPXxC+L7jAo=</latexit>x

<latexit sha1_base64="y3V3a0xQKNuo0+FRfUbThyQxEe4=">AAAB4XicbZDNTsJAFIVv8Q/xD3XpppGYuCKtEXVJdOMSE/lJaEOmwwUmTNvJzJRAGh7AnXHhxoU+iq/h2zjFbgDP6uR+5yb33EBwprTj/FiFjc2t7Z3ibmlv/+DwqHx80lJxIik2acxj2QmIQs4ibGqmOXaERBIGHNvB+CHj7QlKxeLoWc8E+iEZRmzAKNFm5HmxgdluOp33yhWn6ixkrxs3NxXI1eiVv71+TJMQI005UarrOkL7KZGaUY7zkpcoFISOyRC7/QkTKiIhKj+dLs5e4ikJlZqFwdy+CIkeqVWWDf9j3UQP7vyURSLRGFETMWyQcFvHdlbX7jOJVPOZMYRKZi6z6YhIQrV5SslUdlcLrpvWVdW9qdaeriv1+7x8Ec7gHC7BhVuowyM0oAkUBLzDJ3xZ1HqxXq23v2jByndOYUnWxy8ruIue</latexit>

x

<latexit sha1_base64="OZhkF/kpm2x/+pDfVSCI0mY2GPU=">AAAB53icbZC7TsMwFIZPyq2UW4CRJaJCYqoSRIGxgoWxIHqR2ihynNPWqnOR7VRUUZ6BDTGwMMBz8Bq8DW7J0pZ/+nW+c/FvP+FMKtv+MUpr6xubW+Xtys7u3v6BeXjUlnEqKLZozGPR9YlEziJsKaY4dhOBJPQ5dvzx3Yx3Jigki6MnNU3QDckwYgNGidIlzzSz/nxJJjDIHz0n98yqXbPnslaNU5gqFGp65nc/iGkaYqQoJ1L2HDtRbkaEYpRjXumnEhNCx2SIvWDCEhmREKWbPc/vLvCMhFJOQz+3zkKiRnKZzYr/sV6qBjduxqIkVRhR3aLZIOWWiq1ZaCtgAqniU20IFUy/zKIjIghV+msqOrKzHHDVtC9qzlWt/nBZbdwW4ctwAqdwDg5cQwPuoQktoDCBd/iEL4MZL8ar8fbXWjKKmWNYkPHxCz1cjU8=</latexit>

R1
<latexit sha1_base64="DEsAxcuNeyEwqIF9YbieC6xqZwM=">AAAB53icbZC5TsNAFEXfhC2EzUBJYxEhUUV2xFZG0FAGRBYpsazx+CUZZbxoZhwRWf4GOkRBQwHfwW/wNzjBTRJudfXOW+aOFwuutGX9kNLa+sbmVnm7srO7t39gHB61VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW98N+OdCUrFo/BJT2N0AjoM+YAzqvOSaxhpf74klehnj249c42qVbPmMleNXZgqFGq6xnffj1gSYKiZoEr1bCvWTkql5kxgVuknCmPKxnSIPX/CYxXSAJWTPs/vLvCUBkpNAy8zzwKqR2qZzYr/sV6iBzdOysM40RiyvCVng0SYOjJnoU2fS2RaTHNDmeT5y0w2opIynX9NJY9sLwdcNe16zb6qXT5cVBu3RfgynMApnIMN19CAe2hCCxhM4B0+4Ytw8kJeydtfa4kUM8ewIPLxCz7PjVA=</latexit>

R2

<latexit sha1_base64="sxfIFcncwESZElGyCkSGv9ISw50=">AAAB53icbZC5TsNAFEWfwxbCZqCksYiQqCKbvYygoQyILFJiWePxSzLKeNHMOCKy/A10iIKGAr6D3+BvmAQ3SbjV1TtvmTt+wplUtv1jlFZW19Y3ypuVre2d3T1z/6Al41RQbNKYx6LjE4mcRdhUTHHsJAJJ6HNs+6O7KW+PUUgWR09qkqAbkkHE+owSpUueaWa92ZJMYJA/eue5Z1btmj2TtWycwlShUMMzv3tBTNMQI0U5kbLr2IlyMyIUoxzzSi+VmBA6IgPsBmOWyIiEKN3seXZ3jmcklHIS+rl1EhI1lItsWvyPdVPVv3EzFiWpwojqFs36KbdUbE1DWwETSBWfaEOoYPplFh0SQajSX1PRkZ3FgMumdVZzrmqXDxfV+m0RvgxHcAyn4MA11OEeGtAECmN4h0/4MpjxYrwab3+tJaOYOYQ5GR+/QEKNUQ==</latexit>

R3

4SJ and A. Harapanahalli and S. Coogan, Efficient interaction-aware interval analysis of neural network
feedback loops, TAC, 2023
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Interval-based Reachability
A Jacobian-based decomposition function

How to compute a decomposition function for a system?

Theorem9

Jacobian-based: ẋ = f(x, u) such that ∂f
∂x ∈ [J [x,x], J [x,x]] and ∂f

∂u ∈ [J [u,u], J [u,u]], then

[
d(x, x, u, u)

d(x, x, u, u)

]
=

[
−[M ]− [M ]−

−[M ]+ [M ]+

] [
x
x

]
+

[
−[N ]− [N ]−

−[N ]+ [N ]+

] [
u
u

]
+

[
f(x, u)
f(x, u)

]

x 7→ R1 7→ R2 7→ . . . 7→ Rn 7→ x, then the i-th column of M is minz∈Ri,w∈[u,u]
∂fi
∂x (z, w)

Interval analysis for computing Jacobian bounds.

Use tools and techniques from interval analysis.

<latexit sha1_base64="AYrgWwsSsfyj7y0Z71CdhKfmlE0=">AAAB4nicbZDLTsJAFIZP8YZ4Q126aSQmrkhrvC2JblxiIpcEGjKdHmDCdFpnpgTS8ALujAs3LvRNfA3fxil2A/iv/pzvP8n5jx9zprTj/FiFtfWNza3idmlnd2//oHx41FRRIik2aMQj2faJQs4ENjTTHNuxRBL6HFv+6D7jrTFKxSLxpKcxeiEZCNZnlGgz8rqJCFBmy+lk1itXnKozl71q3NxUIFe9V/7uBhFNQhSacqJUx3Vi7aVEakY5zkrdRGFM6IgMsBOMWawECVF56WR+9wJPSajUNPRn9llI9FAts2z4H+skun/rpUzEiUZBTcSwfsJtHdlZXztgEqnmU2MIlcxcZtMhkYRq85WSqewuF1w1zYuqe129erys1O7y8kU4gVM4BxduoAYPUIcGUHiGd/iELyuwXqxX6+0vWrDynWNYkPXxC+L7jAo=</latexit>x

<latexit sha1_base64="y3V3a0xQKNuo0+FRfUbThyQxEe4=">AAAB4XicbZDNTsJAFIVv8Q/xD3XpppGYuCKtEXVJdOMSE/lJaEOmwwUmTNvJzJRAGh7AnXHhxoU+iq/h2zjFbgDP6uR+5yb33EBwprTj/FiFjc2t7Z3ibmlv/+DwqHx80lJxIik2acxj2QmIQs4ibGqmOXaERBIGHNvB+CHj7QlKxeLoWc8E+iEZRmzAKNFm5HmxgdluOp33yhWn6ixkrxs3NxXI1eiVv71+TJMQI005UarrOkL7KZGaUY7zkpcoFISOyRC7/QkTKiIhKj+dLs5e4ikJlZqFwdy+CIkeqVWWDf9j3UQP7vyURSLRGFETMWyQcFvHdlbX7jOJVPOZMYRKZi6z6YhIQrV5SslUdlcLrpvWVdW9qdaeriv1+7x8Ec7gHC7BhVuowyM0oAkUBLzDJ3xZ1HqxXq23v2jByndOYUnWxy8ruIue</latexit>

x

<latexit sha1_base64="OZhkF/kpm2x/+pDfVSCI0mY2GPU=">AAAB53icbZC7TsMwFIZPyq2UW4CRJaJCYqoSRIGxgoWxIHqR2ihynNPWqnOR7VRUUZ6BDTGwMMBz8Bq8DW7J0pZ/+nW+c/FvP+FMKtv+MUpr6xubW+Xtys7u3v6BeXjUlnEqKLZozGPR9YlEziJsKaY4dhOBJPQ5dvzx3Yx3Jigki6MnNU3QDckwYgNGidIlzzSz/nxJJjDIHz0n98yqXbPnslaNU5gqFGp65nc/iGkaYqQoJ1L2HDtRbkaEYpRjXumnEhNCx2SIvWDCEhmREKWbPc/vLvCMhFJOQz+3zkKiRnKZzYr/sV6qBjduxqIkVRhR3aLZIOWWiq1ZaCtgAqniU20IFUy/zKIjIghV+msqOrKzHHDVtC9qzlWt/nBZbdwW4ctwAqdwDg5cQwPuoQktoDCBd/iEL4MZL8ar8fbXWjKKmWNYkPHxCz1cjU8=</latexit>

R1
<latexit sha1_base64="DEsAxcuNeyEwqIF9YbieC6xqZwM=">AAAB53icbZC5TsNAFEXfhC2EzUBJYxEhUUV2xFZG0FAGRBYpsazx+CUZZbxoZhwRWf4GOkRBQwHfwW/wNzjBTRJudfXOW+aOFwuutGX9kNLa+sbmVnm7srO7t39gHB61VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW98N+OdCUrFo/BJT2N0AjoM+YAzqvOSaxhpf74klehnj249c42qVbPmMleNXZgqFGq6xnffj1gSYKiZoEr1bCvWTkql5kxgVuknCmPKxnSIPX/CYxXSAJWTPs/vLvCUBkpNAy8zzwKqR2qZzYr/sV6iBzdOysM40RiyvCVng0SYOjJnoU2fS2RaTHNDmeT5y0w2opIynX9NJY9sLwdcNe16zb6qXT5cVBu3RfgynMApnIMN19CAe2hCCxhM4B0+4Ytw8kJeydtfa4kUM8ewIPLxCz7PjVA=</latexit>

R2

<latexit sha1_base64="sxfIFcncwESZElGyCkSGv9ISw50=">AAAB53icbZC5TsNAFEWfwxbCZqCksYiQqCKbvYygoQyILFJiWePxSzLKeNHMOCKy/A10iIKGAr6D3+BvmAQ3SbjV1TtvmTt+wplUtv1jlFZW19Y3ypuVre2d3T1z/6Al41RQbNKYx6LjE4mcRdhUTHHsJAJJ6HNs+6O7KW+PUUgWR09qkqAbkkHE+owSpUueaWa92ZJMYJA/eue5Z1btmj2TtWycwlShUMMzv3tBTNMQI0U5kbLr2IlyMyIUoxzzSi+VmBA6IgPsBmOWyIiEKN3seXZ3jmcklHIS+rl1EhI1lItsWvyPdVPVv3EzFiWpwojqFs36KbdUbE1DWwETSBWfaEOoYPplFh0SQajSX1PRkZ3FgMumdVZzrmqXDxfV+m0RvgxHcAyn4MA11OEeGtAECmN4h0/4MpjxYrwab3+tJaOYOYQ5GR+/QEKNUQ==</latexit>

R3

4SJ and A. Harapanahalli and S. Coogan, Efficient interaction-aware interval analysis of neural network
feedback loops, TAC, 2023
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Embedding System for Linear Dynamical System
A structure preserving decomposition

Metzler/non-Metzler decomposition: A = dAeMzl + bAcMzl

Example: A =



2 0 −1
1 −3 0
0 0 1


 =⇒ dAeMzl =



2 0 0
1 −3 0
0 0 1


 bAcMzl =



0 0 −1
0 0 0
0 0 0




Linear systems

Original system

ẋ = Ax+Bw

Embedding system

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

ẋ = dAeMzlx+ bAcMzlx+B+w +B−w

x1

x2 x3

x1x1

x2 x2 x3 x3

x1

x2 x3

x1x1

x2 x2 x3 x3

S. Jafarpour (CU Boulder) Safety Assurance in NN-Controlled Systems 33 / 28



Interval-based Reachability
Proof of Jacobian-based Theorem

For a scalar vector field f : R→ R, we show that d(x, x) = f(x)+
[
minz∈[x,x]

∂f
∂x

]−
(x− x) is

1 cooperative in x

2 competitive in x

∂

∂x
d(x, x) =

∂

∂x
f(x)−

[
min
z∈[x,x]

∂f

∂x

]−
=
∂f

∂x
|x=x −

[
min
z∈[x,x]

∂f

∂x

]−
≥ 0.

Similarly,

∂

∂x
d(x, x) =

[
min
z∈[x,x]

∂f

∂x

]−
≤ 0
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Case Study: Bicycle Model
A naive compositional approach

Dynamics of bicycle

ṗx = v cos(φ+ β(u2)) φ̇ =
v

`r
sin(β(u2))

ṗy = v sin(φ+ β(u2)) v̇ = u1

β(u2) = arctan

(
lr

lf + lr
tan(u2)

)

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="A2alo9hmGjkV/Szvm5xHLLqG3J8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRbe63nrg2IlEPOE55ENOBEpFgFK3kd9OhqPSqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIMJ1SiY5NNKNzM8pWxEB7xjqaIxN8FkduyUnFilT6JE21JIZurviQmNjRnHoe2MKQ7NopeL/3mdDKPrYCJUmiFXbL4oyiTBhOSfk77QnKEcW0KZFvZWwoZUU4Y2nzwEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGAp7hFd4c5bw4787HvLXkFDOH8AfO5w9Md45d</latexit>

�

<latexit sha1_base64="oCQ0lk1JuSK7XTWsO5wNM6e34Do=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEL4o2o</latexit>u2

<latexit sha1_base64="nIpZJb1MbuHJpMvHIrUnibfCRsQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9rzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKXo2n</latexit>u1

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

Goal: steer the bicycle to the origin avoiding the obstacles

train a feedforward neural network 4 7→ 100 7→ 100 7→ 2 using data from model predictive
control
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Case Study: Bicycle Model
A naive compositional approach

Dynamics of bicycle

ṗx = v cos(φ+ β(u2)) φ̇ =
v

`r
sin(β(u2))

ṗy = v sin(φ+ β(u2)) v̇ = u1

β(u2) = arctan

(
lr

lf + lr
tan(u2)

)

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="A2alo9hmGjkV/Szvm5xHLLqG3J8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRbe63nrg2IlEPOE55ENOBEpFgFK3kd9OhqPSqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIMJ1SiY5NNKNzM8pWxEB7xjqaIxN8FkduyUnFilT6JE21JIZurviQmNjRnHoe2MKQ7NopeL/3mdDKPrYCJUmiFXbL4oyiTBhOSfk77QnKEcW0KZFvZWwoZUU4Y2nzwEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGAp7hFd4c5bw4787HvLXkFDOH8AfO5w9Md45d</latexit>

�

<latexit sha1_base64="oCQ0lk1JuSK7XTWsO5wNM6e34Do=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEL4o2o</latexit>u2

<latexit sha1_base64="nIpZJb1MbuHJpMvHIrUnibfCRsQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9rzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKXo2n</latexit>u1

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

Goal: steer the bicycle to the origin avoiding the obstacles

train a feedforward neural network 4 7→ 100 7→ 100 7→ 2 using data from model predictive
control
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Case Study: Bicycle Model
A naive compositional approach

Dynamics of bicycle

ṗx = v cos(φ+ β(u2)) φ̇ =
v

`r
sin(β(u2))

ṗy = v sin(φ+ β(u2)) v̇ = u1

β(u2) = arctan

(
lr

lf + lr
tan(u2)

)

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="A2alo9hmGjkV/Szvm5xHLLqG3J8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRbe63nrg2IlEPOE55ENOBEpFgFK3kd9OhqPSqNbfuzkCWiVeQGhRo9qpf3X7CspgrZJIa0/HcFIMJ1SiY5NNKNzM8pWxEB7xjqaIxN8FkduyUnFilT6JE21JIZurviQmNjRnHoe2MKQ7NopeL/3mdDKPrYCJUmiFXbL4oyiTBhOSfk77QnKEcW0KZFvZWwoZUU4Y2nzwEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGAp7hFd4c5bw4787HvLXkFDOH8AfO5w9Md45d</latexit>

�

<latexit sha1_base64="oCQ0lk1JuSK7XTWsO5wNM6e34Do=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEL4o2o</latexit>u2

<latexit sha1_base64="nIpZJb1MbuHJpMvHIrUnibfCRsQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9rzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKXo2n</latexit>u1

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

Goal: steer the bicycle to the origin avoiding the obstacles

train a feedforward neural network 4 7→ 100 7→ 100 7→ 2 using data from model predictive
control
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Reachability of Closed-loop System
Case Study: Bicycle Model

start from (8, 8) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.95 7.95 −π

3 − 0.01 1.99
)>

x0 =
(
8.05 8.05 −π

3 + 0.01 2.01
)>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

Embedding system:

ẋ = d(x, x, u, u, w,w)

ẋ = d(x, x, u, u, w,w)

u ≤ N(x) ≤ u, for every x ∈ [x, x].
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Reachability of Closed-loop System
Case Study: Bicycle Model

start from (8, 8) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.95 7.95 −π

3 − 0.01 1.99
)>

x0 =
(
8.05 8.05 −π

3 + 0.01 2.01
)>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

Euler integration with step h:

x1 = x0 + hd(x0, x0, u0, u0, w, w)

x1 = x0 + hd(x0, x0, u0, u0, w, w)

u0 ≤ N(x) ≤ u0, for every x ∈ [x0, x0].
<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py
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Reachability of Closed-loop System
Case Study: Bicycle Model

start from (8, 8) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.95 7.95 −π

3 − 0.01 1.99
)>

x0 =
(
8.05 8.05 −π

3 + 0.01 2.01
)>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

Euler integration with step h:

x2 = x1 + hd(x1, x1, u1, u1, w, w)

x2 = x1 + hd(x1, x1, u1, u1, w, w)

u1 ≤ N(x) ≤ u1, for every x ∈ [x1, x1]. <latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py
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Reachability of Closed-loop System
Case Study: Bicycle Model

start from (8, 8) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.95 7.95 −π

3 − 0.01 1.99
)>

x0 =
(
8.05 8.05 −π

3 + 0.01 2.01
)>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

Euler integration with step h:

x3 = x2 + hd(x2, x2, u2, u2, w, w)

x3 = x2 + hd(x2, x2, u2, u2, w, w)

u2 ≤ N(x) ≤ u2, for every x ∈ [x2, x2].
<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py

<latexit sha1_base64="9ULzC7c4p27G+BB7S42/9sSao9E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdJb3HXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzduXI3p</latexit>px

<latexit sha1_base64="1RCslJPXEwPSSluRxBL29qsrwDQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0Io/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfMI25r+hQi1AwirkU99NKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58boT6hBwSSfVnqJ5TFlYzrk3Yxqqrj1J7Nbp+QkUwYkjExWGslM/T0xocraVAVZp6I4soteLv7ndRMMr/2J0HGCXLP5ojCRBCOSP04GwnCGMs0IZUZktxI2ooYyzOLJQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawGAEz/AKb45yXpx352PeWnKKmUP4A+fzB6U4jf4=</latexit>py
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Case Study: Bicycle Model
Numerical Experiments

start from (8, 7) toward (0, 0)

X0 = [x0, x0] with

x0 =
(
7.95 6.95 −2π

3 − 0.01 1.99
)>

x0 =
(
8.05 7.05 −2π

3 + 0.01 2.01
)>

CROWN for verification of neural network

<latexit sha1_base64="QZFnMY+nb401meTMujLQAkRs7Uk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrfvRY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+pndfOeqWyW3VnQMvEy0kZcjR6pa9uPyapoNIQjrXueG5iggwrwwink2I31TTBZIQHtGOpxILqIJsdO0GnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBZkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmleVL3r6tXDZbl+m8dRgGM4gQp4cAN1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QMwX42j</latexit>

(8, 8)
<latexit sha1_base64="MgKGt2ZpMijh2B+g0E8nniW6g8M=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1CidVU4rJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpbjdo=</latexit>

(�8, 8)

<latexit sha1_base64="Wg09/2khA7w5ytVVU/CypcxqNv0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArPnIMevEYwTwgWcLsZDYZMjs7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BZIzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0nitAGiXms2gHWlDNBG4YZTttSURwFnLaC0d3Ubz1RpVksHs1YUj/CA8FCRrCxUqtUrp6Xq2e9QtGtuDOgZeJlpAgZ6r3CV7cfkySiwhCOte54rjR+ipVhhNNJvptoKjEZ4QHtWCpwRLWfzs6doFOr9FEYK1vCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCqp8yIRNDBZkvChOOTIymv6M+U5QYPrYEE8XsrYgMscLE2ITyNgRv8eVl0ryoeNeVq4fLYu02iyMHx3ACJfDgBmpwD3VoAIERPMMrvDnSeXHenY9564qTzRzBHzifPwSfjhE=</latexit>

(�8,�8)
<latexit sha1_base64="gyIuKr0F2lDTw9xbMkvNI3exShM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiaNgVHzkGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz321laXlldW89t5De3tnd2C3v7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDvxm09UaSbFgxnF1I9wX7CQEWys1ChVTs8qJ91C0S27U6BF4mWkCBlq3cJXpydJElFhCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VOCIaj+dXjtGx1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgPI2BG/+5UXSOC97V+XL+4ti9SaLIweHcAQl8OAaqnAHNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AJpljdo=</latexit>

(8,�8)

<latexit sha1_base64="kf+7FfGVeSwicfA3j+yEgh9CVxU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/bgIRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZs2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39g+rhUVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLnL/c4TlYrF4lFPE+pHeCRYyAjWRvLkTd1uDKo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+xmWmhFOZ5V+qmiCyQSPaM9QgSOq/Gx+7AydGWWIwliaEhrN1d8TGY6UmkaB6YywHqtlLxf/83qpDq/9jIkk1VSQxaIw5UjHKP8cDZmkRPOpIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7YuHRq15W8RRhhM4hXNw4QqacA8t8IAAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QOz8I35</latexit>

r = 2.4

<latexit sha1_base64="7rwVwQbit/iy/edqKdfQhnyFirg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKewGfFyEoBePEcwDkjXMznaSIbOzy0yvEkL+w4sHRbz6L978GyebHDSxoKGmqpvpriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJn6zUfQRsTqHkcJ+BHrK9ETnKGVHugVDcGgUNmzWyy5ZTcDXSbenJTIHLVu8asTxjyNQCGXzJi25yboj5lGwSVMCp3UQML4kPWhbaliERh/nG09oSdWCWkv1rYU0kz9PTFmkTGjKLCdEcOBWfSm4n9eO8XepT8WKkkRFJ991EslxZhOI6Ch0MBRjixhXAu7K+UDphlHG1TBhuAtnrxMGpWyd14+u6uUqtfzOPLkiByTU+KRC1Ilt6RG6oQTTZ7JK3lznpwX5935mLXmnPnMIfkD5/MH836SLQ==</latexit>

= destination

<latexit sha1_base64="ZYLHdOs/Y1uyQgd9OeeHfV/DfHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfFyEoBePEcwDkiXMTmaTIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiwUBR1d3TXUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N/PYT10bE6hEnCfcjOlQiFIyildo3xCDV2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DM7SjDJp6VeanhC2ZgOeddSRSNu/Gy+7pScWWVAwljbp5DM1d8dGY2MmUSBrYwojsyyNxP/87ophtd+JlSSIlds8VGYSoIxmd1OBkJzhnJiCWVa2F0JG1FNGdqESjYEb/nkVdKqVb3L6sVDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWnByXuO4Q+czx/xwY9T</latexit>

= start

<latexit sha1_base64="0kzXT96ZS1IXvz1OPqA89yaI1Ws=">AAAB63icbZC7TsMwFIadcivlFi4bS0SFxFQllbiMFSyMRaIXqY2qE/e0teo4lu1UlKhPwYYYWBjgKXgN3oakZGnLP/0+37Hkz4HkTBvX/bEKa+sbm1vF7dLO7t7+gX141NRRrCg2aMQj1Q5AI2cCG4YZjm2pEMKAYysY32W8NUGlWSQezVSiH8JQsAGjYNJRzz5hwqACmp0ckFJFQEc9u+xW3Hmc1eLlpUzy1Hv2d7cf0ThEYSgHrTueK42fgDKMcpyVurFGCXQMQ+z0J0xqASFqP3maCyzwBEKtp2Ewc85DMCO9zLLhf6wTm8GNnzAhY4OCpispG8TcMZGTiTt9ppAaPk0LUMXSlzl0BJl6+j2lVNlbFlwtzWrFu6pcPlTLtdtcvkhOyRm5IB65JjVyT+qkQSh5Ju/kk3xZofVivVpvf6sFK79zTBZiffwCH66O+w==</latexit>

interaction approach
<latexit sha1_base64="WaMUMSdjGOBSLcS8s8gAmq/MKsI=">AAAB9XicbZDLSsNAFIYn9VbrLepSkGARXJWk4GVZdONKKtgLtKGcTE/boZPJMDOpltCdr+FOXLhxoQ/ga/g2JrWbtv6rn/8/B853AsmZNq77Y+VWVtfWN/Kbha3tnd09e/+grqNYUazRiEeqGYBGzgTWDDMcm1IhhAHHRjC8yfrGCJVmkXgwY4l+CH3BeoyCSaOOfXwHbIQOEwYVjYRAmuUOSKkioIOOXXRL7lTOsvFmpkhmqnbs73Y3onGIwlAOWrc8Vxo/AWUY5TgptGONEugQ+tjqjpjUAkLUfvI0RZnrEwi1HofBxDkNwQz0YpeF/3Wt2PSu/IQJGRsUNB1Ju17MHRM52QucLlMpJh+nBqhi6WUOHYACmv5AF1JkbxFw2dTLJe+idH5fLlauZ/B5ckROyBnxyCWpkFtSJTVCyTN5J5/ky3q0XqxX6+1vNGfNdg7JnKyPX2HWkyQ=</latexit>

Naive interconnection approach
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